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PROJECTIVE DEFORMATION OF LINE CONGRUENCES
IN FIVE-DIMENSIONAL PROJECTIVE SPACES

JakuB BENES, Brno
(Received January 11, 1967)

A. SvEC considered a projective deformation of the second order of line congruences
in n-dimensional projective spaces for the first time in his paper [1] and has proved
there that this problem is for n = 5 equivalent to a point deformation. Later he has
solved completely the problem of projective deformation of (m + 1)st order of surfaces
with conjugate net in (2m + 1)-dimensional projective space ([3]). The essential
results achieved in this book allow us to expect that the projective deformation of
(m + 1)st order of line congruences in (2m + 1)-projective spaces yields substantial
results, too. The following solution of this problem for m = 2 indicates this and
together with the well known case m = 1 facilitates a predetermination of the situa-
tion in the general case.

1. SPECIALIZATION OF FRAMES AND FUNDAMENTAL EQUATIONS
OF CONGRUENCE

Let us consider a congruence Lin a 5-dimensional projective space with character
dim 7 = 3 ( is a tangent space of the congruence L at its generating line p) and assume
that L is non-parabolic with two focal surfaces; hence L has two systems of developable
surfaces. With each line p(u, v), where the admissible pairs (u, v) are taken from an
open neighbourhood of C* (C = complex numbers), we associate a frame R con-
sisting of linearly independent points A4,, 4,, ..., A¢ so that

(1) [4:4, ... 4¢] = 1

and (4,, 4,) = p.
The fundamental equations of the moving frame and structure equations are

6 6
(2 d4; =Y w;A;, glw” =0, doj; =k;w,-k A @y
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Let us specialize the frames of the congruence L according to A. Svec [1] p. 31-34.
By means of the well known Cartan’s process it is possible to carry out a further
specialization of frames so that the congruence L is given by a closed system

(3) Wy = 00,, Wiy =0;5=0w,=0,
Wy = 00y, Wy3 = Wys5 = Wy =0,
W35 = Oy, W33 = W34 = W36 =0,
Wyae = W3, W4y = W43 = W45 =0,

wse = f1w,, w5, =0, wgs = P00, w3 =0

4 @y A {day — ay(wss + @15 = 2055)} =0,

oy A {day — ay(ws3 + 055 — 204,)} =0,
Wy A (26033 — Wy — C"55).= 0,

Brwg A wgy — w3 A 55 =0,
Wy A Ws; — Gy A W3 =0,
wy A {dB; — ﬂx(zwes — W55 — w4)} =0,
oy A {df, — ﬁz(zwss — weg — 033)} =0,
Wy A (2044 — 035 — 066) = 0,

Wy A Way — Wy A Wgy =0,

0y A wgy — By A w53 =0,

where
5 W, =Wy3, W, =w, and w; A 0, +0.

By this specialization of frames the equations of developable surfaces are w;w, = 0;
Ay, A, are foci on p, py = (A4, 43) {p-1 = (45, A,)} is the first {minus first}
Laplace transform L,;{L_;} of congruence L in the direction w, = 0{w, = 0},
A3{A,} is the second focus on p,{p_,}. The fundamental equations of congruence L
are given by (2;,,) and (3). The basic invariant forms of congruence L are (see [3],
p. 35):

(6) ¢ = o,0,0,0, (pointform),

¢* = Bfr0,0, (hyperplanar form),

w? wt
Fy=wpy —2, Fy=a,— (focal forms),
w3 (2]

©.\3 3
G =2 <~2> , Gy=22 (&> (quasi-asymptotic forms) .
B2 \@y B \@,
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2. DUALIZATION OF CONGRUENCE L

Let P¥ be the dual space to the space Ps. To the frame R in P, we introduce the
dual frame R* formed by analytical hyperplanes

(7) Ep= (=1 [Ag oy Ay Ao 4] (k= 1,2,...,6).

The tangent space © = (4;, 4,, A3, A,) of L at the line p describes a line p* = (Es, Eq)
in the dual space P} (see [2], p. 91) generating the dual congruence L*, which is called
the dualization of the congruence L.

If (2, ,,) and (3) are fundamental equations of congruence L, then

(8) dE; = — ¥ 0,k

together with (3) are the fundamental equations of congruence L*. In the following
we shall suppose that the congruence L* has two focal surfaces as the congruence L
has, i.e.

(9) o xB8.8, ¥ 0.

From the fundamental equations (2, ,), (3) it results that the hyperplane Es{Eg} is
the osculating space of the focal surface (4;) {(4,)} at the point A;{4,}; we shall call
it the focal hyperplane.

