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DEFORMATIONS OF PLANE PSEUDVOCONGRUENCES
WITH PROJECTIVE CONNECTION

JArosLAV KREJZLIK, Brno

(Received December 9, 1969)

Using basic ideas, conceptions and results introduced in [1], [2], [3], the elementa-
ry and projective deformations of pseudocongruences of planes with projective
connection are studied and mutual relations among individual deformations are
characterized.

1. A special Ko6nig space 9’3,5 let be constructed according to [1], p- 71-172.
Using the notation of GesDELMAN ([4], p. 281), we shall call these spaces plane
pseudocongruences with projective connection.

Let a plane speudocongruence % with projective connection be given by the
equations

6
(1.1) : VA; =) wi4;
j=1
o = ajuy, uy, u3) 0 + aizj(“ls Uy, U3) @, + ajjuy, s, us) @,

6

Yw; =0 (i,j=1,2...6)

i=1
where w;, w,, w; are the Pfaff forms in the differentials du,, du,, du;, w; A w, A
A 3 # 0. The planes of the pseudocongruence are P, = (A, A,, A3). We call the
developable varieties #; of £ (corresponding to the curves of Q) varieties with
developable developments. The development of the variety #; generated by planes
P,(uy, uy, uy) where u; = ut), (i = 1,2, 3) is a developable variety if the dimension
of their tangent spaces along a generating plane P, is less than five. In this case, each

plane intersects each consecutive plane at least at the point which is called the focus.
The equation of developable varieties of the speudocongruence & is ([2], p. 58)

(1.2) [Al’ AZ’ A3’ VAX’ VAZ’ VA3] =0.

The first term of (1.2) is a cubical form in du; (i = 1, 2, 3). We restrict ourselves to
such pseudocongruences whose form mentioned above is the product of three
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independent forms in du;. Let us denote them by w,, ®,, w;. The equation (1.2)

reduces to
ww,0; =0.

Let us introduce an important convention. If nothing other is mentioned then in all
our considerations it will be always

(1.3) s=i+1, i+2 (i=1,23)
and the indices i,i + 1, ..., i + 5 change according to the scheme
(1.4) i 12 3]

i+1 2 3 1]

i+ 2 31 2

i+3 4 56

i+4 5 6 4

i+5 6 4 5

<

where always i = 1, 2, 3.

We shall deal with such pseudocongruences &% only where for w; =0 (w4,
w;,, — arbitrary) there exists just one focus and the three foci considered do not
lie on one straight line. Let us choose these foci to be the points 4,, 4,, A;.

A point A4; to be a focus then
[(VA)y, =0 Ay, Ay, A3] =0,
i.e.
ai,i+3 = a?,i+4 = a?,i+5 =0.

The fundamental equations are

VA4, _Zwu J+Za'] i@

Using the specialization
6

Z al]AJ - A1+3

j=4

we obtain the fundamental equations in the form

(1.5) ‘ VA, —wA,+3+ZwU s,

6
VA3 = Z Wi43,4;5.

ji=1

If we substitute (in each local space of the pseudocongruence #) the plane P, =
= (A;, A,, A;) by the point 4;, we obtain a variety with projective connection, the
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s.c. focal variety (4;) of &. Let 4; be a fixed point of the focal variety (4;). The
developments of all the curves of the focal variety into the focal space of A4; are
curves with tangents lying in the plane (Al, A,, As, Ai+3), the s.c. tangent plane of the
focal variety (4;). This is the focal plane of Z.

2. Let % be a plane pseudocongruence with projective connection given by the
equations (1.1). We restrict our consideration to the case when all three focal varieties
are of the dimension three. After a suitable specialization of frames, we obtain (1.5).
Without any loss of generality, we may assume
= du .

i

@;

and we have the equations

3
(2.1) VA, = dudiss + ) wy4;,
j=1
wij = a,!j dul -+ aizj duz + a?j du3 .

The variation of parameters and local frames is said to be compatible with some
system of equations in w;; if the transformed formes @;; satisfy the same system of
equations.

The variations of parameters and local frames compatible with

(2.2) @D; j+3 = du;, ;543 =0
are given by
(2.3) u; = uy(#@;)

6
(2-4) Ap=pud;, Aigs =jzlﬂi+3,jAj
where
Hy1Maaias det Iﬂi+3,j| =1, (j =4,5, 6) .
Substituting into (2.1), we get
Wi VA; = 0 ip1Bis 1,01 A4 + O ivaliva,iv2dies +
+ dui(l‘i+3,i+1gi+1 + Mirs,ie2divs +
+ issie3Aies + Mivsivadics + BissiesAirs) (mod 4))

and
(25) W5 = ”i—il(wis:uss + dui:“i+3.s) s
di;
Hivs,i+3 = l‘iig; s

i

Hiv3s+3 = 0.
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Lemma 1. The variations compatible with (2.2) are given by (2.3) and

