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ABOUT THE SIXTH HILBERT'S PROBLEM 

MiLOSLAV JÛZA, P r a h a 

(Received September 24, 1975, in revised form November 15, 1978) 

1. INTRODUCTION 

In his lecture at the 2-nd International Congress of Mathematicians in the year 
1900 (see [1]), David Hubert formulated his 6th problem: 

,,Durch die Untersuchungen über die Grundlagen der Geometrie wird uns die Auf
gabe nahe gelegt, nach diesem Vorbilde diejenigen physikalischen Disciplinen 
axiomatisch zu behandeln, in denen schon heute die Mathematik eine hervorragen
de Rolle spielt: dies sind in erster Linie die Wahrscheinlichkeitsrechnung und die 
Mechanik. 

... Über die Grundlagen der Mechanik liegen von physikalischer Seite bedeutende 
Untersuchungen vor; ...; es ist daher sehr wünschenswert, wenn auch von den 
Mathematikern die Erörterung der Grundlagen der Mechanik aufgenommen 
würde. . . ." 

Hilbert also indicated what the solution of this problem in his opinion should 
contain. He said among other: 

,,Auch wird der Mathematiker, wie er es in der Geometrie getan hat, nicht bloß 
die der Wirklichkeit nahe kommenden, sondern überhaupt alle logisch möglichen 
Theorien zu berücksichtigen haben und stets darauf bedacht sein, einen vollständigen 
Überblick über die Gesamtheit der Folgerungen zu gewinnen, die das gerade ange
nommene Axiomensystem nach sich zieht. 

Ferner fällt dem Mathematiker in Ergänzung der physikalischen Betrachtungs
weise die Aufgabe zu, jedes Mal genau zu prüfen, ob das neu adjungierte Axiom mit 
den früheren Axiomen nicht in Widerspruch steht. Der Physiker sieht sich oftmals 
durch die Ergebnisse seiner Experimente gezwungen, zwischendurch und w ä h r e n d 
der Entwickelung seiner Theorie neue Annahmen mit den früheren Axiomen lediglich 
auf eben jene Experimente oder auf dn gewisses physikalisches Gefühl beruft — ein 
Verfahren, welches beim streng logischen Aufbau einer Theorie nicht statthaft ist. 
Der gewünschte Nachweis der Widerspruchslosigkeit aller gerade gemachten An
nahmen erscheint mit auch deshalb von Wichtigkeit, weil das Bestreben, einen solchen 
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Nachweis zu führen, uns stets am wirksamsten zu einer exakten Formulierung der 
Axiome selbst zwingt." 

Since the time of this Hilbert's lecture, the axiomatic probability theory has been 
built. In the almanac [2], in which the statement of the solution of Hilbert's problems 
is discussed, among the references to the 6th problem only papers of probability 
theory are quoted. There is only a remark that a great amount of axiomatic explana
tions of various sections of physics exists. As examples of an axiomatic theory of the 
classical mechanics Hamel's and Marcolongo's papers are mentioned. But in the 
book of Marcolongo (see [7]) only the statics is built axiomatically. In the book of 
Hamel (see [9]), the matter is discussed from the physical point of view; from the 
mathematical point of view this book does not satisfy today's demands on exactness 
and logical completeness. Also more recent books, e.g. [10]. are written mainly from 
the physical point of view. 

A paper that meets Hilbert's demand most closely is -- as far as I was able to find 
out " the paper [8]. Theorems are here deduced from exactly formulated axioms in 
a purely logical way. Nonetheless, any logical analysis of the system of axioms (such 
as the proof that the system is not contadictory, that axioms are independent etc.) 
is again missing here and could be probably hardly accomplished due to a consider
able complexity of the system. 

There are, however, some papers, in which some special topics of mechanics are 
presented axiomatically and dicussed from the mathematical point of view. Thus 
the notion of the resultant of two forces is axiomatically defined and studied in the 
papers [3], [4], [5] and [6]. Moreover, in the papers [4], [5], and [6] a logical 
analysis of axioms is carried out. In the book [7], an axiomatic system of statics is 
given. 

In this paper we give a system of axioms for the mechanics of a system of material 
points, we prove that this system is not contradictory, deduce some fundamental 
theorems and prove the independence of the individual axioms. The axioms are for
mulated in terms of geometrical and physical notions without referring to coordinates 
(even though coordinates are of course used when theorems are formulated and 
demonstrated). By the formulation of axioms we avoided the assumptions about the 
existence of derivatives of the functions taken into account, because such assumptions 
seem to be artifical and unnatural. The assertions concerning the existence of deriva
tives are proved as theorems. 

2. SYSTEM OF AXIOMS 

Let us have a threedimensional euciidean space £3, that is, a metric space with 
a metric Q, in which it is possible to introduce reference systems (called cartesian) 
which map the space onto the set of triples of real numbers in such a way that if 
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the geometry of £3, as known. Let us recall only that vectors are defined in £3. A vector 
is given by a pair of points A, В and two pairs (A, B) and (C, D) define the same 
vector if and only if there exists a point E such that Q(A, E) = Q(E, D) = \Q{A, D). 
Q[B, E) = Q{E, C) = IQ{B, C). If a vector U is defined by a pair of points A, B, 
we shall write U = AB. The set of all vectors of the space £3 will be denoted by F3. 
If UE F3, Ve F3, then U + Ve F3 is defined. If Ue F3 and a is a real number, then 
aUe F3 is defined. If U = AB, then the number Q(A, B) is called the magnitude | U\ 
of the vector U. If 11/| = 1 then Uis called a unit vector. If F = aU, where a ^ 0 
and и is a unit vector, then U is called the direction of the vector F. The null vector 
will be denoted by 0. 

By a system of vectors { ^^y}jej we mean an arbitrary set J (possibly empty) together 
with a map J -> F3 such that j E J \-> UJE F3. If J has only one element, we shall 
sometimes write only {U], if no error can occur. If J is empty, the system of vectors 
will be called empty as well. If { Uf^]^,^K^ {^I}IEL ^re systems of vectors and iC n L = 0, 
then by {U,,}i,^K ^ {^J/6L we mean the system {WJ}J^KUL^ where Wj = Uj if j E К 
and Wj = VjifJEL. 

We introduce the following denotations: Let ^^ be an open interval of real 
numbers and let us have maps 

C: .r, -^ £3 . 

C(t)^B{t). 

(2.2) V , ( C ; r , x ) = . ^ ^ i ^ i ^ - ^ I : ^ M £ L O . 
T 

The vector V(C; t, т) will be called the mean velocity of the point С with regard to В 
in the interval <f, / + т>. îf f̂  e e^^, т > 0, t^ < t2, t2 Л- т E 5 " I , we put 

(2.31 A . ( C ; , „ , , , ) = ! : a ( £ i . l L r J ' i ( £ ^ i , - ) . 
^2 ~~ h 

The vector ^si^l h^ h^ ^) will be called the mean acceleration of the point С with 
regard to В between the intervals Oi-> h + ^) ^^^ О2^ h + '^)-

For vectors U, V, W WQ have the primitive notion the force W is the resultant of 
forces (7, V (in symbols W= U @ V). ') 

By R we shall denote the set of all real numbers, by R^ the set of all positive real 
numbers. 

We suppose that we have an open interval ^ a R whose elements are called time 
instants. Further, we have a set ./# whose elements are called particles. With any 

If t E ^ 1 

(2.1) 

If / e ^ , 

B: ^^ -> E 
, we put 

ав{С; t) 

T > 0, ? + T G ^ 1 , we put 

^) We do not define the notion of force. The expression the force x is the resultant of forces 
УУ zioï x = y @ z) must be considered a propositional function with the domain F3 X F3 X F3. 



particle ae Л v^t associate a positive real number m ,̂ called the mass of the particle 
a. For each particle a e ^ / we have a map P̂  : ^ -^ £3. If a G . # , t e .T, then the 
point ?J^eE^ is called the position of the particle a at the instant t. If OLeJi, 
PeM, F e F3, te3/', then we have the primitive notion the particle ß effects the 
particle a at the instant t by the force F (in symbols ^(a, ß, t, F)). 

A material point is defined as a pair [Л, m}, where A e £3, m e R^. 

If we have an open interval iT^ с ^ , a map У: 5^^ -^ £3, a number m e R^, and 
if we have for every r G .5^J a system of vectors {Pj{t)} jej (the set J being the same for 
all t G ^ 1 ) , then we introduce the primitive notion the motion of the material point 
{Y(t, m] in the interval ^^ can be interpreted by the operation of the system of 
forces {Fj{t)}j,j (in symbols ^Y(t), m}, (F/OljeJ, ^ i ) ) -

For these primitive notions we suppose the validity of the following axioms: 

L The effect of a force 

Axiom I . l . If the motion of a material point {B(t), m] in an open interval J'^ c: ^ 
can be interpreted by the operation of a system of forces {fj{t)]j^j, if the motion of 
a material point {C{t\ m} in £Г^ can be interpreted by the operation of a system 
of forces {Fj(/)}^^j u {G(f)} and if the vectors G{t) have for all t e ЗГ^ the same 
direction u, then for every t^ e ^ ^, т > 0, 1̂ < /2? 2̂ + '̂  ̂  ^ 1 there exists a number 
/c g: 0 such that 

Ag(C; ^1, t2, T) = к . и . 

