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1. Conditions for the existence of compatible tolerances on various algebras which
are not congruences were studied in many papers (see [1], [3]—[10]). The problem
of finding necessary and sufficient conditions is still open, although in [10] one of
such conditions was formulated (see Theorem 5 in [10]) for WA-lattices and lattices;
however, this condition assumes the existence of a compatible tolerance which is
not a congruence on a sublattice.

Some new conditions for the existence of compatible tolerances which are not
congruences are established in this paper.

2. The symbol A = (A4, #) will denote an algebra with the support 4 and with
the set of fundamental operations #. A tolerance relation on a set M is a reflexive
and symmetric relation on M. In particular, each equivalence on M is a tolerance
on M. A tolerance relation T on the set A4 is called compatible with 2, if and only if
for each n-ary operation f € & (where n is a positive integer) and for any 2n elements
Xgseus Xpy V15 .o Vo Of A which fulfil x,Ty; for i = 1, ..., n we have f(x, ..., x,) .
. H(yl’ b yn)

3. Every equivalence relation is a tolerance relation. As is well-known, every
equivalence on a set M determines a certain partition on M; the classes of this
partition are called equivalence classes. Here we shall formulate an analogous result
for tolerance relations.

Definition. Let M be a non-empty set. The family M = {M,, ye I'}, where I is
a subscript set, is called a covering of M by subsets, if and only if each M, forye I’
isa subset of M and U M, = M. (Wesuppose M, + M, fory, eI, p, eI, 7; * 7,.)

yel
A covering M = {M,, ye I'} of a set M by subsets is called a t-covering of M, if
and only if M fulfils the following two conditions:
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(1) if yoe I' and I'y < T, then
MYOEUM./:’(]M./EM%;

yelo velo
(2) if N = M and N is not contained in any set from 9, then N contains a two-
element subset of the same property.

In particular, if M = {M,,yeTI} is a t-covering of M, then M, < M,, for

y,€T, y,€T, y, %+ y,. This can be proved by putting o = y;, I'¢ = {y,}. This
implies also that all the sets of 9t are non-empty.

Theorem 1. Let M be a non-empty set. Then there exists a one-to-one correspon-
dence between tolerance relations on M and t-coverings of M such that if T is
a tolerance relation on M and WMy is the t-covering of M corresponding to T,
then any two elements of M are in the relation T if and only if there exists a set
from My which contains both of them.

Proof. Let T be a tolerance relation on M. Let £ be the family of all subsets of M
with the property that any two elements of the subset are in T. The family £; contains
all one-element subsets of M, therefore it is a covering of M by subsets. Let My
be the family of all sets of £, which are maximal with respect to the set inclusion
(according to Zorn’s Lemma such elements exist). Each set from €7 is contained
in a set from M, and L, is a covering of M, therefore also M is a covering of M.
Let My = {M,, y€ I'}, where T is a subscript set. Now let yoe I', I'y = I and let
M, UM, Let P= M, and suppose P = M, . Let xeP — M,, yeM,.

yelo yelo
This means y e U M, and thus there exists y, € I'; such that ye M,,. As xe P —
velo
— M,, we have xe P = (| M, and thus also xe M,,. We have xTy. As y was
yelo

chosen arbitrarily, we have xTy for each y € M, . Thus the set M, U {x} €L
and Mvo is its proper subset; this means M, ¢ M, which is a contradiction. We
have necessarily (\ M, < M, and (1) is fulfilled. Now if a subset N of M is not