= dii; - 3 -
(2.:6) A =pud;s Aivs = py :i—Ai+3 +AZII»‘.'+3,1AJ
: i=

where with respect to (2.4), (2.5),
du, du, du
2 2 2 duy du, diy
Ui ihsall3; —————= =1
e du, du, du,
From (2.5), we get

27 =i _ -1 i )dui
( ) a;iv1 = HKij (ﬂi+1,i+xai,i+1 + Biv3iv1) T
dii;
du
s — ., 1 s s
Ais = Hii Kssis —— -
u:

Substituting (2.6) into (1.5, 5 ¢), we get

i} _ _ di; -
Biv3,i VA + iy ier VAipr + Bigs 42 VA + Fiid—‘VAHs =

dii;. ,

— 1 5 —
= Wir3ivalliv,ive Aira + @i iesliva,it2 Aiss
Uity du;,
(mod Ay, Ay, As, Ai+3)
and
—1i -1 i i+1 i
(2-8) Aivziva = K Wivriv1{—— ) 7 Gi+3.i+4
du;) du;y,

du;
—it1 -1 i+1 i
Aiv3i+va = Ky (#i+1,i+1ai+3,i+4 - l‘i+3,i+1) —
dir;
—i+2 -1 du; dif;yq dujrr 42
Aiv3iva = Rii Hivr,i+1 T 7 = Gi+3,i+a -
dit; du;yy dilgy,

From (2.7) and (2.8), we obtain

—i e _ : s du.
iy — Aip3 543 = Nirl[ﬂss(ais - ai+3.s+3) + 2#i+3,s] d—al .
i
We may specialize the frames in such a way that
(2.9) @iy = A3y3,43 =0
and
Hivszs =0.
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We obtain

- - da; -
(2.10) i =HiAp, Airs = Hissidi + :”ii('i“l Airs-
i
Let us introduce the notation
(2.11) hy = ai, = aji3,43)»
Vo = aif ' dujq + aif*duyy,

i s
VBis = aiy3543du; + a5 45 dug.

Lemma 2. We may specialize the frames of a pseudocongruence £ with projective
connection in such a way that & is given by the equations

(2.12)  VA; = 0ud; + (hy e duy + Vg i) Aieq +
+ (hiiv2 du; + Vo i45) Ajiy + dud; s,
VAi13 = 013141 + 0313242 + 003345 + @i43,5434543 +

+ (hiisr Quiyy + VBiisy) Aiva + (hijiz Qs + VB iy2) Aiys

The most general variation compatible with (2.2) and (2.9) is (2.3) and (2.10).
After these variations we obtain

(213) Eis = ‘ll,_; luss d_ul his
di,
V‘iis = /'tx_z 1/"ss Vais > VBis = ”1_1 1” dui % Vﬂis .

ss
da; dug

3. The dualization #* of % is defined by the construction B ([1], p. 73). Z* is
again a plane pseudocongruence with projective connection. Using the dual frames

(3.1) E = (=1)*" A, ... A;_, Ajuy ... 4], (1 =1,2...6),

the pseudocongruence #* is formed by the planes P; = [E*, E°, ES] (P} being the
local centers of #*) and the connection is given by the equations

(32) VE™? = — du;E' — 0;43,;03E"" % — (hyyy i duy + VB ) B —
— (hisa,idu; + VBiys ) EFF5,

VE!

—_ Cl),'iEi - (hi+1,1 du"+1 + Vai'f'l,i) Ei+1 -

- (hi+2,idui+2 + V“i+2,i) Ei*2 — w4,iE4 - ‘Ds,iEs - ws,iEG-
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As a consequence of passing to the dualization, we obtain the following substitution

i i+3
(3.3) ¥ A, Az E E du; hyy Vo, Vi
Z* ETP BN Ay Ay —du; by VB =V
L wy Diy3,i+3 Diy3,i Ditai J{
L* Wir3,i43 Oy D3 Wit3 i+t
&£ Wiss,; Wit+3,i+1 wi+3,i+2l
L* Wir3i12 Vit WDiys i

The natural correspondence ¥ — £* is hence developable.

Let us find the asymptotic curves of the focal varieties of the pseudocongruence &
and #*. The asymptotic curves on the focal variety (4;) are given by the equation

[Ay, Ay, A5, VPA] =0
and they are
(3.4) (hys du; + Vo) dug + (hy duyr + VBi)du, = 0.
The asymptotic lines on the focal variety (E**3) are
(3.5) ' (hg; dug + Vo) du; + (hy; du; + V) du, = 0.

On (Ai) let us choose a layer du;,, = 0 or du;,; = 0and let us consider the bundle
of nets determined by the nets du; du;,; = 0 or du; du;,, = 0 and (3.4,) or (3.4,)
respectively. In this bundle, there exists a net apolar to the net du;du;,, =0 or
du; du;,, = 0 respectively. This net is given by the equations

(3.6) Vo, du, + Vp, du, = 0.