Axiom 1.2. Suppose that the motion of the material point {B(t), m} in the open 
interval .T^ a ^ can be interpreted by the operation of the system of forces 
{Fj(t)] j^j, the motion of the material point {C(t), m] by the operation of the system 
of forces [Fj(t)}j^j и [G(t)}, where the vectors G{t) have for all te^^ the same 
direction u. Let t^ e J^^, т > 0, t^ < tj, t2 + т e ^^ and let 

Then 

implies 

Aß(C; ti, t2,T) ^ к . и , /с ^ О . 

Pi й \Щ\ й Pi for all t G <ri, t2 + T> 

p^ й m |Ä^C; f i , Г2,т)1 й Pi-

Axiom 1.3. Suppose that the motion of the material point {B(^t), m] in the open 
interval ST^ cz ^ can be interpreted by the operation of the system of forces 
{Fj{t)]jç^j, the motion of the material point {C(t), m] by the operation of the system 
of forces {Fj(t)]j^j и {G(t)}, where the vectors G(t) have for all te^i the same 
direction u. Then, if the function t\-^ \^if)\ ^^ bounded on every compact subinter-
val of ^i, the function t h-> |Лл(С; t)\ is also bounded on every compact subinterval 
of^v 



IT. The composition of forces 

Axiom 11.1. If for every t from an open interval ^ x^ ^, the force G(t) is the 
resultant of forces Gi{t), G2{t), then the motion of a material point {B(t), m] in ^ ^ 
can be interpreted by the operation of the system of forces {^XOljeJ ^ {^i(0} ^ 
u {Cf2(0} ^/ ^"^ ^^^^y V i^ can be interpreted in ^^ by the operation of the system 
of forces {Fj{t)}j,j^ {Git)}. 

Axiom II.2. If F, G are vectors, then there exists a vector H such that the force H 
is the resultant of forces F, G. 

Axiom П.З. Suppose that the motion of the material point {B(t), m} in the open 
interval ^^ a £Г can be interpreted by the operation of the system of forces 
{Fj{t)}j^j. Let G be a vector and let points C(/), t e ^^ satisfy 

mA g(C; t^, t2, T) = G for every t^ e , ^ 1 , t2 < t2, т > 0, t2 + т e ^^ . 

Let the function t v^ АДС; i) be continuous on ^ 1 . Then the motion of the material 
point {C(t), m] in the interval ^^ can be interpreted by the operation of the system 
offorces{Fj{t)}j,ju{G}, 

III. The decomposition of motions 

Axiom III.l. / / c^i CI ^ is an open interval and if there exist (for all t e ^^ 
points C{t) such that the motion of the material point {C(^), m} in ЗГ-^ can be 
interpreted by the operation of the system of forces {Fj{t)]j^j u [G(t)], where the 
vectors G{t) have the same direction for all te^T^ and the function t\-^\G(t)\ 
is continuous on J^^, then there exist (for all t e ^^ points B{t) such that the motion 
of the material point {B(t), m] in ^^ can be interpreted by the operation of the 
system of forces [F^t^-^j. 

IV. Law of i n e r t i a 

Axiom IV.l. If the motion of a material point {B{t), m} in an open interval 
^^ cz ЗГ can be interpreted by the operation of the empty system of forces and if 
t^ e .5^1, 1̂ < ^2, T > 0, Г2 4- T G ̂ 1 , then 

Q{B{t, + T), B{t,)) = Q{B{t2 + T), B{t2)) . 

Axiom IV.2. / / the motion of the material point {B(t), m} in the open interval 
^ 1 с ^ can be interpreted by the operation of the system of forces {0], then it 
can be interpreted by the operation of the empty system of forces. 

Axiom IV.3. / / the motion of the material point {B(t), m} in the open interval 
У ^ c: ^ can be interpreted by the operation of the empty system of forces, then the 
function 11-> jB(r) is continuous on ^^, 



V. Gravitational law 

Axiom V.l. Let ae Л be a particle with a mass m .̂ Let, for every ß e Ji \ {a} 
and every te^^, Fß[t) be a vector such that the particle ß effects the particle a 
at the instant t by the force Fß(t). Then the motion of the material point {Pa(0' ̂ Л 
can be in every open interval ^^ ^ ^ interpreted by the operation of the system 
of forces {Fß(t)}ß^jis^^^y 

Axiom V.2. / / a e ,y#, /? 6 . # , te^ and P^(t) ф Pß{t), then there exists a vector F 
such that the particle ß effects the particle a at the instant t by the force F. 

Axiom V.3. / / the particle ß effects the particle a at the instant t by the force F 
and P^{t) Ф Pß(t), then the unit vector P^{t) P^(r)/^(P^(/), Pß{t)) is the direction of the 
vector F. 

Axiom V.4. There exists a positive real number x such that if the particle ß effects 
the particle a at the instant t by the force F and if P^{t) Ф Pß{t), then 

\F\ = X '"''"" 
(ö(p,(0,p,(0))^ 

Axiom V.5. If осе M, ß G M, then the function t v-^ ^?S^ß\ О ^^ continuous on ^ . 

VI. Axioms of existence 

Axiom VLl. The set M of all particles is non-empty. 

Axiom VI.3. The set M of all particles is finite. 

Axiom У1.3. If t e ̂  and oc, ß are two different particles, then P^[t) Ф Pß{t). 

3. AUXILIARY THEOREMS 

Before analysing our system of axioms, we prove two auxiliary theorems. 

Theorem 3.1. Let s be a real function defined on an interval К [open, semiopen 
or closed) of real numbers. Suppose that to every Те К there exist numbers Sj > 0, 
Sj. > 0 such that 

(3.1) \s{t) - s{T)\ < Sj if \t - T\ < or, teK, 

and that there exist real numbers M^, M2 such that 

(3.2) M,(t, - n) g <*' + )̂ - ^̂ ^̂ ) - '^'^ + )̂ - <̂ )̂ g M,{t, - t,) 



' / ti < t2, т > О, t^eK, t2 + teK. Then 

(a) M T " ~ ^ + K^o + ^) - -K ô) < s Co + "^) - <^o) < 
2 T ni 

< M,T î î ^ ^ + <^o + ^) - ^(^o) 
2 T 

/ / n is a natural number and to e K, to + m e K, r > 0; 

s( Ï0 + - ) - s{to) . r ^ 
(b) M,<T "^^^ + A 'V < s O o j t ^ b - ^ o ) 

2n 
< 

(7 

^ ,^ И — 1 
^ M2Ö- — + 

s(to + - ) - Фо) 

In a 
n 

if n is a natural number, tcyeK, t^ + a еК, a > 0; 

(c) M,T й <^o + ") - <^o) - K^o - ^) - <^o) g д^^, 
T — T 

if T > о, to - те к, to -\- T еК; 

(à) at every to EK there exists a finite 

t-^to t ~ to 
teK 

(e) the function v is continuous on K; 

(f) s{to) + v{to) (7 + iMiCX^ й s{to + Ö-) ^ 5(̂ 0) + v{to) о + Wio^ 

if a > 0, to^K, to + (TEK; 

(g) v(to) + Micr ^ v(to + a) й v{to) + M^er 

z/ (T > 0, toEK, to + 0-EK, 

Proof, (a) If /c is a natural number, 1 < к S n, and if we write in (3.2) ô instead 
of t^ and to + (k — 1) T instead of Г2, we obtain 

M,{k - 1) T + <^o + ^) - <^o) ^ 5(̂ 0 + /CT) - s{to + (fc - 1) T) ^ 



We can see that this formula holds also for к = 1. By summing for к from 1 to n 
we obtain 

M,T *̂̂ ^ " ^) + n <^o + ^) ~ -<^o) ^ 4^0 + ^^) - K^o) < 
2 T T 

^ M,T ^(^ ~ ^) + П (̂̂ 0 + ! l - K^o) 

2 T 

(b) is obtained by putting a = m in (a). 

(c) If we write in (3.2) to instead of 2̂ and to — т instead of t^, we obtain 
M,T S '(^0 ~ ^) - (̂̂ o) _ K ô - T + T) - .s(̂ o - T) ^ ^^^ ^ 

because 
5(^0 - T + T ) -- 5(^0 - T ) ^ ^-(^0 - T ) - ^(^o) 

T —T 

we obtain (c). 

(d) We will prove first of all that 

/-1 'iX / . \ r '̂ (̂ O + T ) — s(to) 
(3.3) Pifjo) == liî^ sup ^ " ^ ^-^ < + 00 

if to^K and 0̂ is not the right hand side boundary point of K. Indeed, let Sj > 0, 
^j^ > 0 be numbers satisfying (3.1) for T = ÎQ. We can choose ôj so small that 
0̂ + ÔJEK. Suppose that hm sup (5(̂ 0 + '̂ ) "" K^o))l^ = ^ - Then there exists 

a number TQ such that 0 < TQ < (5̂  and that 

s(to + 4) - s{to) ^ 2 e , ^ - i + | M ^ | ^ , . 
To 

There exists a natura l number n such tha t iô^ S ^т^о < ^т- % (а), we obtain for 
such a number n the inequalities 

пто To 2 

+ | M I | ÖJ + iM^fîTo - iM^To ^ 

^ 26^(5;^ + | M I | ÔJ - i\M^\ от - i |Mi | от = 28̂ ^^ :̂̂ , 
therefore 

5(̂ 0 + î ^o) ~" K^o) > ISTOT^HTQ ^ 2ßr(5j^ . (̂5J — e^ ; 

but this is a contradiction with (3.1), because HTQ < от- Hence (3.3) is proved. 