The focal hyperplanes are points in the dual space P% and generate the focal
surfaces (Es), (E¢) of the congruence L*. If S is the developable surface of Lwith its
edge placed on the focal surface (4,), then the corresponding developable surface S*
in L* has its edge placed on the focal surface (Es). If we make an agreement that A,
is the first and A4, is the second focus on p, then the natural developable correspon-
dence L — L* transfers this orientation on the congruence L* such that E; is the
first and Eg is the second focus on p*. So we have the following substitute if passing
from Lto L*,

(10) L :Aop (i 123456
L*  E;0je i i* 563421

The left-hand side of the table indicates the correspondence between points and
hyperplanes and between relative components of frames R and R*, the right-hand
side shows the changing of indices.

The other expressions are changed according to the following diagram

(11) lL Doy oy 0y 4 By ﬂzl

L*: —w; —w, By B2 oy
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3. DEVELOPABLE CORRESPONDENCE

Let L be another non-parabolic line congruence immersed in a projective space Ps;
we denote all expressions related to L by an apostrophe. Let the frames associated

with L be specialized in the same way as those associated with L; hence (1') through
(11") hold.

Let C: L —» L be a one-to-one correspondence associating a line p’ € L with a line

pe L. In the following development we shall mostly consider developable cor-

respondences; that is why we deduce some useful expressions for this kind of cor-
respondences.

Without loss of generality, we may write the equations of the developable cor-
respondence in the form

or

(12) . . T43=0, 1,,=0
if denoting

(13) Ty = W — 0.

Using exterior differentiation of (12), Cartan’s lemma and the equations (4), (4),
(12), (13), we get the relations
(14) T3z = Ty1 = $1@1, Taa — T2 = 5203,
Tss — T3z = 5301, Tee — Tas = S403,
the exterior differentiations of which are
(15) oy A {ds; — sy(w33 — ©14) + Ts3 — 2134} + (i — 030,) @3 A @, =0
wy A {dsy — 5y(04q — 032) + Tes — 2745} — (Hh0y — 030,) @) A @, =0

oy A {dsy — s3(@33 — @11) — 2ts3 + T34} + (B1r — Bi1B2) 0y A @y =0
wy A {d34 - 34(“’44 - wzz) — 2164 + T42} - (ﬁ’lﬂ'z - ﬂxﬁz) Wy A wy =0

Further, from the equations (4), (4"), (12), (13), we obtain

o (X' ' a/
(16) d a—l - o71'(1711 - 722) = m;m,, 3—2 - ‘2(722 - '511) = MW, ,
1 1 2 2
B _ Bi B _ B>
d=t — Z(tg6 — Tss) = mw,, d=2 — 22 (155 — 146) = N0 .
5. B 66 55 102 5 5. B, 55 66

The tables (10), (11) and the equations (14), (16) yield the following substitution if
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passing from congruences L, L in developable correspondence C to the dual con-
gruences L*, L'* in the developable correspondence C*

(17) C :L »L s, s, S35 S, my m, ng N,
C*¥:L*¥ > L* —s;3 —s, —S; —S, —n; —H, —my —m,

4. PROJECTIVE DEFORMATION OF THE THIRD ORDER

It is well known that a line p of the projective space P can be represented as a point
of the Grassmann manifold of dimension eight in the 14-dimensional projective space
9g(Ps). The image of the congruence Lin Ps is a surface g(L) in g(Ps). Let us denote
[4, B] the Grassmann coordinates of the line (4, B). If 4; is the frame in Ps, then
[4;, A;] form the frame in g(Ps). Let K : Ps — P§ be a collineation given by the
equations

6
(18) KA; =Y a;4; (i=1,2,..,6);
j=1
then g(K) : g(Ps) — g(P5) given by
6
K[Ai, Aj] =k lz_lotikotﬂ[A;,, A;] (i,j = 1, 2, “eey 6, i * j)

is an induced collineation.
In accordance with A. Svec (see [3], p. 17) we have the following definition.

Definition 1. Let C : L — L be a correspondence. We call C the projective deforma-
tion of the third order, if for each line p € Lthere exists a collineation K : P5 — Pj
such that the surfaces g(K) g(L) and g(L) have an analytic contact of order three at
the point g(p’). We shall say that the collineation K (s.c. osculating collineation of the
third order) realizes the projective deformation C.

5. ANALYTICAL CONDITIONS FOR PROJECTIVE DEFORMATION
From Definition 1 it follows that a correspondence C : L — L is a projective defor-

mation of the third order if there exists a collineation K given by the equations (18)
such that ) '

(19) Kd"[A4,,4,] =Y <’Z> 9, dm M4y, 4] (m=0,1,2,3),
k=0

where 9, is an appropriate k-form.
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According to [3] p. 18 —20, the necessary and sufficient conditions for (19) to be
fulfilled in the cases m = 0, 1, 2 are as follows: C is developable and

(20) oay, = o, 0 %0, =af.