Let us call the curves determined by (3.6) pseudoasymptotic curves on the variety (4,).
The pseudoasymptotic curves on the variety (E'**) will be given by the equations

(3.7) Vo; du; + VB dug = 0.

Using (2.13) we obtain invariant forms which are important for the study of defor-
mations of pseudocongruences. They are: Point forms

(3'8) 0; = Veiy vz Voligains l

J = Vo, Va3 Vag, J; = Vo, Vg, Vo s .

These forms are not independent. If we know any four of them, we may derive the
fifth one. Their complex is called a point element of the pseudocongruence &.
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Hyperplanar forms

(3-9) (P:-k = Vﬁi+1,i+2 Vﬁi+2,i+1

JT = VB2 VB3 VB31, Jf = VB VB3, VB35 .
These forms are dependent, too. Using any four of them, the fifth may be derived.
Their complex is called a hyperplanar element of the pseudocongruence %£.

Focal forms

(310) Fis = Vais Vﬁsi (11{5 s
du,
pseudoasymptotic forms
(3.11) G, — Vs dus
VBis du;

point and hyperplanar forms of the kind i

(3.12) g = his_dlii, gk = his duy ,
Vo, VBis
where
g:,: = gisGis .

Finally let us add a group of invariant forms which are necessary for the study of
projective deformations. Substituting from (2.6) into (2.12), we get

d)uii/zi + p1; VA, = (ﬂiiwii + :ui+3,idui) A;, (mOd Air1s Aisas Zi+3) >

- dii;\ - da; _ -
Hivs3,; VA; +d ﬂiil>Ai+3 + ,Uiii VAirs =
du; du;
} dii; - - _
= W;y3403li— Aiys, (mod Ay, Ay, A3, Aivas Aiis).

i

Hence
=S =S s s dus
Aiv3,iv3 — dii = (ai+3,i+3 - i) ——
dii
and finally we obtain the invariant forms
(3.13) Vis = (@f4s,ivs — afy) duy .
The substitution (3.3) will be completed by
(3.14) L o, 0f J, J, J, J, Fy G l//,-sj
L* of @ —J, =J, —J, —J; Fiy 1/Gis Yis
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4. Let & be a plane pseudocongruence with projective connection given by (2. 12)
Let # be another pseudocongruence; we denote all expressions connected with &
by a tilde. Let the frames associated with Z be specialized in the same way as those
associated with &.

Let C: & — £ be a correspondence between % and & given by the equations

3
(4.1) du; =) m;;du;
i=1
where
det [m;;| + 0.

The correspondence associates to a plane P, € & a plane P, e &
cp, =P,.

The correspondence C : & — & is called the projective deformation of order k if
for each plane P, of the pseudocongruence .# there exists a collineation K : P5 — Py
such that the pseudocongruences K% and £ have the analytic contact of order k
along the plane P, = CP,. We say that K realizes the projective deformation C of
order k.

Now, we attend to the deformation of the first order. The conditions for the
correspondence C to be a projective deformation of the first order consist in the
existence of the collineation

6
KZJ = chrAr’ (_] = 1, 2, ey 6)

and such a form 9, that it holds
(4.2) K[4,, A, 4] = [Ay, Az, 45]
K V["Zh ‘;fla 13] = V[AI’ AZ’ A3] + 91[A1’ AZ’ A3] *

From (4.2,) we get

det ]c,,‘ =
From (4.2,) it follows
36 _ _
Y Y A1 AdCiis (Covr iCivair — CortieaCina,) A +
i=1r=4
)dﬁiﬂ +

+ CiranCiva,iCiivt = CiiCipa,itt

A1 A; 42443 du; .
+ cl+5,r(ct iCivt,i+1 — €y, 1+1ct+l,¢) du;+2} = Z i+15i+27i+3 ¢
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Hence Cis = Cit3,s43 = 0
du; = cj41,i+1Ci+2,i+2Ci+3,i+3 dii;

and (4.1) may be reduced to
du; = di; .

Proposition 1. The correspondence C : & — £ is the projective deformation of
the first order if and only if C is developable. The collineation realizing this
deformation transforms the focal formations of the pseudocongruence ¥ into the
corresponding focal formations of the pseudocongruence 2.

The tangent collineation K is of the form

(4.3) K4, =04;
KA, = Cir3idi + Civsin1Aivs t Civsiradins + 04545
where
(4‘4) 010203 =1
and
CTij = @ — @,
3
(4.5) 4 = Z(Tﬁ - Qi_lci+3,idui) .
i=1

The dual collineation K* : P% — P¥ is given by
(46) KE*:‘+3 = Q,-—lEi+3,
KE*¥ = _Qi_zci+3,iEi+3 - Qi+zci+4.EEi+4 — Qi+1Cits BT + o 'EY.
This collineation is tangent to the correspondence C : #* — Z*.
With respect to Proposition 1 we shall suppose in further considerations that
C: ¥ — & is a developable correspondence. Let it be given by
(4.7) dii, = du, .