Now we will prove that 

(3.4) p,{to) = lim inf ̂ (̂ 0 + T) - s{to) ^ _ ^ 
T->0+ T 

if to e К and ô is not the right hand side boundary point of K. Indeed, let Sj > 0, 
7̂̂  > 0 be again numbers satisfying (3.1) for T ^ ÎQ and ô + о^еК. Suppose that 

lim inf ((s(^o + T) — 5(^0))/'̂ ) = — 00. Then there exists a number TQ such that 0 < 
T->0-f 

< To < (3j and that 

There exists a natural number n such that iô^ S niQ < dj. By (a), we obtain for 

such a number n the inequalities 

K^o + ^^o) - ^{h) ^ s{to + TQ) - 5(^0) , . . ^ " - 1 . 

пто To 2 

< — 2 e j ^ j ^ — IM2I ^ j - + iM2nxQ — iM2To й 

^ --2ej-^^^ - IM2I ôj + i |M2| öj + i |M2| ^r = -2STÔT^ , 

therefore 
5(^0 + «To) - ф о ) < -^Ет^т^ПТо . 

The number on the right hand side being negative, we obtain 

[5(̂ 0 + «To) — 5(^0)! > IEJOJ^UTQ ^ 2ej(5j ^ . ^ôj = Cj ; 

but this is a contradiction with (3.1), because HTQ < ôj. Hence (3.4) is proved. 
Now we will prove that there exists a finite lim ((5(̂ 0 + т) — 5(Го))/т) at every 

T->0 + 

point t^eK which is not the right hand boundary point of K. With regard to (3.3) 
and (3.4), it is sufficient to prove Pi{tQ) = Pii^o)- Let us suppose that Pi(^o) < Pii^o) 
for some /0 ^ K. Let us denote H ~ Piij^o) ~ Pi{h)- There exists a number r] > 0 
such that ÎQ + rj G К and 

(3.5) p,{to) -iH < K^o + ^) ~ '(fo) < p^(^to) + iH, whenever 0 < т < ^ . 
T 

Let us choose a number AT such that 

(3.6) 0 < AT < min (rj, --—^ , - ^ . 
\ 1 + 2{\M,\ + IM2!)/ 

Further, let us choose a number ô such that 

(3.7) 0 < ^ < mm Ш, ^ ,— , ^ ^ , ~ ) . 
V 4 ( Я + 2 M 2 iV 4 ( 2 Я + Ml Л̂  + M2 iV/ 



There exist numbers Т|, Т2 such that 

(3.8) ^ i i o J i l i I z j M < p^^to) + iH = p2{to) - | Я , ' 0 < T, < ^ , 

(3.9) ^(!^±^:zA!ol. :. p^i^^ ^ iH, o < T 2 < ^ . 

There exists a natural number ^2 such that N — ô < 712̂ 2 = N. Further, there 
exists a natural number n such that M2T2 — (5 ^ л^т^ < 772T2. Consequently, with 
regard to (3.7) we obtain 

(3.10) 0 < Л̂  -- 2^ < П2Т2 - Ô ̂  n^T^ < П2Т2 й N . 

Let us now denote 

(3.11) Ô0 = П2Т2 - n^Xi ; 

thus 

(3.12) 0 < (5o ^ ^ . 

By (a) and (3.9) we now have 

> ^2(^0) - W + WI^ZT:! - i^^i'^2 , 

therefore (3.11) yields 

s{to + «2^2) > s{to) + ?Î2'^2(P2(^o) - iH) + ^Mi{n2T2y " WMill) ^l = 

= s{to) + n,T,(p2{to) - iH) + ôo{p2{to) - iH) + iMi (n2T2) ' " W l ^ ? ) Ч • 

In a similar way, (a) and (3.8) imply 

^ + " ^ ^ ' Ь Ф о ) ^ K^o + T.) - j O o ) . + ,д^^„^,^ _ ^М2Г, < 

< ^ 2 ( 0 - iH + Win^T^ - Ш2Т1 , 
therefore 

Ф о + « l ^ l ) < Ф о ) + n^X^{p2{to) - iH) + Wl^n^T^y - iM2(7î iTi)Ti . 

Subtracting the two inequahties and using (3.10) we obtain 

s(̂ o + П2Х2) - s{to + П1Т1) > injTiH + (5o(p2(̂ o) - iH) - \\М^\ N^ -

- i |M2| iV^ - i | M , | N^ - i |M2| No > iH(N - 2(3) + ôo(p2{to) - iH) -

_ r\M,\ N' » i|M2l iV^ - i | M , | No - i\M2\ No = ^0(^2(^0) - iH) + 

+ iN{H - , | M I | iV - IM2I Â ) ~ ô{H + i|Mi| iV + i|M2l N). 

10 



By (3.6) we have 2N(\Mi\ + \М2\) < N{1 + 2 ( | M I | + [М^]) < H, and therefore 
we obtain 

5(^0 + П2Т2) - s{to + «iTi) > 

> 4P2{to) - iH) + iiVH - ^(Я + i\M,\ N + iJM Î N) ; 

by (3.7) we have Ô{H + i |Mi | iV + i-JM2| N) < IHN and therefore 

s{to + П2Т2) - s{to + П1Т1) > öo{p2{to) ~ iH) + iiVH . 

As we have П2Т2 — n^x^ + ^0 by (3.11), we obtain with regard to (3.12): 

Фо + n,., + ^0) - Фо + n,.,) ^ ^^^^^^ _̂  ^ ^ _̂  ^ ^ _ , ^ ^ ^ 

^P2{to)-iH + iô-'NH. 

By (3.2) and (3.10) we hence obtain 

sjto + ^0) - 5(̂ 0) ^ s{to + n^T^ + ^0) " 5(̂ 0 + n^T,) _ ^ ^ ^ ^ 

> Piih) -iH -^ iô~ 'NH ~ IM Î N ; 

but by (3.7) we have Ö'^NH > 4{H + 2\М2\ N) and therefore 

< ^ ± i ^ L " _ i ^ ^ ,̂̂ (^^) „ 1Я + W + |M,] iV - |M, | Л̂  == р,(Го) + iH , 

which is a contradiction with (3.5), because SQ < f] by (3.12), (3.7) and (3.6). Thus 
we have proved Pi{to) = Piih) 

Now we will prove that there exists a finite lim {{S(ÎQ + T) — 5(^0))/'̂ ) ^1 every 

ÎQ e К which is not the left hand boundary point of K. Indeed, put К = 
= {teR: -teK}, s(t) = s( —r), ÎQ = -to. The function s satisfies (3,1) and (3.2) 
on the interval K, therefore there exists a finite lim ((s(?o + '̂ ) ~ K^o))l'^) ^^^ ob-

viously lim ((s(fo + т) ~ 5(Го))/т) = lim ((5(ïo + т) ~ К^о))!^)-

Now we can already prove (d). Indeed, if ô is the left or the right hand side 
boundary point of K, then lim ((s(t) — s{tQ))j{t — to)) = lim ((5(^0 + т) - s{to))lT) 

tek 

or Hm {{s{t) — sito))l(t — ̂ 0)) = 1™ ((-̂ (̂ o + '^) — Фо))1^)^ respectively. If Го is an 
teK 

interior point of K, then, by (c), we have lim ((5(^0 + т) — s(to))lr) = 

= lim {{s{to + T) - S(/O))/T). 
i - » 0 -
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(e) If Го G К, Г G К, fo + т e X, Г + г G X, then by (3.2) we have 

W + ^) ~ к о „ s(fo + T) - (̂̂ o) 
g M|f - Го| 

T T 

where M = max ( | M I | , | M 2 | ) . By passing to the Umit we obtain 

\v{t) - v{to)\ й M\t - to\, 

therefore v is continuous at ô-

(f) If to E K, a > 0, to + o-e X, we obtain from (b) with regard to (d) by passing 
to the hmit for n -> со: 

from these inequahties we easily obtain (f). 

(g) If ÎQE K, (7 > 0, to -\~ (T e K, we can write 

,(,^ + ^) = lim ^ O _ 1 L 5 - ^ ) - < ^ O _ + J L ) . 
t->-0+ ^ — T 

But 
5(̂ 0 + cr — T) - s{to + cr) __ s (Го + ö") - s(ro + a — т) ^ 

— T T 

if we suppose 0 < т < cr and if we write in (3.2) to + (т — т instead of ^2, 0̂ iî^stead 
of / j , we obtain 

s{to + T) - s{to) 

T 
+ M,{(T - т)й 

. ^ K̂ O + ^) - 4^0 + d ~ T) ^ 5(to + T) - s{to) _̂  ^^^^ _ ^^ . 
T T 

by passing to the hmit т -> 0+ we obtain (g). 

