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YEXOCJOBALKUU MATEMATUYECKUN XVPHAJ

Mam, N ym Yexoc. ii Axademuu Hayx

T. 13 (88) IIPATA 21. VI. 1963 r., No 2

ON THE GENERALIZATION OF WIARDA’S METHOD OF SOLUTION
OF NON-LINEAR FUNCTIONAL EQUATIONS

Joser KorLomy, Praha
(Received January 5, 1961)

Consider the functional equation F(y) = f. The following theorem is
proved: Let F(y) be a nonlinear operator in Hilbert space H such that the
Gateaux differential F’(y) exists and is a symmetric operator on a closed set
E c H.

Under some assumptions (see (8) and (9)), an iterative process (10) is
proposed, whose convergence is of order |y, — y*| < ka" withx < 1.

Let us denote by B a Banach space, by H a Hilbert (separable and complete) space.
Let an equation

(1) , Ay =f
be given, with 4 = I — AK, where K is a linear bounded operator and 1 a real para-

meter. The iterative method of Wiarda is based on the following theorem.

Theorem 1. Let K be a symmetric operator and — (AKy, y) = 0 for every y € H.
Let the inequality 0 < 9 < 1/(1 + ||2K||) hold. Then the equation (1) has a unique
solution y*. The iterative process defined by

yn+l = (1 - ‘9) yn + ASKy'I + Sf
is covergent in the norm of H to the solution y* and its error satisfies

T ”)’1 - YOII s
q

vl <
ln =l = =

where q = ”(1 - 9I — 9/1K” and y, is an arbitrary element from H.

The iterative method of Wiarda is a modification of the method of successive
approximations. Its advantage is that it can be used for solving of linear equations
with operators with norm not necessarily less than one. We shall generalize the
theorem 1 for the solution of non-linear equations in general.
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Let an equation
@) F(y)=f
be given, where F(y) is an arbitrary operator which maps B into B.
Lemma 1. Let F(y) be an arbitrary operator which maps B into B and let P

be a linear bounded operator in B such that P~ exists. Let the following conditions
be fulfilled:

1. There exists a closed set E = B and a real number o(0 < a < 1) such that
for every u,ve E

€) IR(u) = R@)| = alu — o,
where R =1 — PF.
2. The closed sphere Q(y,, r), where

.V1=YO—PF()’0)+Pf, "=‘1—:a_—a”,v1—}’o"

and y, is an arbitrary element from E, lies in E. Then the equation (2) has a unique
solution y* in the sphere Q(y,, r). The sequence {y,} defined by
(4) yn+1=yn_PF(yn)+Pf’ n=05192""

is convergent in the norm of B to the solution y* of (2) and the error of the approxi-
mation y, satisfies the inequality

b*—nﬂéri;hr—hw

The proof of this theorem follows from Banach’s theorem [3], where we put
T(y) = y — PF(y) + Pf.
Remark 1. If « = M(R) < 1, where

(5) M(R) = sup M%Q.?_R_“(?_)ﬂ. ,

then the condition (3) is fulfilled.

The equation (4) can be used to solve non-linear problems, if a real number
#(0 < a < 1) can be found such that the inequality (3) holds on the closed set E < B.
One method is described in the following lemma:

Lemma 2. Let T(y) be an operator which maps H into H, which has the continuous
Gateaux derivative T'(y) on the closed set E < H, and let sup |T'(y)| < 1. For
yeE

every y € E let T'(y) be a symmetric operator in such that the inequality
(6) (T'() b, b) = m[h[* (m > 0)
holds for every y € E and he H. If .

ﬁ(l — T) = sup [T(v) — T(u) — (v — u)] ,

u;:*evE ”ll - l)"
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then
a=MI~-T)=sup |l -T()|<1.
yeE

Proof. We have
IO = sup (T A )

for every y € E and h e H. Now

(7 [T =T = sup i(h = TG) b, W)l = sup It = (T'() by b)) =
= sup {1 = (T') b )},

because 0 < (T'(y) h, h) < | T'(y)|| < 1 for every yeE and he H with || = 1.
From (6) and (7), [T — T'(y)] <1 — m < 1. Therefore
a=sup|[I-T()|s1-m<1.
yeE
Then