The correspondence C : & — £ induces correspondences between 2, #*, (4)),
(E**3) and £, 2%, (AY), (E'*3*). Let us denote them by C, too.

The tangent collineation of C: & — &£ or C : £* — Z* is determined by (4.3),
(4.4), (4.6). :

The collineations K, K’} of the form (4.3), (4.6) realizes the analytic contact of the
first order of (4;) » (4)), (E**3) » E'*?), if

K 4; = gA;, Ky VA, =0, VA; + 0,4,
KTEH—S - Q:lEi+3 , KT VEI+3 — er VEi+3 + e;kEi+3 respectively .
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Using (2.12), (2.11) or (4.3), (4.6), we get

K, VA; = 0; VA; + (0t + Civa duy) 4; +
+ [dui(ci+3,i+1 + 0i+ lﬁi,H—l — ihiie1) + Qiv1 Va;iv1 — 0 Vo ivq] Aier +
+ [dui(ci+3,i+2 + Qi+2’;i,i+2 - Qihi,i+2) + Qi+2 Vi iv2 — 0 Vai,i+2] Ay,
KiVE*S = o7 " VE™? 4 (=0 "tiy3,043 + 0 “Civa,du) E73 +
+ [dui(9i+2ci+1,i — o thivii + Q:lhi+1,i) +
+ Qi_+11 Vﬁi+1,i - Q;l Vﬂi+1,i] Ef* +
+ [d“i(Qi+1ci+5,i — 07 ohis2 + Qi—lhi+2,i) +
+ Qi—+12 Vﬁi+2,i - Qi—l Vﬂi+z,i] E*3
respectively.
Lemma 3. Let C: % —» 2 or C:%* » %* be a developable correspondence.
Tangent collineation K, : Py — P of the correspondence C : & — P, orK* :F’; —

— P% of the correspondence C : £* — P* realizes the analytic contact of the first
order of focal varieties (4;) — (4;) or (E'*3) —» (E**3), if and only if it holds

(47) Qs V&i,s =0Q; Vai,s s Civas = Qihi,s - Qshi,s s
(4'8) Q; Vﬁs,i = Qs Vﬂs,i ’ cs+3,i = Qiﬁs,i - Qshs,i
respectively.

In a similar way, we find the conditions for the analytic contact of the first order
of line complexes [A4;4;.,] > [4:4;+,] and plane complexes [E**3E'**] >
— [E*3E"*4]. We obtain

Lemma 4. Let C : & — & or C : * — 2* be a developable correspondence. The
tangent collineation K, : Ps — Ps of the correspondence C : ¥ — 2 or K} : P¥ -
— P¥ of the correspondence C : * — Z* realizes the analytic contact of the first
order of line complexes [A;A;+,] - [A;4;+,] or plane complexes [EF*3E**4] -
— [E**3E™**], if and only if it holds
(4-9) Qiv2 Vo 1 312 =051 Vo,_q 512

Cot2,it2 = Os—1hs_1,142 — Qivahs—1,iv2 5

(4'10) Os—1 Vﬁi+2,s-1 = 0i42 VBit2,5-1

Civss1 = Qs—1hipa -1 — Qis2hirz -1
respectively.

5. Let & and # be plane pseudocongruences with projective connection. Let
a one-to-one correspondence C : & — & (plane — plane) be given by the equations
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ii; = ii(uy, u,, u3). We shall say that C” is the point extension of C if a collineation
1T =1H(uy, uy, us) : Pyluy, uy, uz) -
= P[a,(uy, uy, us), iiy(ug, s, us), ds(uy, uy, us)]

is given for every pair of corresponding planes P, € &, CP, = P, e &.

The correspondence C : & — 2 is called a point deformation if and only if there
exists a point extension C® of C given by the collineation IT such that the following
condition holds: Let P € & be a fixed plane, £ an arbitrary plane variety in % pas-
sing through P9. Let A(R,) be an arbitrarily chosen point in the plane R, € 2. If R,
runs through the variety 2, the points A(R,) describe a curve y; let 7 be its develop-
ment into P4(PY). The points A(R,) = ITA(R,) describe a curve 7 on the plane variety
4 = C&; let 5 be its development into the local space Ps(CP3). A collineation
H(PY) : P5s(P3) » P5(CP9) exists for each P§ € # such that the curves H(P3) 7, § have
an analytic contact of the first order.

We shall say that H realizes the point deformation. Let a correspondence C : & —
— 2 be given by the equations (4.1) and let a point extension C” of C be given by the
collineation

Mu

(5.1) nzi= bA;, det|b;| 0.

Suppose that C is a point deformation and C? is the corresponding point extension
of C. The collineation H realizing the point deformation should be of the form

3
(5.2) HA, =_§ iA;
6
HA; 3 =Y biysjA;, det|by| 0 (r,j=1,2,..,6).
j=1

Let the curve 7 be described by the point

3
=A;xi(t) Afuy, uzuz); u; =ufl).

