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We consider the nonlinear delay differential equation

00+ O] T o O] = 0

where

)] h(t)e C[R, =[0,0),R], h()<t for teR,,
limh(t) =, (i=1,..,m)),
t—

€) F(t, Y10 +-+s Ymo» -+ Ymm—2) €EC[D = Ry x R™ x R*"!, R],

YioYio >0, i=2,...,m, implies

Y10 F(t, Y105 s Ymos -+ > Ymm—2) > 0 for all sufficiently large 7.

We shall assume that under the initial conditions y®(r) = #®(r), t < ¢, (k =
=0,1,...,n — 2), y" (ty) = y§'~ Y, the equation (1) has a solution which exists
forall t = t,eR,.

A solution y(¢) of the equation (1) is called oscillatory if the set of zeros of y(f) is
not bounded from the right. A solution y(¢) of the equation (1) is called nonoscillatory
if it is eventually of constant sign. A nonoscillatory solution is said to be strongly
monotone if it tends monotonically to zero as t - oo together with its first n — 1
derivatives. We consider only such solutions that are not trivial for all sufficiently
large t.

The purpose of this paper is to give, under appropriate restriction on F, a necessary
and sufficient condition for all solutions of the equation (1) to be oscillatory in the
case n is even and to be either oscillatory or strongly monotone when n is odd. Our
results are generalisations of those due to KusaNo and ONOSE [2, 3], SEvELO and
VARECH [6].
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Theorem 1. Let the functions in (1) satisfy (2), (3) and, in addition, suppose that

4 [F(t, Y105 -5 Ym0s - o> Ymm=2)| < -21 -ZZP”(’) [y
i=1j=

fOl‘ (t>y109"~’ym0’--'sym,n—-l)eD; Oéaijél’
P,(t)eC[R,,R,], (i=1,...m, j=2,...,n)

and such that
5) 5 J [h()]0 D Py di < 0, j=2,.cun—1.

Then a necessary condition for all solutions of (1) to be oscillatory if n is even
and to be either oscillatory or strongly monotone when n is odd is that

© 5, [ e pug s = .
i=1
The following lemma [1, Lemma 1] will be needed.

Lemmal. Let a; 20, b, 20, r;,>0and r=max{r,} (i=1,...,m). If b; > 1
for some i, then i

Sabys[Lal[Lo]-

Proof of Theorem 1. Our proof is an adaptation of the arguments developed
by HALLAM [ 1] and it is similar to that used in [3], [4].
We assume that (6) does not hold and

(©) i w[hi(t)]‘"‘”"" P,(t)dt < o .

Then we demonstrate that the equation (1) has a nonoscillatory solution y(t)
which is asymptotic to at"~* (a # 0) as t > co0. Choose t, so large that h(r) > 1 for
all t > t,> 1, (i = 1, ..., m) and integrate (1) k-times (k is a fixed number from
{1, ..., n}) on [to, t]; we obtain

0) yoougy =5 X e

- %_T)l)— F(s [, o SnlN], -y L(5)]) s
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From this and in view of (4) we get
m n t

®) PO s [Ak +3 2 j Pij(s) [y PLhs)]* dS], 121,
i=1j=2 J,

where
k=1 (n=k+v)(;
g =y L)

v=0 v!

Define the function
m n 1
©) RO = A+ 53 [ 2T o
i= = to
Then

(10) B < +TUR(D), t2 1.

Choose t; = t, so large that h(t) = t, for t = t,, i = 1, ..., m. Then (10) and the
monotone character of F, (F; > 0) imply

(11) ye0h 0] S [ F), t21t,, i=1..,m.

Putting (11) in (9) and then summing up from k = 1to k = n, we get
n n n t m n
Z Fk(t) = Z A + Z f Z Z Pij(s) [hi(s)](l—l)a;j [Fj(s)]"‘"f ds |
k=1 k=1 k=1, i=1j=2

If we choose y~1)(t,) such that 4, > 1 for some k € {1, ..., n} and use Lemma 1,
then we have from the last inequality

1) EAO T A3 [ (SPOBON ) (SR s,
where r = n:ix {a} S Lie{l,..om}, jef{2, .., n}.