yelo
contained in any set from i, then N ¢ £, and there exist two elements a, b of N
which are not in the relation T. Thus the set {a, b} is not contained in any set from 9,
and (2) is fulfilled. We have proved that M is a t-covering. Now let M = {M,, ye I'}
be a t-covering of M and let T be a relation on M such that xTy for xe M, ye M
if and only if there exists y € I' such that x e M,, y € M,. The relation T'is evidently
a tolerance. Now it remains to prove that if 9, is assigned to T according to the
above rule, then Mty = M. This means to prove that each M, for y € I is a maximal
element in £, and each maximal element of £ is in 9. Suppose that M, for some
y, € I' is not a maximal element in Lr; this means that there exists L € £, such that
M, is a proper subset of L. Let xe L — M,,. AsLe &, M, < L, x € L, we have xTy
for each ye M, . This means that to each ye M,, there exists y(y)eI" so that
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y€eM,y,, xe M,,. We have M, = U M, As iz is a t-covering, it is neces-
yeMyI
sarily N M,,, € M,. But xe M,,, for each ye M, , thus xe N M,,, and
yeM.l,l 3‘eMy=

x € M, , which is a contradiction. Now suppose that there exists a set L' e M — .
As M = M, the set L' is not contained in any set from 9. Thus there exist two
elements ¢, d of L' such that the set {c, d} is not contained in any set from 9i. This
means that ¢, d are not in the relation T, thus L' ¢ £; and also L ¢ My, which is
a contradiction.

When T'is an equivalence relation, the corresponding t-covering 9 is the partition
of M into equivalence classes of T. This follows from the construction of ;.

Theorem 2. Let M be a non-empty set, let Ty and T, be tolerances on M. Let
T = Ty, " T,. Let My, My,, My be the t-coverings of M corresponding to Ty, T,, T
respectively. Then each set of My is the intersection of a set from My, and a set
from My,. Any intersection of a set from My, and a set from My, is a subset of
some set from M.

Proof. Let My, € M. Then, as we have seen in the proof of Theorem 1, any two
elements of M, are in T, this means simultaneously in T; and T,. Thus Mye £, ,
M, € £, and there exist sets M; € M, M, € My, such that My = M, My = M,,
this means M, < M, n M,. On the other hand, any two elements of M n M,
are in T, thus M; n M, € €, and there exists Mg € M, such that M|, n M, < M.
We have M, = Mg; as no set from 9i; is a proper subset of another, we have M, =
= Mg and thenalso My = M, n M, Nowlet N, e My, N, e My, . IfN; A N, =0,
then this set is a subset of every set. Thus let N, n N, + 0. Any two elements of
N, n N, are simultaneously in T; and T,, thus they are in Tand N, "N, € €.
Thus there exists Ny € M such that N; n N, = N,,.

This theorem cannot be strengthened so that any intersection of a set from W,
ad a set from M, be a set from Miy. Let M = {a, b, ¢, d, e,f}, let T, consist of all
pairs (x, x) for x e M and of the pairs (a, c), (c, a), (b, ¢), (c, b), (b, d), (d, b), (c, d),
(d, c), let T, consist of all pairs (x, x) for x € M and of the pairs (c. d), (d, ¢), (c, e),
(e, ¢), (¢.f), (f.¢), (d,f), (f.d). Then T = T, n T, consists of all pairs (x, x) for
x € M and of the pairs (¢, d), (d, ¢). Wehave My, = {{a, c},{b, c, d},{e}, {f}}. M, =
= {{a}, {b}, {c, d, f}, {c, e}}, Wiy = {{a}, {b}, {c. d}, {e}, {f}}. The sets {a,c}e
e My, {c, d} e My, have the intersection {c} ¢ M.

Nor does an analogous assertion for T' = T, u T, hold. A set from ;. need not
be the union of sets from M, and sets from My,. (It is always contained in such
a union, but this is a trivial assertion, because the whole M is such a union as well.)
Let M consist of the elements 1, 2, 3, 4, 12, 13, 14, 23, 24, 34. Let M, = {{1, 2, 12},
{2,4,24}, {3,4,34}, {13}, {14}, {23}}, M, = {{1,4, 14}, {1,3,13}, {2,3,23},
{12}, {24}, {34}}. The proof that M, and M,, are t-coverings of M is left to the
reader. Let T, T, be tolerances on M corresponding to M;, and M;,. The -
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covering M. corresponding to T' =T, u T, is My = {{1,2,3,4}, {1,2,12},
(1,3,13}, {1,4,14}, {2,3,23}, {2,4,24}, {3,4.34}}. The set {1,2,3,4} e M,
is not the union of sets from Mi;, and M.