Then

3 3 3
Z Z Z(dxbtj+xwrsbsl)A +Z ZX dub.+aj i

i=1s=1 j= i=1 j=1

v(C*d) = 2 2 2 [(dx;b;; + x;db; + x;b;0,;) A; + x;b;; du;A; 5] .

i=1s=1 j=1

If C is a point deformation, there are b;;, 4; satisfying

ijs

HVA = V(C°A) + (A duy + A, duy + 23 du;) C°4
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identically in x;, du;. Comparing the coefficients of dx;4;., ;, we get
(5.3) bi+3,j+3 dﬁl = b” du} (i,j = 1, 2, 3)
or
det | b 3,4| dif; dil, dily = det |[by| du; du, dus  (i,j = 1,2,3).

Consequently the correspondence C : ¥ — 2 is developable in the sense that it
transforms developable varieties into developable varieties again.

From (5.3) it follows that m;, = 0 and, without any loss of generality, we may sup-
pose that the developable correspondence C : & — & is given by

(5.4) ) dﬁ, = dui .
Further we obtain
(5'5) by = bi+3,i+3s b, = bi+3,s+3 =0.

Let us denote b;; = o;. Comparing the coefficient of x,4; (i, j = 1, 2, 3), we find

3
biys,;du; = do; — oty + Jdo; where A =) A;du,,
i=1
and further
biyssdu; = 00y — 0,0 -

Comparing the coefficient of du;, we obtain

(5'6) 0 Va;s = 0; Voo, biyss=0ihis — Qsﬁis
(57) bi+3,i =0 (l: + (zl_g’g‘i - d:; + aé;’)
ou;
(53) 3= d—al, - 180
ou;

Eliminating o, from (5.6), we get
(5.9) V& 1ie2 V2,001 = Votirgie2 Vo241
and further

(5.10) Vi, Viips Viisy = Vo, Vouz Vog,

V&Zl V&32 V&13 = VCZZl fog,z Vocu .
With respect to (3.8), the relations (5.9) and (5.10) assume the form
(5.11) §5i=‘Pi’ ]1‘:‘]1’ j2=-]2~
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Conversely, let us suppose (5.9) and (5.10). From (5.9) it follows
V&i+l,i+2 =k;Voii1,i23 Vdi+z.i+1 = k.'_l Vo iz,i+1 -

Substituting into (5.10), we obtain k1k2k3f= 1; if we write k; = @;410;4, the pre-
sumption of (5.9), (5.10) yields (5.6).

Proposition 2. The correspondence C : & — P is a point deformation if and only
if C is developable and pseudocongruences & and & have the same point elements.
The collineation H realizing this deformation is determined uniquely by equa-
tions (5.5), (5.6) and (5.7).

Comparing (4.7), (4.9) with the results (5.6), we obtain

Proposition 3. Let C: ¥ — @ be a developable correspondence. The correspon-
dence is a point deformation if and only if the induced correspondences C : (4;) —
— (4) and C :[A;4;+,] » [4:4;+1] are simultaneously projective deformations
of the first order and are realized by the same collineation.

Let us carry out dual considerations and let us introduce s.c. hyperplanar defor-

mation. Using (3.3) and (3.14), we derive the necessary and sufficient conditions for
the hyperplanar deformation C : & — & in the form

(5'12) b:'ki = b:‘k+3,i+39 b;ks = b:k+3,s+3 =0,
(513) Q; Vﬁsi = Qs Vﬁsi ’ b:‘+3,i = Qiﬁsi - Qshsi ’
i i dlgo;
(5~14) ) Z’k+3,i =0; <1T T iv3 i3 — Qies,ies — _gg_) s
Ju;
» i ~i 61 s
(5-15) A= Aoi35+3 = Gopzers T e >
du;

i

and consenquently

Vﬁi+1,i+2 Vﬁi+2,i+1 = Vﬁi+1,i+2 Vﬁi+2,i+1 ’
VB2 VBas VBs1 = VP12 VBa3 VBss

VBZI Vﬁsz Vﬁn = VP21 VB32 VBi3;
it means

* * T* * * *
¢ =09;, Ji=J1, J3=J3.

Proposition 4. The correspondence C: % — 2 is a hyperplanar deformation if
and only if C is developable and pseudocongruences & and P have the same
hyperplanar elements. The collineation H* realizing this deformation is uniquely
determined by the equations (5.12), (5.13), (5.14) and (5.15).



Comparing (4.8), (4.10) with the results (5.13), we get

Proposition 5. Let C : & — 2 be a developable correspondence. The correspon-
dence is a hyperplanar deformation if and only if the induced correspondences
C:(E'*3) — (E'*3), C:[E'*3E™**] > [E'*3E"™**] are simultaneously projective
deformations of the first order and are realized by the same collineation.

6. Let C: % — & be a developable correspondence given by the equations 4.7)
and let K of the form (4.3) be its tangent collineation. The correspondence C is said
to be a focal deformation of the kind “i” if and only if the tangent collineation
realizing this deformation realizes simultaneously the analytic contact of the first
order of local varieties (4;) — (4;) and (E'*3) - (E**3).