The most general osculating collineation realizing a projective deformation of the
second order is given by

(21) KA, = Ay, KA, =07 '4;, KA = a3 4] + o4},
KAy = ay,A5 + 07145, KAs = a5, 4] + as,45 + as3A5 + 045,
KAg = ag1 A1 + 064 + aadl + 07 4G
(22) sy — 20031 = 05y, Oga — 204z = Q7 'Sy

(23) 9= =144 —Ton + 0 a3 10y + QWyy0,
3,

Il

- d(Tu + ‘522) + ("-’11 + 135)7 — 04731 — 0,74, + o las 0} +
+ Q“szwg + 2003104,0,0, + Q_1a31{dw1 - w1(2f11 + 215, +
+ Wiy — 0)33)} + th42{dw2 - w2(2111 + 2722 + Wyy — w44)} .
The following relations (24), (25) may be checked by a direct computation if the
equations (2, ,), (3), (21,2), (3"), (12), (13), (14), (20), (21), (22), (23) are used;
Q4) K d¥[4y, 4,] — &[4}, A3] — 39, 4[4}, 43] — 39, d[4}, 43] =
= Z (pik[A;, Al’c] >
(ik)

where

(25)

P35 = —9_1“'2“310’2 + 30as04,070; — 39“61“’1“’% + oP1s303
Dy = 9“1“420’2 - 39_1“’1“31“’1("% + 3gas,0iw, — Q_lﬂz%‘tw? s
D5 = (Qzﬁl - ﬂll) w3, P56 = (ﬁlz - Q—zﬁz) o3,

D6 = "(39“42 + 25, + 34) w3, 5= (3Q°‘31 + 2s; + 53) o3,
Dy = —-{d52 - Sz(w44 - (922) + Toa - 21'42} (o% - 9“426"%{3520’2 +
+ 22044 — w66 — 033)} — (30%62 + 53) W3 — 5,05 (2044 — W65 — W22) 5
By3 = {ds; — sy(033 — @14) + 53 — 213, 0F + 0" o503 (35,0, +
+ 2(2(933 — W55 — (‘)11)} + (39_1“51 + 5%) wi + 51“’%(26033 — Wss5 — wu) ’
Dy =Py =Py =Py =P =0.
The coefficient @, does not interest us.
Now, from (19, m = 3), (20), (21), (22), (24) and with respect to (9) we get the

necessary and sufficient analytic conditions for C to be the projective deformation
of the third order, which we formulate in
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Proposition 1. The developable correspondence C : L — L is a projective deforma-
tion of the third order if and only if there exists ¢ + O such that

(26) ay =0 %y, ay =%y, By =0Bi, Br=0?B;
and

Sy =8, =83=5,=0.

The most general osculating collineation realizing this deformation is given by the
equations

(27) KA, = gA}, KA, =0 45, KA, =4y, KA, =0 '4,,

KAs = a5, A} + 045, KAg = 5,45 + 07 45,
where

(28) 307 a5 0p = 273y — Ts3, 300ga0; = 2T4p — Ty -
A comparing of (26), (6), (6'), (12) and [2] (p. 97, 98) yields the following assertion:
If the correspondence C : L — L is a projective deformation of the third order, then
¢=9¢", ¢*=09¢"*, G =Gy, G,=G;, Fi,=F;, F,=F).
This result can be summarized in (see [2] p. 97, 98 and [3] p. 39).

Proposition 2. Let a correspondence C : L —> L be a projective deformation of the
third order. Then the correspondence C is

1. point deformation,

2. hyperplanar deformation,

3. quasiasymptotic deformation of the first and second kind,
4. focal deformation of the first and second kind,

5. projective bideformation of the second order.

6. PROJECTIVE DEFORMATION OF DUAL CONGRUENCES

The following necessary and sufficient conditions for the induced developable
correspondence C* : L* — L* to be a projective deformation of the third order are
easily verified by using (10), (11), (17);

B,l = a_zﬂl ’ ﬁIZ = 6232 ’ (x'l = szl ’ a’2 = 0'_2052 ’
SI=SZ=S3=S4=0.'
The corresponding collineation K* : P§ — P.* realizing this deformation is given by
(29) K*Es = oE, K*Eq=0"'Es, K*E,=oE;, K*E,=o'E,,

K*E, = afsEs + 6E} ; K*E, = a3¢Es + ¢ 'E},
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where
- *
(30) 367 T sy = 2Ts3 — Ty, 300360, = 2Tgq — Tap -

Since the conditions for the correspondence C* to be a projective deformation of
the third order are the same as those obtained for the correspondence C, we have

Proposition 3. Let C:L— L be a developable correspondence, C* : L* — L*
the induced developable correspondence. The correspondence C is a projective
deformation of the third order if and only if the correspondence C* is the projective
deformation of the third order.