4. Now let us study compatible tolerances on algebras.

Theorem 3. Let N = (A, ¥ ) be an algebra, let T be a tolerance on A. Let M be
the t-covering of A corresponding to T. The tolerance T is compatible with U, if
and only if there exists an algebra B = (B, ) with these properties:

(i) there exists a one-to-one mapping ¢ : ¥ — % such that for any positive
integer n and for each fe & the operation ¢f is n-ary if and only if f is n-ary;

(ii) there exists a one-to-one mapping y : My — B such that for each n-ary oper-
ation f € &, where n is a positive integer, and for any n + 1 elements My, M4, ...
.. M, from My the equality of(x(M,),.... 1(M,)) = #(M,) implies that for
any n elements ay, ..., a, of A such that a;e M; for i = 1,..., n the element
f(ay, ..., a,) € M.

Proof. Let T be compatible with UA. Construct the t-covering M. Let M, ..., M,
be n elements of My, let ay, ..., a,, by, ..., b, be elements of A4 such that a;e M,,
b;e M, fori=1,...,n Let fe & be an n-ary operation. We have a;Tbh; for i =
=1,...,n, thus from the compatibility f(ay, ..., a,) Tf(b;, ..., b,). The elements
a;, b; were chosen arbitrarily, therefore the set of all elements f(x;, ..., x,,), where
x;€ M, for i = 1, ..., n, has the property that any two of its elements are in T and
is contained in set M, € M. Thus we may put B = ;. The mapping y will be the
identical mapping on M. For any fe % the operation ¢f is defined so that
of (x(M,), ..., x(M,)) = x(M,) if and only if f(a,....,a,)e My, where a,e M,
fori = 1, ..., n. Now suppose that the conditions (i) and (ii) are fulfilled. If x, ..., x,,
Y1 ---» Yy are elements of A such that x;Ty; for i = 1. ..., n, then for every i both the
elements x;, y; belong to some set M; from M. Now let fe & andlet M, be the
set of My such that of (x(M,), ..., x(M,)) = x(M,). According to the assumption
S(xps oo X)) EMo, f(Pys - ¥a) € My, thus f(xq, ..., x,) TF(3ys oo s 1)

If Tis a congruence, then B is a homomorphic image of 2 in the homormophism ¢
corresponding to the congruence T. To each element x of A exactly one set M(x)
from 9, exists which contains it; thus ¢ is determined by 7 so that o(x) = x(M(x)).
If Tis not a congruence, then this is not so, because there exist elements which are
contained in more than one set from M.

5. Definition. An algebra W = (A, ¥ ) is called idempotent, if for each element
a€ A and for each n-ary operation f € F the equality f(a, .... a) = a holds.

n times

Lemma 1. Let N = {A, F) be an idempotent algebra and let T be a tolerance
compatible with . Denote Tol (x) = {y € A| yTx}. Then Tol (x) is a subalgebra
of A for each x € A.
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Proof. Let a, ..., a, be in Tol (x), let fe€ & be an n-ary operation. Then a,Tx
for i = 1,..., n; from the compatibility of T we obtain f(ay, ..., a,) Tf(x, ..., X),
therefore f(ay, ..., a,) € Tol (x). m times

Theorem 4. Let N = (A, F) be an idempotent algebra, let T be a tolerance
compatible with N. Then all the sets of the 1-covering My corresponding to T are
subalgebras of A.