From (4.7) and (4.8) we get

(6.1) 0, Vi = 0; Voue,  0; Vhy = 0, VBy
(62) Civzs = Qihig — 0, Couzi = Qb — oshy;
and consequently

(6.3) V&, VB, = Vo, VB

1.¢.

Fi,=F

is is *

The conditions are necessary and sufficient.

Proposition 6. Let C : ¥ — £ be a developable correspondence. The correspon-
dence is a focal deformation of the kind “i”’ if and only if pseudocongruences ¥
and 2 have the same focal forms F,, = F,. The collineation realizing this defor-
mation is determined by the equations (6.2).

We shall say that a developable correspondence C : & — & is quasifocal of the
kind “i” if and only if its tangent collineation realizes simultaneously the analytic
contact of the first order of [A;,,4;42] > [4i4 1454, [ETF*E™®] » [EFH4E™®].
From (4.9) and (4.10) we obtain

(6.4) 0: Véy = 0, Vo, 0, VBis = 0: VBis

(6'5) Coi3,i = Oshgi — QiEsi s> Cipzs = er’is"‘ 0;hyg

and a
(6.6) Vé; VB = Va,; VB, ie. F, =F,;.
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Proposition 7. Let C : £ — & be a developable correspondence. The correspon-
dence is a quasifocal deformation of the kind “i” if and only if pseudocongruences
% and @ have the same focal forms F; = F;. The collineation realizing this
deformation is given by the equations (6.5).

Let C: % —» & be simultaneously a focal and quasifocal deformation of the
kind ““i”. From (6.1), (6.4) and (3.11) we get

Va Vo, V&,  Vag

VBs VB VB VB,

is __

(6.7)

1.C.

Gis = Gis ’ Gsi = Gsi .

From (6.2), (6.5) and (3.12) it follows

(6.8) Csr3,i = Ciyzs =0
and consequently '
(69) T T P VP,
his his hsi hsi
(6.10) V~°‘5i LY V_fiif _ VB ,
h‘si hsi his his
ie.

gis =Yis» g:‘: = g?;’ g~si = Gsi> gs*: = g;kl‘
From (6.7), (3.4) and (3.5) it follows that the pseudoasymptotic curves of the varieties
(4;) - (4;) and (E**3) - (E™*3) correspond to each other.

Using (3.6), (3.7), (6.10) and (6.9) we may see that also the asymptotic curves of the
varieties (4;) — (4;) and (E**®) - (E"*?) correspond to each other.

Proposition 8. Let C : & — £ be simultaneously a focal and quasifocal deforma-
tion of the kind “i”. Then the pseudoasymptotic and asymptotic curves of focal
varieties (4;) - (A4;) and (E'*®) — (E**3) are corresponding to each other. The
collineation realizing this deformation is given by (6.8).

7. Now, let us deal with a projective deformation of the second order. The pseudo-
congruences % and & let be given by (2.12), (2.12) and let C : & — & be a cor-
respondence. C is a projective deformation of the second order if and only if there
exists (for each plane P, € #) a tangent collineation K satisfying (4.2) and

(7.1) KV?[A,, 45, A5] = V[A,, A;, A3] + 28, V[A4,, A,, A;] + (1) [44, 4,5, 45]
3

where 4 = Z(Tii - Qi_lci+3,idui) .
i=1
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With respect to Proposition 1, the projective deformation is a developable cor-
respondence and we may suppose (4.7) and (4.3). There is

(7.2)
V[41, Az, 45] = [4, 42, As] (@011 + @5 + 033) +
3
+ _Z_:I[Ai» Aiv1s Ay 5] du;y, ,

V[A.-+1, Aiyas Ai+3] = [Ai+15 Aisss Ai+3] (wi+1,i+1 + ®iy0 442 + wi+3,i+3) +
+ [Ai’ Ay, Ai+3] (hiyy,sdusey + Vai+1,i) +

+ [Ai+19 Aivas Ai+4] (hi,i+1 du;,q + Vﬂi,in) +

+ [Ai+ 1 Ap Aivs] (hi+2,idui+2 + Vogia,) +

+ [Ai+1, Aitas Ai+5] (hi,i+2 du;,, + Vﬁi,i+z) +

+ [Ai+2a Aitss Ai+4] du;, + [Ai+37 Ais1s Ai+5] du; e +
+ [Ai Ais i, Aii2] 043,

and consequently :
(7.3) 3
V[A4,, A3, A5] = () [Ay1, 4,, 45] + 2;1du,~dui+l[Ai+2, Aivy, Aira +

3
+ Z [Ai+1’ A Ai+3] (Vai+2,idui — VBi+2, d“i+z) +
=1

+ él[A"“’ A, Aira] -

c(Vetysniey AUty — VBiso ivy dugy,) +

+él[Ai, Aigys Aiys] {QPuis + Qo + 20,4 40y +
+ 02042 + Opyses) it}

From (7.3), an analogous equation for V2[4, 4,, 4,] and (4.5) we obtain

(7.4)