According to (7), (7) and (27) the collineation (27) in hyperplanar coordinates is
given by the equations

(31) KEs = 9 'EY, KE;=E;, KE; =¢ 'E}, KE, = gE,,
KE; = —0 ?as,Es + ¢"'E}, KE, = —’ug,Eg + 0E)

and (28). Comparing (30) and (28) with (29) and (30) we can see that the collinea-
tions K, K* are different in general. The case of identifying K and K* will be taken
in our considerations in Sec. 14.

7. RELATIONS OF THE PROJECTIVE DEFORMATION OF CONGRUENCES
TO PROJECTIVE DEFORMATIONS OF THEIR FOCAL SURFACES

The correspondences C : L— L, C*: L* —» L'* induce in a known manner cor-
respondences between focal surfaces, which we denote ¢, : (4,) > (4}), ¢; : (4,) >
- (43), ¢} : (Es) = (E5), c3 :(Eg) — (Eg). If C is a deformation of the third order,
then the correspondences c;, c,, ci, c5 are simultaneously deformations of the
second order, which can be realized by the collineation (27). However, a more
general assertion is valid, which we formulate in

Proposition 4. Let C : L - L be a correspondence, let ¢, : (A;) —» (4}), ¢, : (4,) ~
— (A3), ¥ :(Es)— (E5), ¢35 :(Eg) - (E¢) be the induced correspondences. The
correspondence C is a projective deformation of the third order if and only if ¢y,
¢, €, ¢ are projective deformations of the second order realizable by a common
collineation.

Proof. Let us suppose that C is a projective deformation of the third order and K
the collineation (27) realizing this deformation. Due to fundamental equations of
congruences L, L, the conditions (26) and collineation (27), we get

KA, = 04}, KdA4; —¢dA]| = —o1y,4],
K d24; — ¢ d2A4} + 201y, dA] = 0 (mod 4))
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and similar equations are obtained for the remaining pairs of focal surfaces being
under consideration. This means that c;, ¢,, c3, ¢i are projective deformations of
the second order realized simultaneously by the collineation K.

Conversely let us suppose that cy, c,, ci, ci are correspondences induced by
a correspondence C. From the conditions for ¢, to be a projective deformation of the
second order, i.e.,

HA; =0A}, HydA; —¢dA] — 8,41 =0
H, d?4; — ¢d?4} — 29, dA| = 0 (mod A4}),

we get that ¢; necessarily transfers the conjugate net on (4,) into the conjugate net
on (A}), i.e. C is developable. The most general collineation H, realizing this deforma-
tion is given by the equations

’ a’ ’
(32) H A, = A}, Hi4; = Qj 2, HijA; = QA'3 ’
1
’ ’ dl ’ ’ ’ ’
H Ay = 0447 + 04545 + Qa—l Ay, HAs = o5 A] + as3A45 + 045
1
6
H A = Zl%jA} 5 04y = QOmy» Os3 = 0S¢
j=
Using the following substitution

A): Ao i kiik:123456
(1 i Wik H
(A42):Ajwp jlij,1:214365

we obtain the most general collineation H, realizing the deformation of the second
order of focal surfaces (4,), (4%). Similarly, using the substitutions (10) and (11),
we obtain collineations H}, Hj realizing the deformations of the second order c7, c3.
From the conditions H, = H, = H} = Hj we get easily the relations (26), i.e. C
is a projective deformation of the third order. Our Proposition is proved.

8. SOME OTHER GEOMETRICAL MEANINGS OF A PROJECTIVE
DEFORMATION OF THE THIRD ORDER

Proposition 5. A correspondence C : L— L is a projective deformation of the
third order if and only if there exists a collineation K realizing simultaneously
deformations of the second order C:L— L, ¢ : (4,) > (4}), cf : (Es) - (Es).

Proof. If the correspondence C is a projective deformation of the third order,
then collineation (27) realizing this deformation realizes the deformation of the
second order C : L — L, too, and according to Proposition 4, also the deformations
of the second order ¢, : (4,) - (4}), ¢f : (Es) - (E5). In order to prove the second
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part of the assertion, observe the fact that the most general collineation realizing
simultaneously the deformations of the second order C, ¢, and the corresponding
analytical conditions can be obtained by simultanous fulfilling of conditions (20),
(21), (22), (32). We have

KA, = oA}, KA, =074, KAy =045, KA, =4,
KAs = a5 47 + as3Ay + 045, Kdg = a6 A] + 0645 + w64y + 0745,

— — o1 . r_ =2 ' 2
Xs3 = 0S1, Ogg =Q Sz &3 =@ "0y, 0 = Q0.