17@) = (@) — (u = )] = | j o) - D

[lu=vl|
<[ TImO —tjars e ol

0
Hence 1\71(1 — T) < 1 and this concludes the proof.

Theorem 2. Let P be an operator with properties as in Lemma 1, and let F(y) be
an operator which maps H into H and has the continuous Gateaux derivative
F'(y) on the closed set E = H. For every y € H let PF'(y) be a symmetric operator
in H such that the inequalities

(®) sup [PF'(y)] <1
yeE
and
) (PF'(y) h, h) = m|h|?(m > 0)
hold for every y e E, h € H. Put
(10) Vo1 =y,,——PF(y,,)+Pf, n=012 ...,
w=sup |[I - PF)|, r=-—"—|y =y,
yeE 1 —o

where y, is an arbitrary element from E. Let Q(y, r) be a closed sphere contained
in E. Then the equation (2) has a unique solution y* in the sphere (y,r). The
sequence {y,} defined by (10) converges in the norm of H to the solution y* of (2)
and its error satisfies _

Iv* =l < v = ol
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Proof. From (8), sup | PF'(y)|| < 1. Further from (9),
yeE
a = sup |I — PF'(y)| = sup [ sup [(h — PF'(y) h, h)|] =
yeE yeE |lr||=1
=sup[ sup {1 — (PF(y)h,h)}] <1 —-m< 1.
yeE |[h]|=1
From lemmas 2, 1 we obtain our theorem.
Remark 2. From the proof it also follows that « may be replaced by o, where
x<a =1—-m<1.
Let an equation
(11) y—A0(y) =f
be given, where 4 is a real parameter, @(y) is an operator which maps B into B.
Remark 3. If we put P = I, then R = 1®. To solve equation (11) we use the
iterative formulae
yn+1=}'(p(yn)+fs n=0; 1’2""

If « = M(A®) < 1 (where M(A®) is defined by equation 5), then the equation (11)
has a unique solution in the sphere Q(y,, r), where

r=—"— |y ~ 5]
1 —«a
Theorem 3. Let ®(y) be an operator which maps H into H and has continuous
Gateaux derivative ®'(y) on the closed set E = H for every y e H; assume it is
a symmetrical operator in H and such that the inequality —(A9'(y)h,h) 20
holds for every y e H and he H. Let 3 satisfy

1

(12) 0<9 < ——— .
U+ sup [100)]
yeE
Put
(13) Vner = (1 —9)y, + 9Ad(y,) + 3, n=0,1,2,...,
a=sup |l —HI—Ar0(p), r= 2 [ye = ol -
yeE 1 -«

Let (yy, r) be a sphere which lies in E. Then the equation (11) has a unique solu-
tion y* in the sphere Q(y,, r). The sequence {y,} defined by (13) converges in the
norm of H to the solution y* of (11) and the error Hy* - y,,|| of the approximation y,
satisfies

Iy* = yall £ —— Iy = ol -
1 —a
Proof. According to (12),
su;; [9(1 = 22'(y))| < 9(1 + sug A2’ ()| < 1
Y€ ye
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and
a=sup[ sup |1 — §({I — A®'(y)} h, h)[] =

yeE |h]|=1
=sup[ sup {1 — 9+ (A’ (V) h h)}] <1 -9 <1.

yeE |lrll=1
Our theorem follows from lemmas 2, 1.
Remark 4. The number o« may be replaced by o, where « < o’ =1 — 3 < 1.
Let an equation
(14) F(y) =0
be given, where F(y) is an operator which maps H into H. If we put P = [F'(y,)]™*

in (10), we obtain the Newton-Kantorowitch iterative process. We prove the following
theorems.