Proof. Let My € My, let N = ) Tol (x). For each x and each y from M, we have

xeMo
xTy, therefore y € Tol (x); as this holds for each x € M,, we have ye N for each

y € M, and thus M, = N. Suppose that N — M, + 0 and let ze N — M,. Then
z € Tol (x) for each x € M, this means zTx. The set M, U {z} € £, and M, is its
proper subset, therefore M, ¢ M, which is a contradiction. We have N — M, = 0,
this means M, = N = (N Tol(x). The set Tol (x) for each x € M, is a subalgebra

xeMgo
of A according to Lemma 1, thus M, is a non-empty intersection of some subalgebras

of A and is a subalgebra of 2.
The above proved theorems imply Theorem 10 from [10].

Theorem. Let L be a lattice and let there exist a proper ideal J and a proper filter
F of Lsuch that J UF =L, Jn F # Q. Then there exists a compatible tolerance
on L which is not a congruence.

Proof. The pair {J, F} is a t-covering of L. For 8 we may take a two-element
lattice L, consisting of the elements O, I, where O < I. The join (or meet) in Lis
assigned the join (or meet, respectively) in L, by ¢. Further y(J) = 0, x(F) = 1.
We can verify that all assumptions of Theorem 2 are fulfilled, therefore the assertion
is true.

Corollary 1. Let L be a lattice with at least three elements. Then there exists
a sublattice L, of L on which a compatible tolerance exists which is not a con-
gruence.

Proof. As L contains at least three elements, there exists an element a € L which
is neither the greatest nor the least element of L. Let L, be the set of all elements
of Lwhich are comparable with a. The set L, is evidently a sublattice of L. Now let J
(or F) be the set of all elements of L, which are less (or greater, respectively) then or
equal to a. Evidently J is a proper ideal of L,, F is a proper filter if Ly, J U F = L,
and J n F = {a} * 0. Thus the assertion is true.

6. Now we shall prove some theorems for concrete types of lattices.

Theorem 5. Let L be a relatively complementary lattice. Then every compatible
tolerance on Lis a congruence.
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Proof. Let T be a compatible tolerance on L, let a, b, ¢ be three elements of L
such that aTh, bTc. Denote a = a A b Ac¢, ¢ =a v b v c. Let d be a relative
complement of b in the interval <@, ). Thena =(a A b A c)T(b A b A b) = b,
c=(@avbve)T(bvbvb)=>bThisimpliesa=>bna(dva)Tca(dvb)=
= ¢. Thus, according to [9], Theorem 1, any two elements of {a, ¢) are in T, in
particular aTc and T is transitive, i.e. it is a congruence.

Lemma 2. Let a, b, ¢ be elements of a complete infinitely distributive lattice L
such that a < b < ¢ and b has no relative complement in the interval {a, c).
Then the ideal J generated by the set M = {b} U{xe L|x A b = a} does not
contain c. :

Proof. Suppose that J contains c. Then there exists a subset S of L such that
x Ab=aforeachxeSandc £ b v V x. Then

xe§

bv(caVx)=(bve)a(bvVx)=c.

xeS

bAa(cAaVx)=baVx=V(bnax)=a,

xeS xeS xeS§

therefore ¢ A V x is a relative complement to b in the interval {a, ¢), which is a con-
xeS

tradiction.

The union of all elements of a chain of ideals is an ideal and according to Zorn’s
Lemma there exists a maximal ideal J in L containing M and not containing c.

Lemma 3. Let a, b, ¢ be three elements of a distributive lattice L such that a <
< b < c and b has no relative complement in the interval {a, c¢). Let J be the maxi-
mal ideal containing the set M = {b} U {xe L| x A b = a} and not containing c.
Then E = L — J is a filter of Land the filter F of L generated by the set E U {b}
does not contain a.