Turning the collineation (32) into the dual form and comparing it with the collinea-
tion K in hyperplanar coordinates, we find the necessary and sufficient conditions for
projective deformations of the second order C, cy, ¢} to be simultaneously realized
by the same collineation in the form

r o =2 r 2 v __ =2 — — — 2
ay =0 oy, a3 =g, By=0"B, s;=s53=0, n =¢g%,.

These conditions are equivalent to (27) as it follows from (15) and (16).

A. Svec has proved in the paper [1] that a projective deformation of the second
order of congruences L, L in P,, n = 5, is equivalent to their point deformation.
However, the osculating collineations of considered deformations are different in
general. The same holds also for dual congruences introduced in Sec. 2. The following
Proposition deals with a special ‘case that three of the mentioned deformations are
realized by the same collineation.

Proposition 6. Let collineation K realize a projective deformation of the second
order of L, L; collineation K* realize a projective deformation of the second order
of L*, L*; collineation H realize a point deformation of congruences L, L; col-
lineation H* realize a point deformation of congruences L*, L*. The congruences
L, L are in projective deformation of the third order if and only if at least three
collineations from K, K*, H, H*, realizing simultaneously the three corresponding
deformations, are identifying.

Proof. According to [3] (p. 16, 17), and with respect to our specialization of
frames, the most general collineation realizing the point deformation and the cor-
responding analytical conditions are '

(33) HA, = n1Ay, HA, = my,A4;, HA; = my 43, HA, = m5,44,
6 6
HA5 —-_—znsjA;‘, HA6 =Z7T6jA;',
j=1 j=1
Ty = Tpply s Tpplly = Tyg0ly .

By means of substitutions (10), (11), (17) in (21), (22), (23), we get the collineations K*,
H* and the corresponding analytical conditions. Now it is clear that if C is a projec-
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tive deformation of the third order, then the collineation (27), (28) realizes all con-
sidered deformations. The converse can be easily proved if we identify any of the
three mentioned collineations and take the corresponding analytical conditions into

consideration.

9. EXISTENCE THEOREM

Let C:L— L be a projective deformation of the third order. Without loss of
generality we may put ¢ = 1 in (26), (27), (28). Consequently, the system (3), (4),
(3", @), (12), (13), (14), (15), (16) can be arranged so that the triplet (C, L, L) is
given by the closed system (3), (4) and

(34) Tia = Tys = Ty = Tp3 = Tp5 = Ty = T3z = T34 = T36 = 0,

Tyt = Taz = Tas5 = Ts54 = T3 = Ty3 = T4 = Typ =Ty =0,

T3y = Tgs = Ts5 = Tg6 = 0,

It

Ts6 = Tes = T11 = T2z
W1 AT31 =0, 0, ATs3=0, 0, AT45,=0, w; AT64=0,
Brwy A Tea— @3 ATsy =0, 001 AT4— @ AT =0,

wI/\‘CSZ—OCIwZA‘C31=0, (1)1/\1.'61—ﬁ1w2/\153=0.
The system is not involutive, so we augment it by equations

(35) T31 = G201, Tsz = h0y, T4 = ho,, ey = §,0;,
Tsy = — 20101 — 61§20, , Tey = —ahy0; — Bihyo, .
Using exterior differentiation of (35) and equations (4), we get
(36) o; A {dF, — §,(wss — @) + 151} =0,
oy A {dEZ - Ez(wss - ‘011) - 751} =0,
wy A {dhy — hy(wes — @35) + T2} =0,
Wy A {dg1 - 9_1(5066 - wzz) - 762} =0,
By A {dgl - .‘71("1’66 - C022) - Tsz} +
+ a0, A {dg, — Gi(wss — @41) + 15} =0,
00y A {dﬁl — El(w66 - 6022) + 162} +
+ Byiw, A {dh, — hy(wss — @) — 151} = 0.
The augmented system is not involutive yet, so we make a further augmentation of
(36),
(37) dg, — gz(wss - wu) + 151 = Brroy, dr’z - ﬁz(wss - wu) — Tsyp = 080y,

dﬁl - El(wss - wzz) + 162 = f150, , dg; — gl(wGG - wzz) — Tgz = 0yT'@0; .
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Using equations (4) we can arrange the exterior differentials of (37) so that they
take the form

(38) Byw; A {dr — Hwee — wy,)} +
+ oy A 03 + b)) = (32 + B2) BBy A 0y =0,
a0y A {ds — s(wss — w5,)} +
+ 0y A wsa(gz + Hz) — (gz + r’z) 0001 A Wy =0,
Biw, A {ds — s(wss — w5,)} +
+ wy; A w42(£71 + E1) + (51 + 51) Bifrws A wy, =0,
ayw, A {dr — r(wgs — wy4)} +
+ @y A 064Gy + hy) + (1 + By) 00 A @y, =0.
If(g; + hy)and (g, + h,)are not simultaneously equal to zero, the rank of the polar

matrix is 14, which is the number of linearly independent exterior quadratic relations.
The system is involutive and we have the result

Proposition 7. The triplets (C, L, L), where C : L — L is a projective deformation
of the third order, exist and depend on 14 functions of one argument.