KVz["Tl’ ’Ib A-S] = VZ[AI’ AZ’ A3] + 2'91 V[Al’ AZs A3] + () [Ap Azy A3] +

iv2 3
+ Z z}‘p?+1,i+2[/‘1i+n Aivas Apy3)
r=i i=
where
(7.5) tivr = (Tiesies — i) duy — 207 'civa, du}

Biyy iy = Vo du, — VB du; — 0,07 (Vi dug — Vi duy) —

- 2Qi_1ci+3,s du; duy .
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If C is a projective deformation of the second order then there exist such functions
Cit3,i> Cit3,s that

(7~6) (p§+1,i+2 = ¢§+1,i+2 =0.

From (7.5) and (7.6) it follows

(7.7) Cis3,s =0

(7.8) 20053, = 0@1e3,i03 — @1 — Aiisies + a))
(7.9) Vo, = ¢; ', Vi, VBis = 0; . VB
(7.10) Glizivy — G = 0jh3 03 — Ay

Eliminating ¢; from (7.9), we get

(7.11) Vi, Vi, = Vay, Vo,
V&, Véy3 Vg = Vo, Vays Votg, , Vi, Vs, Vi, = Vo, Vas, Vags
(7.12) VB VB = VBi VB,
VBIZ VﬁZS VB31 = Vﬁll VBZB VBSI 5 Vﬁ21 VBSZ VﬁlS = VﬂZI Vﬂ32 Vﬁls
(7'13) V&, VBsi = Vo, VB;
(7.14) Va, _ Vaus
VBis Vﬁi:

With respect to (3.8)—(3.13) we have
(7.15) ¢ =9:, J =Jq,
Fis =Fy, Gis =Gy, Yis =V
Conversely, let (7.15) hold. From (7.11) and (7.12) it follows .
Vé,, = k; Vo, Viu =k 'Va,, VB =g,VBy, VBi=g7"'VBy.

Substituting into (7.13) or (7.14), we get k; = g; and using (7.12) we have k,k,k; =
= 1. If we put k; = 0;410;+, then the presumption of (7.15) yields (7.9).

Proposition 9. The correspondence C : ¥ — P is a projective deformation of the
second order if and only if

P =0;, j1=J1’ j2=J2, (7’?=(PT, jT=JT, j;=-]§’

Fis = Fy, Gi: = G, lpis =Y.
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Substitution (3.3) and (3.14) yields

Proposition 10. Let C : & — &£ be a projective deformation of the second order.
The correspondence C : £* — P* is also a projective deformation of the second
order.

8. Let C: & — Z be a projective deformation of the second order. According to
(4.3), (4.4), (7.7) and (7.8), the osculating collineation realizing this deformation is

(8.1) KA; = 0A;, Kdivy = civs3id; + 0iAiss

where ¢;, 5 ; is determined by (7.8).

The dualization C : #* — * is also a projective deformation of the second order
and the osculating collineation realizing this deformation is

(8.2) KE.'+3 — Qi—lEi+3, KEi - _-Qi—ch}’iEHs + Qi—lEi
where ¢, 5 ; are determined by (7.8).

If expressed in terms of points, relations (8.2) give (8.1).

Lemma 5. Let C : & — & be a projective deformation of the second order and
(8.1) be its osculating collineation. The correspondence C:%* — $* has the
same osculating collineation.

According to Lemma 2, we may change the local frames using equations (2.10)
and putting dii;/du; = 1.
We get

KA~i = oiltiiA;
KA, s = [‘%Qi(d::+3,i+3 - a::+3,i+3 —aj; + a::i) K + Qiﬂi+3,i] A + oAy -

By a suitable choice

1 g i i ~i
Hiis = Q; > Hi3,i = o; (ai+3,i+3 —a;; —diy3i+3 + aii)

we obtain

Lemma 6. If C: % — & is a projective deformation of the second order, it is
possible to attain by a suitable choice of local frames that

(8.3) KA, =A;, KA, 3 = A;,,
is the osculating collineation. In this case, we have (7.9) and (7.10) and
(8-4) 0; =1, d::+3,i+3 - &fi = aiﬂ,m - aiii-
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Let us suppose that C : & — £ is a projective deformation of the second order
and that the osculating collineation realizing this deformation is determined by (8.3).
C:% - Zis, of course, a point deformation and also a hyperplanar deformation.
Let us determine collineations H and H* realizing these deformations. Using (8.4),
(7.8), (7.9), (7.10) and substituting into (5.6) and (5.7), we get

Lemma 7. If C : & — & is a projective deformation of the second order and (8.3)
is the osculating collineation, then the osculating collineations H, H* realizing the
point deformation and the hyperplanar deformation respectively are given by