Proof. Evidently E + 0, because ce E. Let x € E, let y be an arbitrary element
of L. Then x v y € E; otherwise it would be x v ye Jand x = x A (x v y)e J,
which would be a contradiction. Now let x € E, y € E. To the element x there exists
an element x’ e J such that x v x’ > ¢; otherwise by adding x and all elements
less than x to J we should obtain an ideal containing M and not containing ¢ and J
would not be the maximal ideal with this property. Analogously there exists an
element y’e Jsuchthat y v y' 2 c.Letz=x" v y;wehavex vz =c,y vz =
2c, zeJ. Then (x Ay)vz=(xvz)a(yvz)=c thus x A y¢J and
x A ye E. We have proved that E is a filter of L. Now let F be the filter of L generated
by the set Eu {b}. If ae F, then a 2 b A y, where y is an element of E. But then
bAa(yva)=(bAy)v(bnaa)=a, which means that y vaeM < J. As
y £ y v a, we have also y € J, which is a contradiction. We have proved that a ¢ F.
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Theorem 6. Let L be a distributive lattice which is not relatively complementary.
Then in L a proper ideal J and a proper filter F exist sothat JUF = L, Jn F £ 0.

Proof follows from Lemma 2 and Lemma 3.

Corollary 2. For a distributive lattice L the following three assertions are
equivalent:

(a) Lis relatively complementary.
(b) Each compatible tolerance on Lis a congruence.

(¢) If J is a proper ideal of Land F is a proper filter of Lsuch that J U F = L,
then JnF = 0.

7. In the end we shall prove other two theorems concerning tolerance relations on
algebras in general.

Theorem 7. Let A, = {A,, F,>, N, = {A,,F,) betwoalgebras of the same type,
let there exist a homomorphism Y of A, onto WA,. Let there exist a tolerance T
on A, which is not a congruence and is compatible with U,. Then there exists
a tolerance T' on A, which is not a congruence and is compatible with .

Proof. We construct T’ so that for any two elements x, y of A, we have xT"y if
and only if Y(x) T y(y). The relation T’ thus constructed is evidently a tolerance.
Let f, € #, be an n-ary relation, let x, ..., X,, Vi, ..., ¥, be elements of A, such
that x,T'y; for i = 1.....,n. Then ¥(x;) T y(y;) for i =1,...,n. Let f, be the
operation from % , which corresponds to f; in the homomorphismy. As T is a tole-
rance compatible with 20,, we have f,(¥(x,), ..., ¥(x,)) T fo(¥(yy), - ¥(1,))- As
fz(!l/(xl)’ R l//(X,,)) = l//(fl(xl’ e X,,)), fZ(l//(yl)9 A l//(yn)) = l/’(fl(yl’ R yn))’ we
have fy(xy, ..., x,) T' f1(»;, .., y,) and T’ is a tolerance compatible with A,. As T
is not a congruence. there exist elements a, b, ¢ of 4, such that aTbh, bTc, but not
aTe. Let a’ (or b'. or ¢’) be an element of 4, such that y(a’) = a (or Y(b') = b,
or lp(c’) = ¢, respectively). Then a'T’b’, b'T’¢’, but not a’T’c’ and T’ is not a con-
gruence.

Corollary 3. Let an algebra W be the direct product of the algebras A4, ..., N,
On at least one of the algebras N, ..., U, let there exist a tolerance compatible
with this algebra which is not a congruence. Then there exists a tolerance com-
patible with 2 which is not a congruence.

Theorem 8. Let A = (A, F) be an algebra, IA] > 3. Let there exist an element
a€ A which cannot be obtained as a result of an operation from %. Then there
exists a tolerance T compatible with W which is not a congruence.
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Proof. Let b be an element of A distinct from a. Consider the tolerance T con-
sisting of the pairs (a, a), (a, b), (b, a) and of all pairs (x, y) for xe 4 — {a}, ye
e A —{a}. If xy, ..., Xp Y1, - --» Yy are elements of 4 and f € F is an n-ary operation,
then f(xy,...,x,)eAd — {a}, f(yy, ..., yn)€A — {a}, thus f(x,....x,) Tf(yy, ...
..., ¥n)- Thus T is a tolerance compatible with . It is not a congruence, because
aTb, bTc, but not aTc, where c is an arbitrary element of 4 — {a, b}.
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