Theorem 3.2. Let us have an open interval К cz R and maps 

B: K->E,, C: K-^ E, . 

Suppose that the function t ь-» |Лд(С; ^)| is bounded on every compact interval 
K^ c: К and that there exists a vector и such that 

(3.13) Aß{C;t,,t2,T) = и 

for every t^eK, x > 0, t^ < t2, Г2 + т G X. Let to e X. Then there exists a vector v 
such that 

(3.14) АДС; 0 = АДС; ô) + {t--to)v + i{t - tof и 

for every t e K. 
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Proof. Let us choose a cartesian reference system 9" and let Ag(C; i) — (5i(^), 
•^2(0' ^з(О)' ^ ^ (^'i' ^̂ 2̂  W3) in ^ . Then, by (2.3) and (2.2), (3.13) can be written in 
the form 

4h±A^^aà _ M^_±^L-z_ .̂̂  = „,(̂ ^ _, ,) , / = 1,2,3. 
T T 

Therefore, (3.2) is fulfilled for the functions 5̂  with M^ =. M2 = Ui. Further, \si{t)\ ^ 
^ {{si{t)y + {s2{t)y + {s2{t)УУ^^• = |АД(С; / ) | and thus the functions Ŝ  are bounded 
on every compact interval Kj c. J^ and hence (3.1) holds on X. Therefore, by Theorem 
3.1 (d), (f), we obtain 

Si(to 4- (T) = Si(to) + Vi{to) a + 4W;Ö-̂  if to -^- (г e К , a > 0 . 

Thus, if we write ÎQ + a = t, v =^- (t'i(^o)? ^ 2 ( 0 ' ^̂ 3(̂ 0))? we obtain (3.14) in К for the 
case t > ÎQ. 

If Î < ÎQ, choose a number J e K,t > ÎQ. Then we have 

(3.15) Aß(C; t) = Äß(C; 0̂) + {t - to) v + i(f - Го)' и . 

As Г < fo < ^ there exists a vector г such that we also have 

(3.16) Ao(C; to) ^ АДС; /) + (̂ o - 0 v + i((o - ty и ^ 

(3.17) АДС; 1) - АДС; r) + (? - 0 î  + i(î - 0 ' ^ • 

From (3.16) and (3.17) we obtain 

АДС; t) = Aß(C; ?о) + {t - to)v + -^и{1^ - tl + Itto ~ 2tt) ; 

if we compare it with (3.15), we obtain 

(t - to) V + K^ " ^0)' ii =• {t - to)v + i^f' - tl + 2tto - 2tl) 

and therefore 
î~ = Î; 4- (^ ~ to) и . 

И we substitute it into (3.16), we obtain (3.14) for t < to- It is obvious that (3.14) 
holds also for t == to^ 

4. CONSISTENCY OF THE SYSTEM OF AXIOMS 

We will prove that the system formed by axioms 1.1 — 1.3, l l . l —II.3, III.l, 
IV.l—1V.3, Y.l —V.5, Yl.l —VI.3 is consistent, if the theory of real numbers and 
the geometry of the three-dimensional euclidean space are consistent. We shall 
carry this proof out if we construct, in terms of objects of the three-dimensional 
eucHdean space and real numbers, a model fulfilhng all these axioms. 

First of all, given a three-dimensional euclidean space £3 with the m.etric g, let us 
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choose a cartesian reference system 9 in it. If U, F, W are vectors in E3, we shall 
define that the force W is the resultant of forces U, F if and only if 

(4.1) ^ W = и + V. 

Let us choose a natural number n and n real positive numbers m^, ..., m„. For 
/ = 1, ...,n we will define the particle ai as the couple of numbers {i, m J . The 
number m,- will be defined as the mass of the particle â  = {/, m,}. Our system will 
have n particles a^, ..., a„. 

Further, let us choose 6n real numbers 

(4.2) a I,., Vir I i "= 1, '-., n ; r = 1, 2 , 3 ; 

such that 

(4.3) (a^i, a,2. a is) Ф (0^,1, a;,2, «лз) for / Ф /i . 

Moreover, let us choose a real number x > 0 and a real number t. Let us consider 
the system of difibrential equations^) 

(4.4) m,i, , = t X ̂ !^' :^- '^&r_T^^L ; i = 1, . . . , n ; r = 1, 2, 3 . 

/ = 1 

This system has a solution in an open interval ^ , containing the number t, and this 
solution is formed by functions Xj^, ..., x„ ;̂ r = 1,2,3; fulfiling the initial con
ditions 
(4.5) Xi,{t) = ai,, Xi,{t) = Vi, 

and the inequality 

(4.6) {xi,{t), x,2(0, х,з(0) Ф (x,i(0, xjj), Х;,з(0) for z Ф /z , r G ^ . 

We will choose the interval ^ as the set of time instants. We define the position of 
the particle â  = {/, m,} at instant Г e ^ to be the point of £3 whose coordinates 
in the reference system S^ are \_Xii(t), x^2(0' ^'/з(0]-

If f is a vector whose coordinates in the reference system 6^ are ( /1, /2, /з) and 
if ^G ^ , we define that the particle a;, effects the particle â  at the instant t by the 
force F if and only if / ф h and 

(4.7) Л = xm,m,~~j~^^^^^ ; r = 1, 2, 3 . 

1=1 

Let us have an open interval ^^ с ^ , a map Y : ^^ -> £3, a positive real number 
w and for every ^ G .^^ a system of vectors {fj{t)]j^j (the set J being the same for 

^) In the case n= 1 the system will be 

^i^ir == 0 ; r = 1, 2, 3 . 
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all t G ^ i ) . In the reference system ^ let Y{t) = [y^U), y2{t), Уз{^)], i^/O = 
"̂  ( / j i (0 ' / /2(0 ' / j3(0) ^^^ J ^ J, te ^^, We will say that the motion of the material 
point \y{t)^ m} in the interval ^^ can he interpreted by the operation of the system 
of forces {Pj{t)}jej if and only if the following conditions take place: 

(4.8a) the set J is finite;^) 

(4.8b) the functions J^fji for I --= 1, 2, 3 are continuous on ^•^; 
JeJ 

(4.8c) the functions y^, у 2, Уз have continuous derivatives of the second order on ^ j ; 

(4.8d) m'y, = Y.fji on ^ 1 for / = = 1 , 2 , 3 . 

Theorem 4.1. The above described model fulfils all axioms 1.1—1.3, II.l—II.3, 

IILI, I V . 1 - I V 3 , V.1-V.5 , VT.1-YI.3. 

Proof. Axioms 1.1 and 1.2. Suppose that (see the begining of Chapter 2) 

(4.9) J^({B(0,m}, {Fj{t)}j^j,^,)^ 

(4.10) J^({C(0, m}, {FXO},e./ u {C7(/)}, ^ 0 , 

(4.11) G{t) = g(t) u, I«! = 1 , ^(0 à 0 for r G ^ 1 . 

By (4.8a), the set J is finite. By (4.8b), the functions ^ Fj, gu + YJ ^j and therefore 
jeJ jsJ 

also the function g are continuous on ^^. By (4.8c), the functions B, С have conti
nuous derivatives of the second order on ^^ and by (4.8d) we have 

тВ = X ^j ' ' ^ ^ = ö'^ + Z ^j on 5^1 
je J JeJ 

and therefore 
m{C — B) = gu on ^"^ . 

If we choose a number toG ^^, we obtain by (2.1) 

m Aß(C; t) = m Ад(С; fo) + JnAß{C; to) {t - to) + 
to \J 

g{^i) d(jj I dcr2 If '1 / ^̂ ^̂ 2 

for t G ^ t 
If now ^ G ^ 1 , T > 0, t + T G ^ 1 , we obtain by (2.2) 

myB{C;t,T) = mAß{C;to) + ~(\ M ö^((Ji)da-J dtr^ и 

Öf(t7i)dcri ) d(72 n ) = m A^,(C; ô) + - ( ö^(^i)d^i ) d(J2 w . 

)̂ The empty set is also considered finite. If the set / is empty, we put S/if = 0 
jeJ 
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If t^e ,3^1, T > 0, fj < t2, t2 -^ 1 E J^i, we obtain by (2.3) and the above relations 

mAß(C; ^1, t2. T) 
1 f l 1 

t2 -tibi 
+ T /Га-, 

\^ 
Ф1] 

to 

( g{(^i)à(^i]à(J2 
tl + t / f<T2 

t2 

\ 
d(T9 > и. 