The case that both (g, + h,) and (7, + h,) are equal to zero will be dealt with
in Sec. 13.

10. TOTALLY QUASIASYMPTOTIC CORRESPONDENCE

Let C : L — L be an arbitrary developable correspondence. Let C® be its point
extension given by projectivity n between straight lines p € L and p’ € L such that
the foci on p’ are attached to foci on p, i.e.

(39) nd, = oA}, nd, = c45.

By means of C a non-developable ruled surface R” = CR in L corresponds to a non-

developable ruled surface R in L.
A point X = x,;4, + x,A, describes a quasiasymptotic curve on R if and only if
it fulfils the condition

[Ay, Ay, dA,, d4,, d2X, d*X] = 0

(see [2] p. 93.). The fundamental equations (2), (3) allow us to express the equation
of the quasiasymptotic curve on R passing through the point X in the form

3wiwi(xy dx, — x, dx;) + x} (03 + Bo0}) 0} — x3(0,03 + Byw3) wF +
: + 3xyx5(0; dw, — 0, do,) w0, +

2 2
+ %, %5(03; + W4y + W55 — 011 — W33 — O55) VIW; =0
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and analogously we get the condition for the point X’ = x,04] + x,054} to describe
the quasiasymptotic curve on the ruled surface R’ = CR. The quasiasymptotic
passing through points X, X’ correspond to each other in extension (39) if and only if

(40) <2 {(a _e oc;) ol + <ﬁz _e ﬁ’z) wi} ol —
(e} o
. {( - fa;) o} + (m . m) w;} o2 +
0 Q

+ X1X; {3‘1 Ig 2+ Tir + T3z + Tss — T2z — Taa — ‘566} 0w, =0.
g

The extension (39) is the quasiasymptotic correspondence R — R’ if and only if (40)
is satisfied identically in x,, x, on R, i.e.

(41) (o, — 0uy) @3 + (o, — 0B2) @] =0,
(Q“z - 0'“'2) o] + (Qﬁl - Gﬁ,l) w; =0,

3dlgg + Tyg + T3z F Tss — T2 — Taa — Te6 = 0.
a .

Proposition 8. Let C : L— L and C* : L* — L* be a projective bideformation of
the second order, C® the point extension of C, and R a nondevelopable ruled surface
in L. The correspondence C° : R — CR is quasiasymptotic if and only if on R,

5107 — S0, = 0.

Proof. According to A. Svec ([2] p. 95) the congruences L, L' are in projective
bideformation of the second order if projective deformations of the second order
C:L— L and C* : L* — L* are realized by a common collineation. The necessary
and sufficient condition for this is the equality of forms ¢ = ¢', ¢* = ¢'*, F; = Fi.
Then the first two of conditions (41) are fulfilled and the last one is reduced to
s;0y — 5,0, = 0 as it is clear from (16), where my = m, = n; = n, = 0.

Definition 2. Let C: L— L be a developable correspondence, C® be its point
extension. According to E. CECH we shall call the correspondence C totally quasi-
asymptotic, if C®: R - CR is the quasiasymptotic correspondence for every non-
developable ruled surface in L.

Proposition 9. A developable correspondence C : L — L is the projective deforma-
tion of the third order if and only if C is totally quasiasymptotic.

Proof. Let C be a projective deformation of the third order. Then the conditions
(41) are fulfilled for every non-developable surface R in L. Conversely, let C be
totally quasiasymptotic. Then (41) must be satisfied identically and the consequences
of that fact yield conditions equivalent to (26).
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11. DEFORMATION OF LAPLACE TRANSFORMS

A correspondence C : L— L induces correspondences C; : L, - L; and C_, :
:L_; —» L_, between Laplace transforms of congruences L, L. In the paper [4] the
necessary and sufficient conditions for correspondences C, Cy, C_, to be projective
deformations of the second order were found and the cases that two or three of their
realizing collineations identify each other were considered. This section is devoted to
the investigation of relations between the above mentioned cases and the projective
deformation of the third order. For these reasons, let us express the principal forms
W31, Wy, Ws3, W, from the equations (4).

(42) W31 = 01 + 101, W4y = a,0; + hw,,
Ws3 = hy0; + bjw,, Wy = b0, + 9,0, .