Then from (12), with regard to [F(t)]" < F (1), t = to, Gronwall’s inequality and

(5). (6),

RO S aeens 3 | TP 6 SK <o

L3

follows.
The inequality (11) now becomes

(13) O] £ KB, t2t, (i=1...m k=1,..,n).

286



Integrating the equation (1) from t, to to, we get
t
yOIR() =y (1) - J' F(s, y[hy(8)], - Y[1l5)], -, v P[R(s)]) ds
t
from which, in view of (4), (6), (13) we conclude that a finite limit lim y- (1)

exists as t — o0.

If we choose ¢, so large that

M=

1>K

5 [renres

1 t

and consider a solution such that y»~1(t,) = 1, then this solution has the desireq
asymptotic property.

We shall show that a sufficient condition for the oscillation of the equation (1) can
be established by means of the differential inequalities

(A) Yo + p() S([(D]) =0, 120
(B) Yo + p() f([(H]) 2 0, 12 0.

With regard to the inequalities assume that the following conditions are satisfied:

(a) p € C[R+5 R+]7
(b) fe C[R, R], z f(z) > O for z % 0, f(z) is nondecreasing on R,
(c) there exists a: 0 < « < 1 such that

lim inf !—le—)—l >0.

Jz]> o z‘“

Theorem 2. Let the inequality (A) [(B)] satisfy (a)—(c) and (2), and, in addition,
(14 [ e e = o

Then for n even the inequality (A) [(B)] has no positive [negative] solution on
[0, ), to € Ry, while for n odd all positive [negative] solutions of (A) [(B)] are
strongly monotone.

For convenience of the reader, before proving Theorem 2, a modification of
Kiguradze lemma [5] will be introduced. :
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Lemma 2. If y(t), y'(¢), ..., y"~1)(t) are absolutely continuous and of constant
sign in the interval (t, 00) and y(f) y™(¢) < 0, then there exists an integer k with
0 < k < n, n + k being odd and such that

(15) )y =0, (i=0,1,...,k),

(=0 () yP) z0, (i=k+1,..,n), t=t,
(16) YO 2 e =ty D)), 2 1,
(17 ez BT OO@)], (=10 k), 12274,
where 27k

B, = .
(n—k)y...(n—k+i-1)

Proof of Theorem 2. Suppose y(t) > 0 for ¢t = t, € R, [the case y(t) < 0 is
treated similarly]. Since lim h(f) = oo as t — oo, there exists a f; = t, such that
y[h(1)] > Ofor ¢ = t,. In view of (a), (b) we get from (A)

YO = —p(O) fOL@) =0, 1z 1.

Therefore y~1)(t) is decreasing and the derivatives of y(t) of orders up to n — 1 are
eventually of constant sign for large t, say t = t, = t;. Then by Lemma 2 for y(t)
and its derivatives (15)—(17) hold, where ke {1,3,...,n — 1} if n is even and
ke{0,2,...,n — 1} if n is odd.

I. Let n be either even or odd and ke{1,2,...,n — 1}. Since y'(t) > 0 for
t > t,, lim y(7) exists either as a finite or infinite limit. In either case, in view of (b), (c)

t— oo

there exists 3 = ¢, such that

SO0
9 Drorr =47

Therefore, using (18) we obtain from (A)

(19) Y + dp()) [y(h(O)* =0, tz1t5.

If ke{l,2,...,n — 1}, then by (17) and the monotonicity of y"~")(t) we have

1=ty

y(l') > Bktn—l y(n——l)(t)’ t = 2n—kt2 — t;

and
y[h(D)] = BLA(5)]" "ty (), 1zt 2ty

From (19) using the last inequality we have

(20) yO(t) + aBg p(t) [h()]" V= [y P(O)]* =0, t=1,,

where t, = max {t3, t,}.
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Further we shall use the method by Sevelo and Varech [6, for even order linear
delay equations] which is used in the proof of Theorem 2 [3], too.