If we substitute СГ3 — СГ2 4- ĵ — ̂ 2 i^ the first integral and write a^ instead of (T2 
in the second one, we obtain 

(4.12) m A , ( C ; / „ Г2, T) = 

1 
T J ti 

1 1 .^((Ji)dö-i I dö-3l и = 
to / J t2 - t^ T J 

tl+T / f<T3 + f 2 - f l 

ö'(o-i)d(7i ) d(73 и 

Thus, Axiom I.l is fulfilled with 

1 1 1 P'" '̂̂  / f<̂3 + <2~ti \ 
k = ~ ~ д{а^)а(тАаа^. 

m t2 - t]^ T Jti \Ja3 J 

Now, provided ^ 1 ^ 0 - 3 ^ t^ Л- т (i.e. a^, is within the limits of integration by 0-3), 
we have (J3 ^ 0-3 + /2 "" î й t2 + т, therefore <аз, (J^ + t2 — ti} a {t^, Г2 + т>. 
If we now have 

Pi S \G{t)\ - 0 (̂0 й Pi for all Î E Ou t2 + ^} , 

then 
Ç<y3 + t2-tl 

and 
1 Г'^' 

Pl{t2 - ^1) == - Pl{t2 - ti) й 
Tjtr T Jti 

ra^ + tz-ti 

g{(T2)^(^2 ]à(J 

1 Г''^' 
S - P2{t2 - ti) = P2{t2 - ti) : 

T Jty 

therefore, by (4.11) and (4.12), we obtain 

Pi й m|Aß(C; ti, Г2, T) | =•• 
1 1 

t2 — ti T J ti 

tl+T / C03+t2~tl 
g{a^)d(jAda^ g P2 • 

Thus, Axiom L2 is fulfilled. 

Axiom 1.3. Suppose that (4.9), (4.10) and (4.11) hold. Then, by (4.8c), the func
tions B, С are continuous on ^i, therefore by (2.1) the function n-^ Aß(C; t) is 
also continuous on 5^^ and hence bounded on every compact subinterval of e^^. 
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Axioms ll.l and IÏ.2 are implied by (4.1) and (4.8). 

Axiom 11.3. Suppose that (4.9) holds. Let Ĝ  be a vector, let C{t) eE^ if te^r^ 
and let 

m Aß(C; fi, 2̂, T) = G for every t^ e ^ i , t^ < t2, т > 0, t2 -\- т e ^^ . 

Let the function 11-> Aß(C; t)be continuous on J^^. Then the function 11-> |Aß(C; t)\ 
is bounded on every compact interval K^ с ^^ and therefore, by Theorem 3.2, 
there exists a vector v such that 

AB(C; t) = АДС; ÎQ) + (Г - /о) ^ + — (̂  ~ о̂)̂  ̂  for all te^r^, 
2т 

or, according to (2.1), 
(4.13) 

C{t) = Bit) + AJIC; to) + (t ~ to) V + — {t -- tof G for all te.r^. 
2m 

Now, (4.9) together with (4.8) implies that the set J is finite, the function t h-> 
i-> YJ ^j{t) ŝ continuous on ^i and 

jeJ 

(4.14) mB = Y^j' 
JeJ 

(4.13) and (4.14) imply 
mC = YFJ + G, 

JeJ 

therefore ^{{C{t), m}, {Fj{t)}j,j u {C}, ̂ i ) holds by (4.8). 

Axiom in. l . Suppose that (4.10) and (4.11) hold and that the function f i-̂  
1-̂  1̂ (01 is continuous on ^^. Then, by (4.8), the set J is finite and the function 11-> 
h-> G(t) + YJ ^XO is continuous on ^^. Because the function t f-> \G(t)\ is continuous 

jeJ 

on ^ 1 as well, the function 11-> ^̂ (0 ^ = ^(0 ^^^ therefore also t !-• ̂  Fj{t) is 

continuous on 5^1. Define the function Б by the diflbrential equation 

JeJ 
In accordance with (4.8), the material points {B(t), m] fulfil (4.9). Thus Axiom III.l 
is fulfilled. 

Axioms IV.1-IV.3. If ß'{{B{t), m}, Ш, ^\} holds, where Ш is the empty system 
of forces, then by (4.8d) we have В = 0 on ^^ and therefore there exists a point Q 
and a vector v such that 

B{i) = Q + tv for all te^i . 

From this equality we easily deduce Axioms IV.l and IV.3. 
Axiom IV.2 follows from the fact that YJ^J ~ ^ i^ ^̂ ^ ^^ ê of the empty J and 

also in the case of the system [0], ^^^ 
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Axiom V.l. The formulae (4.4) and (4.6) imply the continuity of the functions 
t b-> P^r). Therefore, by (4.6) and (4.7), if ^(a,-, a ,̂ t, f,/^)) for all te^^, the functions 
t\~~^Fij(t) are continuous on ^^. Thus, (4.4), (4.7) and (4.8) imply Axiom V.l. 

Axioms V.2~V.4 follow from (4.7). 

Axiom V.5 follows from (2.1) and from the continuity of the functions t ь-> P^(^). 

Axioms VI.1 and VI.2 follow from the definition of particles. 

Axiom VI. 3 follows from (4.6). 
We have proved Theorem 4.1 and therefore also the consistency of our system of 

axioms. In fact, we have proved the following stronger 

Theorem 4.2. Let us have three-dimensional euclidean space E^ and a cartesian 
reference system £f in it. Further, let us have a natural number n and 6n real 
numbers a,>, f,v (/ -̂  1, ..., /?; r = 1, 2, 3), a real number x > 0 and a real number t. 
Then there exists a model fulfilling all the axioms I.l, ..., VI.3 with the following 
properties: 

(a) There is exactly n particles a^, ..., a„ in the model. 

(b) The set ^ of time instants is an open interval containing t. 

(c) For every t e .T\ the position Pa.(?) of the particle â  is a point of the space £3. 

(d) / / [^/i(0' ^i2(0' '̂13(01 ^^^ ^^^ coordinates of the point Pa,.(0 ^^ ^^^ reference 
system 5^, then the functions x^^ have continuous derivatives of the second order, 
fulfil the system of differential equations (4.4) and the initial conditions (4.5). 

In the next chapters we shall see that the model constructed in this chapter is 
essentially the single model fulfilling all axioms I.l, ..., VI.3. 

5. THE EFFECT OF A FORCE OF A CONSTANT DIRECTION. 
CONSEQUENCES OF THE AXIOMS OF THE GROUP I 

In this section we shall use only Axioms I.l —1.3. 

Theorem 5.1. Suppose that the motion of a material point {B[t), m} in an open 
interval ^ \ с ^ can be interpreted by the operation of a system of forces {Fj(t)}j^j, 
the motion of a material point {C(^), m} by the operation of a system of forces 
{Fj{t)} j.j ^ {^tO} ^^^ ^^^^^ ^^^ vectors G(t), t e ^I, have a common direction u. 
Let the function t \--> \(i{t)\ be bounded on every compact subinterval of ^^ {this 
is certainly fulfilled if t\-^G{t) is continuous on ^ 1 ) . Then there exists a real 
function s defined on ^^ and vectors v, w with the following properties: 

(a) C{t) = B{t) + s{t) и + tv + w for all te^^; 

(b) the function s has a continuous derivative v = s on ^^; 
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(c) if ÎQ e ^ 1 , te^r^^to^t, then 

(5.1) v{to) + -^ Г l^or)! da й KO <: v(to) + -^ Г \G{a)\ da , 

m Ito m J ,̂  

where the symbols J, | denote the lower and the upper Riemann's integral; 

(d) if the function th~>\G(t)\ is continuous on ^^ and t^e^^, then 

(5.2) . (0 = v{t,) + i Г \G{a)\ da . 

m J to 

Proof. Choose a cartesian reference system ^ such that in this system 

(5.3) «==(1,0,0). 

In the reference system ^ the vectors G{t) have the coordinates 

(5.4) G(0 = (|G(0|,O,O). 

In the system 6f let 

(5.5) C{t) = [c,{t),c^{t),c,{t)\, B{t) = \b,{t),b,{t),b,{t)\ 

and denote 

(5.6) si{t) = c^t) - b,(t) ; / = 1, 2, 3 ; te^^. 
If t^ e ^ 1 , T > 0, t^ < t2, t2 + T E =^1, then, by Axiom I.l, there exists a number 

/c(fi, ^2, T) ^ 0 such that 

(5.7) АДС; ?i, Г2, T) =: k{t^, t2, T) W , 

or, with regard to (2.3), (2.2), (2.1), (5.6), (5.5) and (5.3), we have 

(5.8a) ^'('^+^)-^'('^) - iÀlL±±llA'jà . kit,, t„ T) (t, - u), 
T T 

(5.8b) 5/(̂ 2 + ^) - /̂(^2) __ ^/(ri + -r) - si{t,) ^ ^ ^ / =. 2, 3 . 
T T 

We will prove first of all that the functions ŝ  have continuous derivatives on - - ^ j . 
It is sufficient to prove that they have continuous derivatives on every open bounded 
interval ^2 s^ch that ЗГ2 <= ^ ^ . Let ^2 b^ such an interval. 

The function t\-^ \G{t)\ being bounded on ^2^ (5.7), (5.3) and Axiom 1.2 imply 
that there exists a number M such that 

0 й |АДС; ^1, t2, T)| = k{t,, t2, T) ^ M if 

1̂ G ^ 2 5 h < h > T > О , 2̂ + T e ^ 2 . 
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and (5.8a) then implies 

(5.9) -M{t, - t,) S ^ ^ l ± ^ ^ l i > b ) - 'J1^±^JZJM ^ M{t, - t,). 
T T 

Axiom 1.3 implies that the function t н^ | А ^ ( С ; t)\ is bounded on ^ 2 - Since \si{t)\ ^ 
^ |Лд(С; t)\ by (5.6), (5.5) and (2.1), the functions Si are also bounded on ^2^ Now, 
(5.9), (5.8b) and Theorem 3.1 (d), (e) imply that the functions Sj have continuous 
derivatives on 5^2- Therefore, they have continuous derivatives Vi = Si on the 
whole ^ 1 . 