The point form ¢; of the Laplace transform of Lin the direction w, = 0 is the
cross-ratio of the poins

Ay, A, (A1 + dA4y)g,=0 s (As + dAa)w,=o R

and an analogous statement holds for point forms ¢_,, ¢, *, of the Laplace

transforms L_, and L}, L* | of congruences Lor L¥, respectively. Using the funda-

mental equations, we get the point forms of congruences L,, L_,, L%, L* ,, which are

succesively

(43) 01 = a00,, P_; = A0,0,,

* *
01 = bjw,w,, ¢ = b0,0,.

Under condition that C : L— L' is a projective deformation of the third order the
equations (42), (42') and (35) yield
a'1=a1, a’2=a29 bl1=b1’ b,2=b7-

and with respet to (43), (43") we have

Q-1 = (Pf1 .

I
Y

PL=¢1, 91 =0_1, (Pi*

We can formulate these results in
Proposition 10. Let C: L — L be a correspondence, C; :L; - L, C_;:L_; -
- L_,, CY:LY > Ly C*, :L*, - L* the induced correspondences. If C is

a projective deformation of the third order, then the correspondences Cy, C_,, C5,
C*, are projective deformations of second order.

Comparing the Proposition 1 in this paper with the Proposition 2 in [4] we obtain
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Proposition 11. A correspondence C : L — L is a projective deformation of the
third order if and only if projective deformations of the second order C : L— L,
Ci:Li»>LiorC:L>L,C_,:L_y~ L_, arerealized by a common osculating
collineation.

As shown in [4], Proposition 4, if projective deformations of second order C,
C, (C, C_,)arerealized simultaneously by a common osculating collineation H, (H,),
then there exists a collineation H, (H 1) realizing simultaneously the deformations of
the second order C, C_, (C, C,). The collineations H,, H, are different in general.
Repeating this process we arrive at the result that the same holds for every pair of
induced correspondences C;, Ciy; (i = +1, £2,...). From this fact and from
Proposition 11 it follows,

Proposition 12. Let...,L_,L,L,...;...L_,,L,L,,... be Laplace successions
of congruences in Ps or Pj respectively. Let C : L— L be a correspondence and
Ci:Li—> L; (i= =1, £2,...) the induced correspondences. If C is a projective
deformation of the third order, then every C; is a projective deformation of the
third order.

Let us remark that analogous assertions hold for dual congruences, too, as it is
apparent from Proposition 3.

12. SINGULAR PROJECTIVE DEFORMATION OF THE THIRD ORDER

Let us assume that the congruences L, L are in a projective deformation of the
third order and choose the frames R, R’ such that a; = a;. Then the equations (34),
(35) hold. If K is the collineation (27), (28), we have
(44) KA, = A}, KdA, =d4},

K d?4, = d?4] - %(gz + Hz) widf,
Kd*4, = d,4; — (!72 + Ez) widd4] — {[dgz - gz(wss - co“) + 1351] wf +
+ 332 + o) [3do; — 042011 — w33 — @s5)]} 4] +
+ H28,(7, + hy) @} + 304(7, + hy) wiow, — 2ay(gy + hy) 03} A .

From this we obtain at once

Proposition 13. Let C: L— L be a projective deformation of the third order
and K be its realizing collineation. The induced correspondence c, : (A;) - (A}) is
a projective deformation of the third order realized by the collineation K if and

only if
(45) gi+hi =0, g,+h,=0.
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Similarly we can get the same conditions (45) for the correspondence c, : (4,) -
— (A;) so that we have

Proposition 14. Let C : L— L be a projective deformation of the third order and K
its realizing collineation. If the induced correspondence c, : (4;) - (4}) is a pro-
Jjective deformation of the third order realized by the collineation K, then c, :
:(4,) - (A43) is also a projective deformation of the third order realized by the
collineation K and vice versa.

In accordance with E. Cech and E. CARTAN we define now the singular deformation.

Definition 3. Let C : L —» L be a projective deformation of the third order and K
its realizing osculating collineation. We shall say that C is singular if both induced
correspondences ¢, : (4;) — (4}) and ¢, : (4,) > (43) are projective deformations
of the third order and if they can be realized by.the same collineation K.

13. EXISTENCE OF A SINGULAR DEFORMATION

Observe first that the singular projective deformation of the third order is the case
excluded in Proposition 7. In order to find out the existence of these deformations,
let us use conditions (45) in (36). It follows immediately

(46) dg, — gz(wss - wn) + Tsy = P@y,

dhy — 7’1(0’66 - a’zz) + 162 = P10, 5

where p; = p, = 0 by «,a, — 8,8, #+ 0; then it can be easily checked that congru-
ences L, L are identical.