(8.5) HA; = A,
HA;y = civnidi + (hiier — higer) iy +
+ (hiier = hiis2) Aisa + Aiys,
(8.6) H*A; = A;,
H*A, 3 = —cips A + (Biier — hiier) Aigy +

+ (l:;i,H—Z — hiis2) Ay + A

where

i ~i i i
Cit3,i = djv2,i+2 — Aj; — Aiya 42 — Ay

= a::+1,i+1 -4 - a::+l,i+1 —aj;.
Collineations K, H, H* are mutually different. If any two of them coincide, then all
three are coinciding. Using (8.7), we have from (8.5) and (8.6)

Proposition 11. Let C : & — £ be a projective deformation of the second order.
Pseudocongruences & and & are simultaneously subjected to the point and hyper-
planar deformation. All these three deformations are realized by the same col-
lineation, if and only if b,y = h,, @' '

i
SS

~i

13
a;;

= aj, — aj.

9. Let C: & — 2 be a projective deformation of the second order; suppose that
(7.9), (7.10) and (8.4) hold. The osculating collineation K is (8.3). We shall say that C
is 1) weakly singular, 2) singular, 3) strongly singular of the kind i, if C : (4;) »
— (4;) is a projective deformation of order 1) one, 2) two, 3) three and it is possible
to realize the deformation C by the same collineation K. If C is (weakly, strongly)
singular of all three kinds simultaneously, C is said to be (weakly, strongly) singular.

There is

KA, = A

i

, KVA, = VA, + 1,4, + (Ei,iﬂ — hy ) dudi, +
+ (Riiea = higeo) A,



The deformation C is weakly singular of the kind “i”, if and only if

(9.1) By, = hy.

Let 6, =[4;, disy, Aivy] + 4idy Ay A3] + w4 Ao, 445] be an ar-
bitrary tangent plane of the variety (4,). Then
Ké; = [Ai’ Aisys AH—Z] + A Ap A1, Airs] + ”i[Ai’ Airas Ai+3]
HG; = Hgi + [Ai(hi,i+2 - ﬁi,i+2) + :ui(hi,i+1 - Ei,i+1)] [Ai’ Aivs Ai+2]
H*¢; = Ké; + [li(ﬁi,i+2 - hi,i+2) + ﬂi(ﬁi,iﬂ - hi,i+1)] [Ai’ Aives Ai+2] .

We obtain

Proposition 12. Let C: % — & be a projective deformation of the second
order. The collineations K, H, H* induce the same collineation of the bundle of

tangent planes of the focal variety (A,), if and only if C is weakly singular of the
kind “i”.

Let C : ¥ —» 2 be weakly singular. We get
i+2
V4, = z‘Ar(dwir + 00, + O 410541 F O 42D, + AU ,) F
o + A.‘+3(d2”i + 0 du; + 043,543 d“i) +
+ Apa(0p i1 dugy g + 0543540 duy) +
+ Ay s(@42 QUipa + 0445505 duy) .
KA, = A;, KVA, =VA; + 1,4,,
KV2A, = VA4, + 2,4, + () 4 +
+ [(Ci+3,i du; — Cira,iv1 dui+1) W41+ Tird,itt dui] Al +

+ [(civs,idu; — Civsivz Ay o) O sz + Tivs,ivs dui] Aisz -
The correspondence C : & — & is singular of the kind « if and only if

i i
(9:2) Coazs =0, MiCiysi+ a3, — a1 5,=0
i+1 ~i+1 i+1
Aig Civs,i + digy 3 — ai13,=0

i+2 ~it2 i+2
Ais Cixz,i T diy3,— a;33,=0

where c;, 5 ; is given by (8.7).

If C: % — & is singular, we get from (7.9), (7.10), (8.4) and (8.7), hys = his (9:2)
the following relations:

T =0, T43s=0, 1, =0, Tivs,ie3 = 0.

232



Further, we get
KA, = A;, KVA, =VA;, KV, =V?4; + dugz,,;A4;,
K V34, = V3A; + 3dugtipsidi + () A +
+ Ay {—2duo; ie1Tivs + (i1 dtisy + @it3,ia du;) Tipaieq) +
+ Ao {—2duw; 110743, + (wi,i+2 duisy + 43,045 duy) Ti+5,i+2} .
Let C be strongly singular e.g. of the first kind. Then
(9:3) T4 =0, (@, duy + g5 duy) 15, =0, (0,5 duy + wueduy) 763 =0.

Equations w,, du, + w,sdu; =0, w3 duz + wye du; = 0 are equations of the
asymptotic curves on the variety (4,) and hence are not satisfied identically. There-
fore, we obtain from (9.3)

(9.4) Tsyo = Tg3z = 0.

In this case, we have 7;; = 0 for all i,j = 1, 2, ..., 6. The same result follows when
we begin with the variety (4,) or (43).

Proposition 13. If C : ¥ — P is a strongly singular projective deformation of
the kind “i”’, pseudocongruences ¥ and & are identical.
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