By passing to the limit т -» 0 + in (5.8b), we now obtain 

(5.10) 5,(0-= t;,(0 = «/ , 
Si{t) = Git + Wi for any r G e^i ; / = 1,2; 

where aj, 03, W2, W3 are constant. If we now put s[t) = s^^t), v == (0, «2, Ö3), н> = 
= (ö? ^2 5 ^з)» l̂ ĥ î̂  (2.1), (5.5), (5.6) and (5.10) imply (a). As Sj = s has a continuous 
derivative, we have proved also (b). 

Let us now have ÎQ e .T^, t e ^ j , tQ < t. Choose a division 

(5.11) Го = To < Ti < T2 < . . . < T„ = f 

of the interval <Го, 0 ^^^ denote 

(5.12) Qi = inf \(j{(^)\ , Gi = sup \G{(^)\ ; Ï = 1,2, ..., П 
« T 6 < T i _ 5 , T i > < r 6 < T i _ i , T i > 

(gi and Gl are all finite, as the function r ь-> \G(t)\ is bounded on every compact 
subinterval of ^i). Axiom 1.2 implies 

^^u\^B{C;t,,t2,4^^ if r , e < T , _ „ T , > , t,<t2, T > 0 , 
m m 

Î2 + T G < T ^ _ i , T i > 

and for these t^, Î2, т, (5.7) and (5.3) imply 

m m 

Consequently, from (5.8a) we obtain 

, (t2 ~ t,) й ^l(^2 + ^ - St{t2) _ S,{t, + T) - Si{t,) ^ Ç£ . ^ __ ^4 ^ 

m T T m 

The function s^ is bounded on <т^_1, т̂ > and therefore Theorem 3.1(g) implies 

m Ш 
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Summing from i = 1 to i = n, we obtain 

i=i m i = i m 

These inequahties remain true, if we pass on the left hand side to the supremum, 
on the right hand side to the infimum with regard to all the divisions (5.11). Thus 
we obtain 

.bo m J^o "Î 

Because s = s^ and therefore i; = t̂ ,̂ we have proved (c) for ô < t. It is evident that 
(c) is true for / = tQ as well. 

If the function t v-^ | ^ (0 | î  continuous on ^^ and t^ ^ t, (5.2) is an easy con
sequence of (5.1). If t < tQ, then by (5.1) we have 

v{to) = v{t) + ^ {']с{о-)аа 
m Jt 

and this again implies (5.2), because \\^ \^{'^)\ da = — j5° |^(^) | ^^• 

Theorem 5.2. Suppose that the motion of the material point {B{t), m^ in the open 
interval ^^ a ^ can be interpreted by the operation of the system of forces 
{Fy(r)}^gj, the motion of the material point {C(t), m} by the operation of the system 
of forces {^XO};ei ^ {^}? ^̂ ^̂  vector G being constant. Then the vector G is uniquely 
determined. If t^ e 5^^, t^ < t2, т > 0, t2 + т e ^ i , then 

(5.13) G - m . Aß(C; ^1, ^2, T) . 

Proof. We can write G = \G\ W, where |«| = 1. Let t^ G J^^, t^ < ^2, т > 0, 
2̂ + T G 3^^. Then, by Axiom. I.l, there exists a real number /c ^ 0 such that 

Axiom 1.2 implies 

and therefore 
m 

Aß{C; t^, t2, T) = ku . 

Aß(C; t,, t2, T)1 = \G\ 

m 

6. COMPOSITION OF FORCES. CONSEQUENCES OF THE AXIOMS 
OF THE GROUPS I AND II 

In this section we shall use only the axioms of the groups I, II and the following 

Supposition £. 7/ we have an open interval ^^ ^ « ?̂ ^^^^ there exists a positive 
real number m, points B{t)EE^ for any te^^, a finite set J (possibly empty) 
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and a system of vectors {Fj{t)]jej^ ^ ^ ^ ь such that the motion of the material 
point {B(t), m] in the interval ^^ can he interpreted by the operation of the 
system of forces {Fj{t)}j^j, 

The supposition £ is an evident consequence of the axioms of the groups V and YI. 
Indeed, by Axiom VLl, there exists a particle a. Put B(t) = P^(?), m = m ,̂ J = 
= . / # \ { a } ; by Axiom VI.3, P^(t) ф Pß{t) for any ße J; therefore, by Axiom V.2, 
for every ßsyä, teST^, there exists a vector F^(t) such that ^{oc, ß, t, Fß[t)). By 
Axiom VI.2, the set J is finite and by Axiom V.l, S^({B{t),m}, {Fß{t)}ß^j, ^^). 

Theorem 6.1. / / F, G, H are vectors, then the force H is the resultant of forces 
F, G if and only if H = F + G. 

Proof. Let us choose an open bounded interval c^^ c: ^ . By the supposition £, 
there exists a positive real number m, points B(t) G £3 for all t e ^i, a finite set J 
and a system of vectors {Fj{t)}j^j, te^^, such that ^{{B(t),m}, {F/^jj^.^j, .^1). 
Choose a number to e 3^^ and define 

(6.1) C{t) = B{t) + --^(t- toY F, / G ^ 1 , 
2m 

(6.2) D{t)=C{t) + —(t-t,yG=B{t) + ^{t-t,y(F+G), / e ^ i . 
2m 2m 

If ti G ^ 1 , ti < t2,T > 0, t2 + те ^ 1 , then by (2.3), (2.2) and (2.1) we obtain 

m Aß(C; t^, t2, T) = F, m A^(Dï t^, t2, т) = G . 

Axiom П.З then yields 
^({C(0 , m}, {Fjit)}j^j u {F}, Sr,), 

(6.3) ЩЩ, m}, (F/Olye. ^ {F) u {G}, . r , ) . 

But by (6.2), we also have 
m Aji(C; ti, t2.s) = F + G, 

and Axiom II. 3 imphes 

^i{D{t), m}, {Fj(t)}j,j u {F + G}, ST,). 

Now, by Axiom II.2, there exists a vector Я such that Я = F © G*. By (6.3) and by 

Axiom II. 1 we obtain 

and we conclude from Theorem 5 2 that Я = F + G. 
Theorem 6.1 and Axiom II. 1 imply 

Theorem 6.2. Let us have an open interval ^^ cz ^ and two systems of vectors 
{Fj(t)} i^j, {Gi^[t)]kçi^, te^i, where the sets J, К are finite, and let 

Е ^ Х 0 = 1 а д for all t e ^ , . 
jeJ кеК 
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Then the motion of a material point {B{t), m] in ^^ can be interpreted by the 
operation of the system of forces {fj{t)}j^_j if and only if it can be interpreted by 
the operation of the system {Gf^(t)]j,çj^. 

1. CONSEQUENCES OF THE AXIOMS OF THE GROUPS I, II AND III. 
NEWTON'S SECOND LAW 

In this chapter we shall use the axioms of the groups I, II, III and the supposition £. 

Theorem 7.1. Let us have an open interval ^^ ^ ^^ areal number m > 0 and 
points C[t)EE2, for all te^^. Suppose that the motion of the material point 
{C{t), m] in ^ 1 can be interpreted by the operation of a system of forces {^XOliej? 
where the set J is finite. Let the map t \-^Y, ^XO ^^ continuous on ^^ and let 

JeJ 

tQE^y. Then there exist vectors и e V^, v e V^ and points B(t)eE2, te^^, such 
that the motion of the material point {B{t), m] in ^ \ can be interpreted by the 
operation of the empty system of forces and that 

(7.1) C{t) = B{t) + n + rr + ™ Г ( Y, GJ{G^) dcTi dö-2 fot all te ^^ 
to JeJ 

Proof. Denote G(t) = X ^XO* Choose a cartesian reference system У and let 
in ^ '^-^ 

G{t) = (g,{t),g2{tlg3{t)), 

w, = (1, 0, 0), W2 - (0, 1, 0), и̂ з = (0, 0, 1). 

w^ - ( - 1 , 0, 0), ws = (0, - 1 , 0), We = (0, 0, - 1 ) . 

Let us denote"^) 

hi = gt for i = 1,2, 3; h^ = gT_^ for i = 4, 5, 6. 
Then 

(7-2) Z Git) = X 4^) ^i. И = 1. Ht) ê о for t e ^ , . 
je J i = 1 

The functions hi are continuous on ^ i , because the map 11-> ^ Gj(t) is continuous. 
JeJ 

Theorem 6.2 implies that ^{{C{t), m}, {Gj(t)}j^.j, ^^ if and only if #'({C(r), m], 
{^/(OWi^f^ô.-^i)-Denote 

Ш, = {hi{t)wi}i^i^,; V = 0, 1, . . . , 6 ; 

(in particular, Шо denotes the empty system of vectors). 