Therefore, we shall suppose in the following that
47) oty = Byfr =0

i.e., both congruences Land L are necessarily W-congruences. Now‘ it results from
the systems (36), (45) that

(48) py =0 f, py= —B.of

in (46), and performing the exterior differentiation we find out with respect to (4)
that .

(49) df — f(wes — ®g1) = 0.
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If f = 0 then both Land L are again identical, so we shall suppose f % 0. From the
system (4) and (47) we obtain

o
(50) dlglﬁ:dlgi=w1,—w22+w55—a)66.

%) 1

Using exterior differentiation of (49) and (50) we find out that in (42) we necessarily
have

(51) a;=b,, by =a,

i.e. the quasiasymptotic curves are in correspondence on focal surfaces (4,), (4;)
or (4,), (4s4) respectively, as it is clear from their equations

3 3 3 3
Broi + 03 =0, wa,07 + fibw; =0,

3 3 3 3
o,0; + fiw; =0, B,b,0] + aa,05 =0,

which can be computed from the condition that their 3-osculating space is obtained
in 2-osculating space of the considered surface. Hence both congruences L, L are
R-congruences as it follows from (42), (51), (35) and [3] Proposition 20.

Proposition 15. Let C : L > L be a singular projective deformation of the third
order. Then both congruences L, L' are R-congruences and their focal surfaces are
R-surfaces.

If (47) and (51) hold, the congruence Lis a general R-congruence and the equation
(49) is completely integrable. This and [3] (p. 49) yield

Proposition 16. The triplets (C, L, L’), where C : L— L is a singular projective
deformation of the third order, exist and depend on ten functions of one argument.
The congruence L is a general R-congruence (depending on ten functions of one
variable), the congruence L depends on one constant.

Now, we shall prove

Proposition 17. Let C : L— L be singular projective deformation realized by
a collineation K. If the induced correspondences c, : (4,) » (A}) or ¢, : (4,) - (43)
are projective deformations of the fourth order realized by a collineation K, then
congruences L, L are identical. '

Proof. Without loss of generality we may choose §, = h, = 0 in equations (46).
Then the collineation K is given by equations

KA;=A4; (i=1,2,..,6)
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and we can get by a direct computation,

KA, = Ay, KdA, =dA}, Kd%*4, = d%4},
Kd3A1 = d3A’1 + ﬁszi 1s

K d*4] = d*4] + 4B,fo] dA| — o fo,(a,03 + 4B,07) A5 —
— 3B,fwiA} (mod A}).

If ¢, is a projective deformation of the fourth order, then necessarily f = 0 and con-
gruences L, L are identical. Similarly we can get the same result for focal surfaces

(42), (43)-

14. SOME PROPERTIES OF CONGRUENCES IN A SINGULAR DEFORMATION
According to Propositions 13, 14 and the substitution (10), we have

Proposition 18. A correspondence C : L — L is a singular projective deformation
of the third order if and only if the induced correspondence C* :L* — L* is
a singular projective deformation of the third order.

Comparing the collineations K, K* given by (27), (28), (29), (30) and taking the
results in Propositions 13, 14 into our consideration, we get

Proposition 19. A correspondence C : L — L is a singular projective deformation
of the third order if and only if the projective deformations of the third order
C:L- L and C*:L* —» L* are realized by a common collineation.

In the paper [4] the necessary and sufficient conditions for projective deformations
of the second order C:L— L, C,: L, - L;, C_;:L_;, —» L_; to be realized by
a common collineation were found. It was shown there that these conditions are
equivalent to projective deformation of the third order of focal surfaces (4;), (4}).
A comparison of relative components of frames in [4] with those used in this paper
shows that the above mentioned conditions are equivalent to conditions (26) and (47)
for C to be a singular deformation of the third order. Hence we have

Proposition 20. A correspondence C : L— L is a singular projective deformation
of the third order if and only if projective deformations of the second order C : L —
—-L,C,:L,» L, C_y:L_,—> L_, are simultaneously realized by a common
collineation.

Proposition 21. A correspondence C : L— L is a singular projective deformation
of the third order if and only if the induced correspondence c, :(A,) — (4})

is a projective deformation of the third order.
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If ¢, : (4,) — (A}) is a projective deformation of the third order then all induced
correspondences ..., c_q, €y, C5, ... are projective deformations of the third order
(see [3] p. 54). Recalling Proposition 21, we have

Proposition 22. Let ..., L_;,L,L,...;...,L_{,L, Ly, ... be Laplace successions
of congruences in Ps or P respectively. Let C : L— L be a correspondence and
C,:L;,—> L (i = 41, +2, ) be the induced correspondences. If C is a singular
projective deformation of the third order, then all correspondences C; are singular
projective deformations of the third order.
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