Dividing (20) by [y™~*(r)]* and integrating from ¢, to f, we obtain

T
f [H($)]® D% p(s)ds < 0 as £ — 0,
ta

which contradicts (14).
II. Let n be odd and k = 0. If y(r) does not approach zero as t — oo, then according
to (16), we get
Y21 = 2= (n=1)*m—1 YOO, tz 2y =t
Then
0) = DOBE 0] 52 ) = A=y, 121,

where 4 = inf [(0)y(2! )| 27" > .
t2t>

Now, if we proceed in the proof exactly as in the case I, we get a contradiction
with the existence of a positive solution y(f) of (A), which does not approach zero
as t - oo. Hence it follows that a positive solution of (A) and its first n — 1 deri-
vatives must approach zero as t — co.

The proof of Theorem 2 is complete.

Corollary. Let the equation (1) satisfy (2), (3) and

(21) F(t, V105 +-+> Ymos -+ ym,n—Z) = Pl(t)fl()’m) if yio>0,
(i=1,...,m) and suchthat (t, Y10, --s> Ymos+-+s Ymm—-2) €D,
(22) F(t, V105 o5 Ymos +- > ym,n—z) = Pz(t)fz()’m) if yi0<0,

(i=1,...m) andsuchthat (t, Y10, s Ymo>---s Ymm-2)ED,

where

(a) pieC[R.,R,], (i=1,2),

(b) £ C[(0. @), (0. )], 3 & C(~ <0, 0), (~ <0, 0)]
are nondecreasing functions ,

() there exist «;:0 <o; <1 (i =1,2) such that

liminffL(j—) +0, liminfj—ile—Z) +0.

a2
z— 00 z zZ=—® |Z
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In addition, suppose that
23) J’ [h ()] pa(t) dt = J [h(] 2% pa(i) dt = o .

Then for n even all solutions of (1) are oscillatory, while for n odd all solutions
of (1) are either oscillatory or strongly monotone.

Proof. Let us suppose that there exists a nonoscillatory solution y(f) of (1). Let
¥(t) > Ofor t = t5 € R, and such that y(f) is not strongly monotone for n odd. The
case y(f) < 0 is treated similarly. Since lim h(f) = o0 as t - o0, (i = 1,..., m),
there exists #; = t, such that y[h(t)] > 0, (i = 1, ..., m) for ¢t = t,. Then from the

equation (1), in view of (21), (a), (b) we have

(24) YO + p(0) FL 0[] 20, 121,

and y(¢) satisfies (24), which by Theorem 2 yields a contradiction. The proof of
Corollary is complete.

Combining Theorem 1 and Corollary we obtain the following theorem, which is an
extension of Theorem 3 [3].

Theorem 3. Let the equation (1) satisfy (2), (3) and, in addition, suppose that
there exist functions py, fi, (k = 1,2), P,(t) (i = 1,...,m, j = 2, ..., n) and positive
constants oy, < 1 (k =1,2),0,; <1 (i =1,...,m, j =2,...,n) such that

(1) Pl(t)fl()’m) é F(t’ Y105 +-+ Ymos> + -5 ym,n—l) é
§.21 Zzpij(t) ]yi,n—jla” > yiO > 0 2 (l = 1’ ARRE] m) >
i=1 j=

(t, Y105 +++> Ym0s -5 ym,n-Z) eD,

(ii) Pz(t)fZ(Yw) = F(t, V105 <+ Ymos - ym,n—Z) 2
2 =% TP sy o <0, (= 1eem),
i=1 j=

(t’ Y105 <+ Ymos <+ ym,n—z) € D >

where p,, f, (k = 1, 2) satisfy the assumptions (a)—(c) of Corollary and P;; (i =
=1,...,m,j =2, ... n)satisfy (4) of Theorem 1.
Then a necessary and sufficient condition for all solutions of the equation'(l)

to be oscillatory when n is even and to be either oscillatory or strongly monoto-
ne if n is odd is that (6) and (23) are valid.

Acknowledgement. The author wishes to thank Professor JAROSLAV KURZWEIL for
his helpful suggestions. :
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