'̂ ) If/is a real function, then 
/ + = max (/, 0), / - == -min (/, 0). 
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Axiom ULI implies that if there exist points By(t) such that ß^({B^(t), m}, Ш^, 3^^), 
V = 1, 2, ..., 6; then there exist points By>-i{t) such that #'({Б^_^(г), m}, 9Jl^_i, e^^i). 
Therefore we deduce by induction that there exist points 

B,(t) = C(0, B,{tl B^{tl..., B,{t), Bo{t) ; te^,; 

such that #'({Б,(^), m}, a)î„ ^ i ) ; v = ö,l,,..,6. Theorem 5.1 now implies that 
there exist vectors u^, v^, and real functions 5\, such that 

B^{t) = B,_i(t) + s^t) w, -i- tv, -{- Щ ; r e ^ i ; v = 1, ..., 6 ; 
where 

(7.3) s^t) =---{' (\u.ia,)da,]da,. 
m J fo \ J to / 

Therefore, we have 

(7.4) C{t) =-- B{t) + X ^^(0 ^i + tv + u, 

where i? = X! ^ j ' " "= Z ^ь ^ ( 0 ^ ^o(0 ^̂ ^̂  hence ^({B{t), m], Шо, ^^). Now, 
i=l i=i 

using (7.3) and (7.2), we obtain 

1Ф)^с = 1 - \ [\ hl(j,)daAda2W,= 
i=l i=l m J to \Jto J 

= — ( E ^/(^i) ^f dcTi 1 da^ = — ( Z ^ j ( ^ i ) ^^1 ) ̂ ^2 • 
m J fo \ J fo i= 1 / m Jto\J to jeJ J 

Thus, (7.4) becomes (7.1). 

8. NEWTON'S FIRST LAW 

Axioms 11.3, IV.l, 1V.2, and IV.3 imply 

Theorem 8.1. If the motion of a material point {B(t), m} in an open interval 
^i cz ^ can be interpreted by the operation of the empty system of forces, then 
there exists a point Qe E^ and a vector v such that 

(8.1) B{t) = Q + tv for r e ^ i . 

Proof. I. Let MQ be the empty S3̂ stem of vectors and let #'({Б(?), m}, Шо, ^ i ) . 
Choose a number t^ e ^^ and a number т > 0 such that t^ Л- т e ЗГ^ and denote 

(8.2) t?! = B{t^ + '̂ ) - ^(^i) • 

If we now have 2̂ ̂  ^i^ h + '^ ^ ^i^ denote 

(8.3) V2 = B{t2 + T) - B{t2). 

We will prove first of all t?i = ^2-
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Indeed, Axiom IV.1 implies \vA == \v2\, i.e. 

V^ .V^ = V2 .V2 • (8.4) 

Let w be an arbitrary vector and define 

C{t) = B{t) + tw for îe^^. 

Since АДС; ^з, ^4, т) = ö provided Г3 G ^ J , T > 0, ?з < ^4, 4̂ + т G , ^ I , Axiom 
П.З implies ^{{C{i), m], {Ö}, J^^). Now Axiom IV.2 implies i^({C(r), ш), ai?o, ^ 1 ) 
and Axiom IV. 1 implies 

Q{C{h + T), C{t,)) = Q{C{t2 + T), C{t2)), 
i.e. 

|5(^1 + T) + (r^ + T) ŵ  - B{t^) - t^wl = 

= \B{t2 + T) + {t2 + T)W - B(Î2) - t2>^\ ' 

Using (8.2) and (8.З) we obtain 

|l^l + Tw\ = \V2 + Tw\ 

or 
(v^ + Tw) (v^ + ТИ') = (^2 + Tw) (V2 + Tw) . 

Therefore 
(8.5) 1̂1 • ^1 + 2T t?! . >V = 1̂2 . ^2 + 2T t?2 . W . 

As T > 0, (8.5) and (8.4) imply v^^w = V2W and because w has been an arbitrary vector, 
we obtain i\ = V2-

II. Let fo ^ ^ 1 . T > 0, fo + '̂  ^ =^1 and let 

(8.6) B(tç, + T) - B{t^) 4- I/. 

Let n be a natural number, p an integer and let 

P 
^0 

2" 
Then 

(8.7) B ^ , ^ + Z , ) = = 5 ( f o ) + ^ « . 

Indeed, denote 

Then we deduce from I that for every integer q such that 

to + TGeTi, to + -^те^ 
2" ' ' ^ 2" ^ 
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the following identity holds: 

(8.8) в ( г о + ^ T ) - ß ( r o + ^ U ) = «„. 

If /7 > 0, we sum (8.8) from q = I to q = p obtaining 

(8.9) вЛ + 1 Л „в(^^)^^^^. 

if p < О, we sum (8.8) from ^ = p + l t o g = 0 obtaining 

and (8.9) holds as well. It is evident that (8.9) also holds for p = 0. If we put p =•- T 
in (8.9), we obtain with regard to (8.2) that и = 2"w„ and therefore (8.9) implies (8.7). 

III. Let /o e ^ i> T > 0, fo + ^ ^ ^ 1 ^^^ 1̂ ^ (8-6) hold. If r is a real number such 
that tQ + ГТ 6 i T j , then 

(8.10) ß(fo + гт) = Б(^о) + ^̂ w-

Indeed, if г is of the form p/2", (8.10) is implied by (8.7) and Axiom IV.3 implies 
that (8.10) is true for all г such that ô + '"̂  ^ ^i-

IV. Put Q = Б(/о) - (̂ o/'̂ ) u,v== uJT. Then, if ^ e ^ i , (8.10) implies 

Б(г) = Б Ao + ^ ^ ^ T") = Л(Го) + ^ ^ ^ 1 1 = 0 + 1̂̂  

and therefore (8.1) is true. 
If we now use all axioms of the groups I, II, III and IV and the supposition £, we 

deduce from Theorems 7.1 and 8.1: 

Theorem 8.2. Let us have an open interval ^^ с ^ , a real number m > 0 and 
points C(t)eE2 for all te^T^. Suppose that the motion of the material point 
{C{t), m} in ^ ^ can he interpreted by the operation of a system of forces {(jj{t)}jej^ 
where the set J is finite. Let the map t\->Yj ^ / 0 ^^ continuous on ^^ and let 

JeJ 
ÎQ G ^i. Then there exists a point Qe E^, and a vector v 6 F3 such that 

(8.11) C{t)= Q + tv +~ 
m 

' (ri:Gj{a,)da,)da, for all 
to \j to jeJ / 

The function С is therefore twice differentiable and 

(8.12) mC (t) = X ^XO /^^ ^^^ ^ e eTi 
JeJ 
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9. GRAVITATIONAL LAW. EQUATIONS OF THE MOTION OF PARTICLES 

We shall already use all the axioms. As we have seen in Chap. 6, the axioms of the 
groups Y and VI imply the supposition £. 

From Axioms YT.3, Y.2, Y.3 and Y.4 we deduce 

Theorem 9.1. / / a, ß are two different particles and t e ^, then P^(t) ф Р^(г). 
There exists one and only one vector F^ß(t) such that the particle ß effects the particle 
a at the instant t by the force Fy,p{t). There exists a real number x > 0 (independent 
of (X, ß, t) such that 

(9-0 ^ .̂(0 = | T - 7 ^ 3 ^ iP . ' 0 

or, // we have a cartesian reference system with 

(9.2) P,(0 = [xi, X2, хз] , Pß{t) = [vi, >'2, Уз] : 

J, / л f ->Ч - Xi У2 - X2 Уз -- Хз\ 
Fo^ßit) = ( xm^mß — , xm^mß — , y^m^mß — — — j , 

where 

(9.3) r = {{y, - x,Y + (y, - r,y + (.V3 - XsfY" • 

Now we can prove 

Theorem 9.2. There exists a natural number n such that the system includes 
exactly n particles oc^, ..., a„. / / in a cartesian reference system ^ , 

(9.4) PJO = [^л(0. ̂ 72(0'̂ p(0] M te.r, 
then 
(a) the functions Xp, are continuous and twice differentiable in ^\ 
(b) there exists a positive real number x such that the system of differential 

equations 

(9.5) x,, = xtmj 3 ^.^•^-^'•^ , i=l,2,...,n; h = 1,2,3; 

is fulfilled in ^.^) 

Proof. By Axioms YI.l and YL2, the set Л of all particles contains n particles 
a^, ..., a .̂ By Theorem 9.1, for two different particles a,-, ay and for every te^ 
there exists one and only one vector Fij{t) such that ^(a^, otp t, Fij(t)). Axiom Y.l 
implies ^{{P^.(t), m}, {Fj{t)i^j^„, ^) for / = 1, 2 , . . . , n. By Axiom Y.5, the func-

) If w = 1, then the sum means the function identically equal to zero. 
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tions Г i-> Др«/Ра,; О ^̂ ^ continuous on ^, therefore, by (9.1), the functions F̂ y 
are also continuous. Thus Theorem 8.2 implies 

'̂ z PaXO == I ^u(0 föi" ^e«^ ; / - 1 , 2 , . . . , n ; 

which together with (9.2), (9.3) and (9.4) yields (9.5). 

