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NOTATION AND INTRODUCTION

We denote by R the set of real numbers and put R = Ru {—o00, +o0}. If xe R
and K < R, we denote by Q(x, K) the distance between x and K and by uK the outer
Lebesgue measure of K. We set

D*(K, x) = lim sup —}1; w(x, x + h) nK),
B0

D (K, x) = lim inf }ll;t((x, x + h)nK).
B0,

Similarly we define the densities D™(K, x), D_(K, x).
In this article, whenever f : R — R is a function, we set

o) L) =I0)
X =Yy

Let f: R > R be a function and x € R. By the set 2% f(x) of the right internal
derivatives we mean the set of all y € R such that x is a point of accumulation of the
set {t :x < t, g(x, ) eV} for any neighbourhood V of y. By the set 2,5 f(x) of the
right internal approximate derivatives we mean the set of all ye R such that
D*({t : g(x, t) eV}, x) > 0 for any neighbourhood V of y. The sets 2~ f(x), 2, f(x)
are defined by symmetry.

Dini’s derivatives and approximate Dini’s derivatives are denoted by D* f(x),
D, f(x), D~ f(x), D_ f(x) and Dl f(x), D4, f(x), Dop f(x), D—ap f(x), respectively.
Evidently D* f(x) = max 27 f(x), D, f(x) = max 2, f(x) etc.

It is well-known that for an arbitrary function f : R — R, the set of all points x
such that 2% f(x) n 2~ f(x) = 0 is countable. This theorem is proved in [3],
p. 150, by Blumberg’s method which is described in [1].

629



The purpose of the present article is to investigate analogues of the mentioned
theorem for the sets of the right and left internal approximate derivatives. It follows
from the note in [4], p. 297, that the set {x : 2,5 f(x) N D, f(x) = 0} is of measure
zero for an arbitrary function f. This assertion may be improved if f is a continuous
function. From Theorem 2 [2] it follows, if we use the notation from [2], that if
f:H — R is an arbitrary continuous function and 0,, 0, two directions, then
{x: C(f,x,0,) 0 C(f,x,0,) =0} is a set of the first category. This assertion
immediately implies by Blumberg’s method that {x:2,, f(x) n 2., f(x) = 0}
is a set of the first category for an arbitrary continuous function f.

The problem arises for which function f the set {x : 2. f(x) n 2, f(x) = 0}
must be countable. The main aim of the present article is to prove that this set is
countable for any Lipschitzian function and, on the other hand, there exists a con-
tinuous function for which this set is uncountable.

L

Theorem 1. There exists a continuous function f defined on (0, 1) such that the
set {x: D, f(x) < Dy, f(x)} and hence also the set {x : D, f(x) N Doy f(x) = 0}
is uncountable.

Proof. For positive integers k, m, 1 < k, 1 £ m < 27! we define open intervals
I, ,, by induction:

(i) Iy = (% ’:Zf)

(ii) If we have defined Iy, for 1 £k <n, 1 <m <27, then there are 2"
closed intervals J, i, ..., J, 2» such that J,, n J,, = 0 for k + m and the union
of these intervals and the intervals I, ,, already defined is the whole interval <0, 1).
We define I,,.1 ; = J, jfor 1 < j < 2"such that I, ;and J, ; have the same centre
and ul,,q ;= ((n + 1?*/(n + 1)* + 2) uJ, ;.

Put G = UI, ;and D = <0, 1) — G. Clearly D is a perfect set. It is defined so that
the following proposition holds:

(A) Let x € D be a bilateral point of accumulation of D. Then there exists a
sequence {(c,, d,)}s>, of intervals contiguous to D such that

dy < Chey < X, limlic——m—d"I =0 and D_(U(c,d,),x) =1
n=1

|cn - dn

We shall prove (A). Clearly the lengths of the intervals I, ;, J, ; depend only on n;
denote them r,, s, respectively. It is easy to see that limr, =0, lims, = 0,
So/rn = 1/n* and uD = 0. For n > 1 denote by j, the positive integer such that

2n-1

x€J,_y,;,and put R, = I, ; . Then evidently o(x, R,)[uR, < 1/n*. Put G, = U I
j=

n,j’
1
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Z,=6G,—R, for n>1and Z = UZ We shall prove that D(Z, x) = 0. For

h > Osuch that (x — h,x + h) = (0 1) it is evident that the interval (x — h, x + h)
contains at least as many intervals of the type I, ;, k < n, as many intervals which
form Z, it intersects. For k < n we have

M) o Tn Semn ]
H(Ik,j') Fp—1 Tp—1 (" - 1)2

and hence u((x — h,x + h)n Z,)2h < 1/(n — 1)*> for n> 1. If h <r, then
evidently (x — h, x + h) n Z, = 0. Therefore

w(x = h, x + h) " Z)2h ='§:zu((x —hx+h)nZ)2hs Y 1f(n— 1),

n>1,hzr,

consequently D(Z,x) = 0. Since G=Z U R, Ul , the subsequence of the
n=2
sequence {R,,},‘,"’= , of intervals which lie to the left from the points x has clearly all

the properties of the sequence (c,, d,,).

Let {(a,, b,)},>1 be a sequence of all intervals contiguous to D. Put B, =
= (a,, a, + (b, — a,)[2n) and B = G B,. Evidently D7(B,x) =0 for xeD.
We shall prove that the set of all point; jcle D such that D*(B, x) > 0 is uncountable.