Theorem 4. Let F(y) be an operator which maps H into H and has continuous
Gateaux derivative F'(y) on the closed set E = H, and let [F'(yo)]™! = Iy, where
Yo is an arbitrary element from E. Let T'\F'(y) be a symmetric operator in H
for every y e H, and such that the inequality
(15) (FoF'(y) h, ) = m|h||*; (m > 0)
holds for every y € E and h € H. Let the inequality
(16) 0<§<— 0
sup [ FoF/()]
yeE

hold for the number 3. Put
(17) Yn+1 =yn_9F0F(yn)’ n=0’ 1a29"'

a=sup |I — IF(y)|, r="- x lyo — il -
yeE 11—«

Let Q(yy, 1) be a sphere which is contained in E. Then the equation (14) has
a unique solution y* in the sphere Q(y,,r). The sequence {y,} defined by (17)
converges in the norm of H to y* and its error satisfies

a"
Iy* = yal £ ——lys = »o] -
1 -«
Proof. According to (16) and (17),
sup I|ToF'(y)| <1, a=sup|I —STF(y)] =
yeE Y€E

=sup[ sup |l — Y[GF'(y)hh)] <1 —-m$<1.

yeE |hll=1

Remark 5. The number « in theorem 4 may be replaced by o', where ¢ < a’ =
=1-my <1
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Theorem 5. Let F(y) be an operator which maps B into B and such that it has
Gateaux derivatives F'(y), F'(y) and T'y = [F'(y)] ™! on a convex closed set E < B.
Let the following inequalities be fulfilled. |I'oF"(y)|| < K for every yeE and
K . d(o) < 1, where d(w) = sup [x - y]-

X,y€

Define the sequence {y,} by

(18) yn+1=Yn—F0F(yn)’ n=0’ 1’2?"' 5 yOEE'

Let Q(y,, r) be a sphere, where

r=—— |y = yol . «=sup|I - IF()|,
1—-—a yeE

which lies in E.

Then the equation (14) has a unique solution y* in the sphere Q(yy,r). The
sequence {y,} defined by (18) converges in the norm of B to y* and its error satisfies

T ys = ol -
— o

Iy =l = 5

Proof. Denote S(y) = y — [oF(y). Then S'(y) = I — I'oF'(y), S"(y) = —ToF"(y)
and S'(y,) = 0. We have

1 = FoF )] = I50) = S(3o)] =

iy '[ " sy di] < J :”"" IS(0)] dt < K d(w) < 1.

Hence sup |[I — I',F'(y)| < 1. This and Lemmas 2, 1 conclude the proof.
yeE

Remark 6. The assumption of symmetricity of the operator F'(y) in Theorems 2,
3, 4 may be replaced by an assumption of potentiality of the operator F(y) (cf. [2]
§ 5, theorem 5.1).
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Pes3ome

OB OBOBUIEHWU METOJA BUAPIA 1J11 PELIEHUS
HEJIMHENHBIX ®VHKIMOHAJIbHBIX YPABHEHUM

MOCE® KOJIOMbI (Josef Kolomy), Ilpara

O6o61ueHne MeTona Buapaa ocHoBaHO Ha ClienyloLei Teopeme:

Teopema 3. ITycms onepamop ®(y) € (H — H) (H — euavbepmoso npocmparcmso)
umeem na 3amxuymom muoxcecmee E = H nenpepvignyio npoussoonyro F'amo @'(¥).
Hycme ®'(y) aeasemes cummempuunsim onepamopom 044 ecex y€ E ¢ H. Ilycme
8bINOIHEHbL CACOYIOUUE HEPABEHCMEA:

1

0<§<—
1 + sup |42’ ()|
yeE

u —(AD'(y) hy h) = 0 015 6cex y € E u he H. ObosHauum

(1) yn+1=(1_9)yn _‘_9’{¢(yn)+'9f’ yOEE’ f'l=0, 1929"',

E [ye = ¥ol -

a=sup [l -9 —Ard'W)|, r=
yeE 1l -«

ITycmy 3amxuymeiii wap Q(y,, r) < E. Tozoa ypasnenue (11) umeem eduncmeenHoe
pewenue y* ¢ wape Q(yy, r). Ilocaedosamevrocms {y,}, nocmpoenaa no coomnoute-
nuto (1), cxooumea k y* no nopme H, u umeem mecmo oyeHka:

an

[v* — yall = I [y = ol -

—

ITpuBeneHHble pE3yJbTATBI NPUMEHSIOTCS K DEIIEHHIO BOOOLIE HEJIMHEHHBIX
byHKIFOHANIBHBIX ypaBHEHMI Moau(UUHPOBaHHBIM MeTomoM HeroTona-KaHTopo-

Buya.
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