Put C, = (a, — (b, — a,)[2n, a,), T, = G C,. Each set P, = D n T, is dense and
open in D. Therefore the set P =kF]lPkni=sk not a set of the first category in D and

hence P is uncountable. If x € P then x lies in an infinite number of C, and therefore
D*(B,x) =2 3 > 0. We put

fx)=0 for xe D,

f(x)=0 for x € a,, a, + (b, = a,)/4n),

f(x) = 8n(x — a, - (b, — a,)[4n) for x e <a, + (b, — a,)[4n, a, + (b, — a,)[2n) ,
£(%) = 2(b, — a,) for x e <a, + (b, — @,)[2n, b, — (b, — a,)[4n),
f(x) = 8n(b, — x) for x e <b, — (b, — a,)[4n, b, .

Clearly f is a continuous function on €0, 1) and Dap f(x) = Ofor xe P. Let ze P
be a bilateral point of accumulation of D. Let {(cx d)}> be a sequence from

Proposition (A) for x = zand put S = U (ck, d).PutM = {y:y < zand g(z,y) >
—1}. Define the sequence {n;};>, by the condition (ck, dy) = (a,,, by,). From (A)
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it follows that there exists k, such that d, — ¢, > z — d, for k > ky. Let k > k,
and ye ¢ + (d — c)2m, d, — (di — &)[4n,)>. Then

2 _flz) = f(J’) —2(dy — ck) —2(di — ¢)
9(z ) = p— p— _Wz(dk—ck)

Let
yeldy — (dy — c)[Any, dy = (z = d,)[(8ny — 1))

Then d, — y 2 (z — d;)/(8n, — 1) and therefore
—8n(di —y) _ —8mfd,—y)  _
z—y (z = d) + (de — ¥)

8m(z — dy) < _1.
(Z’dk)*'(dk“J’)—

Il

9(z, )

Il

_Snk +

Hence we have

(et di) O M < (o e + (di — c)[2n) U (di — (z — d)[(8ny — 1), dy)) .

Since evidently lim n, = oo, we have D™(S n M, z) = 0. As D_(S, z) = 1, we have

k-
D™(M,z) =0 and consequently D, f(z) £ —1. Hence D f(z) < D.,,f(z)
on an uncountable set.

II.

Lemma 1. Let I = R be an open interval with the endpoints a, b and let f be a real
function defined on I. Let B < R such that o(g(b, a), B) = ¢ > 0 and let K > 0.
Then the measure of the set S of all points z €I such that g(z, b) € B, |g(z, a)| < K
and |g(z, b)| £ K is at most 2K|b — al/(e + 2K).

Proof. Put J =1 n (a — (¢|b — a|/(e + 2K)), a + (¢]b — al/(e + 2K))). We shall
prove that J n S = 0. Assume that there exists ze J n S. Then

a) — g(z. b)| = f(b) /), f(2) = (@) _ f(z) — S () _
lg(b, a) — g(z, b)| — P —

=f(z)—~f(a)z—a f(b) — f(z)z—a|<2K F
z—a b-a z—b b—a‘ e+ 2K

<e

Therefore g(z, b) ¢ B and this is a contradiction. Hence J N S'= 0 and the assertion
of Lemma follows from the identity

2K|b - a| _ _eb—q

e + 2K e+ 2K
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Theorem 2. Let f : R — R be an arbitrary function. Then the set A of all points
x € R such that the sets 2., f(x), D4, f(x) are bounded and 2. f(x) N D f(x) = 0
is countable.

Proof. Let 2 be the system of all P = (M, N) such that both M < Rand N < R
consist of a finite number of open intervals with rational endpoints and M n N = 0.
We denote by Ap the set of all xe R such that 2,5, f(x) = M and 2, f(x) = N
for P = (M, N)e 2. Then clearly 4 = J{4,: Pe 2}.

For each P =(M,N)e? we define ¢ = ¢(P) = (M, N)[2 and K = K(P) =
= sup {|x|, xe M U N}. If n is a positive integer, we denote by Ap, the set of all
x € R such that

(1/h) . p{ye(x,x + h): g(x, y) ¢ M} < ¢/(2e + 4K)
and
(/). p{ye(x — h,x): g(x, y) ¢ N} <¢/(2e + 4K)

for h < 1/n. Evidently 4p = U Ap, for each P € 2. Therefore

n=1

(1) A = U{4p, : Pe 2, n positive integer} .

Now suppose that a € Ap,, be Ap, and |b — a| < 1/n, for a positive integer n
and P = (M, N) € 2. Clearly either o(g(b, a), M) = & or o(g(b, a), N) = &. Without
any loss of generality we may suppose o(g(b, a), N) = ¢ and b > a. By Lemma 1
we have that the measure of the set S of all points z € (a, b) such that g(z, b)e N,
|9(z, a)] < K and |g(z, b)| < K is at most 2K|b — a|/(e + 2K). By the definition
of Ap, we have that both the measure of the set G = {z € (a, b) : g(z, b) ¢ N} and
the measure of the set H = {z € (a, b) : g(z, a) ¢ M} are less than e|b — al/(2¢ + 4K).
Since S U H U G = (a, b), we have

b—a<(b-a) 2K + 2e =b—a
e+ 2K 2¢+ 4K

and this is a contradiction. Therefore each A, , is countable and by (1) the set 4
is countable as well.

Corollary 1. For any Lipschitzian function f : R — R the set
{x:951() 0 25 1(x) = 0}

is countable.
Corollary 2. For an arbitrary function f: R — R the set of all points at which
the right and left approximate derivatives exist, are finite and not equal to each

other, is countable.
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