10. INDEPENDENCE OF THE SYSTEM OF AXIOMS 

To prove the independence of a certain axiom (A) of all other axioms, we shall 
construct a model fulfilhng all axioms except (A), but not fulfilhng the axiom (A). 
However, we can imagine the following situation: If we have such a model (Ml), 
we can construct another model (M2) fulfilling all axioms which has the same 
number of particles with the same masses, the same interval ^ as the set of time 
instants and the same functions P̂  (i.e. the same trajectories of particles). Then 
both the models coincide in quantities which can be experimentally measured, 
differing only in notions which are fictive, i.e. in notions which are introduced only 
for the easier description of the system (e.g., the two models can differ in the inter
pretation of the relation #'({jB(f), m}, {Fj(̂ )}ygj, ^ i ) ) . Therefore, we introduce 
a stronger notion of the physical independence. 

We will say that the axiom (A) is physically independent of all other axioms, if 
there exists a model (Ml) fulfilling all axioms except (A), not fulfilling the axiom 
(A), and if every model (M2) which fulfils all axioms (including the axiom (A)), 
with the same number of particles as the model (Ml), with the same masses of the 
corresponding particles and with the same interval ^ of time instants, has at least 
one function P̂  different from the corresponding function P̂^ of the model (Ml). 

As we have proved that the functions P̂  have to satisfy the system of equations 
(9.5) if the model fufils all axioms, it is sufficient for the proof of the physical in
dependence of the axiom (A) to construct a model fulfilling all axioms except (A), 
in which the functions P̂  do not satisfy the system (9.5). 

11. INDEPENDENCE OF THE AXIOM 1.1 

Let us have an £3 with the metric Q and choose a cartesian reference system 9^ 
in it. If (7, F, ̂ a r e vectors in £3, we shall define that the force W\% the resultant of 
forces t/, F if and only if (4.1) holds. 

Let us choose a natural number n > \ and n real positive numbers m ,̂ ..., m„. 
Our model will have n particles a ,̂ ..., a„ with masses m ,̂ ..., m„. Further, let us 
choose 6fi real numbers (4.2) such that а,-з = у̂ з == 0 for i = 1, ..., n and that 
(4.3) holds; moreover, choose a real number :и; > 0 and a real number t. Let us con-
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sider the system of differential equations 
n I 

(11. la) m,.x,i = Y^^Am^my, ^hi ~ ^ii 

\ 1=1 
3 3 

+ -

3 3 

1 = 1 
3 

I 
1 = 1 

( I ( x . - x , , ) ^ ) ^ 

(11.lb) m,oc,-2 = ^xmim^ 
^h2 ^ ; 

\ 1=1 

3 3 3 

{>^hi-y^n){Y{^Hi~^iiyy^^-4^hi-xn){I.{^hi-^iiyy^^Y.{^hi~^ii){^ki-x 
1=1 1=1 1=1 

1 = 1 

(11.1c) m,x,3 = 0 . 

This system has a solution in an open interval .T containing the number t, and this 
solution is formed by functions Xj^, ..., x„ ;̂ r = 1,2,3; fulfilling (4.5) and (4.6). 
We will choose the interval ^ as the set of time instants. We define the position of 
the particle a,- at an instant r G ̂  to be the point of £3 whose coordinates in the 
reference system =9̂  are [x^(?), х^-2(/), :х;,-з(г)]. 

If /^ is a vector whose coordinates in the system У are (/1,/2,/з) and if ^e ^ , 
we define that ^(a,, a;,, t, F) if and only if / ф h and (4.7) holds. 

If Y{t) - [yi{t\y2{t\y3{t)l Fj{t) = {fjiitlfj2it)Jj3b)) in the reference system 
^ , we say that ^{{Y{ty m}, {fj{t)}j^j, ^^), ЗГ^ (=. ^ being an open interval, if 
and only if the following conditions are fulfilled: 
(11.2a) the set J is finite; 
(11.2b) the functions Y^fjù I = 1,2, 3; are continuous on ^^i 

(11.2c) the functions y^, y2, Уз have continuous derivatives of the first order on e^^; 
(11.2d) there exists a number t^ e ^^ and real numbers ^ 1 , 2̂» Q3 such that for all 

t E ̂ i the following identities are valid: 

Mt) = «!+--[ ' I/;iW da + i Z (/,,(0 - /,,(io)), 
m J to jeJ m jeJ 

hit) = «2 + - г I / y ^ W da - 1 X ( / , i (0 - /л(Го)), 
m J to j^J m jsj 

hit) = 13 + - \ 1 / / з (а) da . 
m J Го jeJ 
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Theorem 11.1. The above described model fulfils all the axioms 1.1, . . . ,VL3 
with the exception of Axiom 1.1. The functions P̂  do not generally satisfy the 
system (9.5) and therefore Axiom 1.1 is physically independent of all the other 
axioms. 

Proof. We shall prove only the validity of Axioms 1.2, 11.3 and 111.1. The proof 
of the other axioms can be left to the reader. 

Axiom 1.2. Suppose that ^#'({ß(r), m], {Fj(t)}j,j. ^,). #'({C(0, m}, {Fj{t)}j,j u 
yj[G{t)},^^) and let 

^(0 = [>'i(0' yii^l УъШ, c{t) = [zi(0, z,{ti 2з(0]. 
G{t) = g(t) M , и = (г/i, ^2, г/з) , |"| = ^ ' 6 (̂0 = ^ * 

Then there exist numbers ô e ^ j , TQ G ̂ \ and real numbers Qi, <?2? ̂ з^ Pi^ Pi^ Ръ 
such that (11.2) and 

1 
Z,{t) = /7i + 

m 
{д{а)и, 4-X/ , i (^))c la + 

j e J 

+ - (^(0 ^2 - ^(TO) U2 4- S (./i2(0 - fjli^o))) ' 

1 p 
^2(0 = P2 + — (б̂ (о-) W2 + Y^fjli^)) ^<^ -^ 

m J TO je J 

- - {9{t) u, - д{то) и,) + ^ (fj,(t) - /я(то))) ' 
m 

1 

j e ^ 

^з(0 == Рз + (^((7)l(3 +ХЛз(^))с1сГ. 
i e J 

If we put 

V = Ip, - qi -
m 

Yfdo)da~^Y.{fj2i4)-fj^('-^^' 
to JeJ m jeJ 

P2 - Ч2 
to je J 

Рз - 13 

S/,,(<T)da + l l ( / , , ( r o ) - / » , 
m jeJ 

m to jeJ 

W = {U2, - W i , 0 ) , 

we obtain 

C{t) - B{t) = v + ~\' g{a) d<7 « + 1 {g{t) - g{,,)) w ^ox all ^ e ^ i -
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Hence by (2.1) we obtain 

Aß{C; t) - AB{C; TO) + v{t - to) + - ( g{(yi)d(T, ) da^ w + 
m J TO \ J TO / 

1 r 

If now ^ G ^ 1 , T > 0, r + T G ^ 1 , then (2.2) impHes 

1 1 P"̂ ' /f''̂  \ 1 1 Ç'^' 
Vß(C; ?, т) = tJ + g((Ti) d(Ji dc72 « + — - (é'(^) - д{то)) da w . 

m T J f \J то / m T j t 

If fi G ^ i , T > 0, 1̂ < 2̂? 2̂ + TG.5^'i, then (2.3) with the above identity gives 

(11.3) Aj,{C;t,,t2,T) = 

+ u- ( - ( g{(Ji)à(jAda2 - ~\ ( g{a^)daAd(j 
m 2̂ ~ t^\Tjt2 VJTO У T j f i \JTO / 

(öf(ö') ~ д{то)) d(7 - - (ö'(a) - д{то)) da ]. 
2̂ ' T J fi / 

1 1 
m 2̂ ~ h K'^ 

If there exists a real number /с ^ О such that А^(С; ^j , ^2, т) = ku, then either the 
coefficient in (11.3) by w must be zero or w must be hnearly dependent on u. In the 
first case (11.3) becomes (4.12). In the latter case we have и = (0, 0, 1), w = (0, 0, 0) 
and (11.3) becomes (4.12) again. Therefore, in both cases 

Pi й | Ц 0 | = P2 for all te {ti,t2 + T> 
implies 

p, й m\AjC: t^, ^2, T)| ^ PI • 

as in Chap. 4. Consequently, Axiom 1.2 is fulfilled. 

Axiom II.3. Let ^ ^ cz ^ be an open interval and let " 

^ ( 0 = b i ( 0 ' yiit), У sit)] e £3 , C{t) = [zi(0, 22(0,2^3(0] e ^3 for r G ^ 1 . 

Suppose that 

(11-4) ^{{B{t),m},{Fj{t)}j,,,^,). 

Let G = (éfi, g2. дз) be a vector and let 

m Aß[C; ^1, t2, T) = G for every ^̂  G 5 " I , f̂  < Г2. '̂  > 0. 2̂ + '̂  ̂  ^ 1 • 

Let the function 11-^ Aß(C; )̂ be continuous on ^^. Then the function t ^~^ |Äß(C; ^)| 
is bounded on every compact interval K^ e ^^ and Theorem 3.2 thus implies that, 
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if 0̂ e c^i, there exists a vector v = (v^, V2, v^) such that 

Aß(C; t) = Aß(C; Го) + (î - to) v + — (t ~ to)^ G for all Г G ^ 1 , 
2 m 

or, by (2.1), 

(11.5) 
C{t) ^ B(t) + At,{C; to) + (t - to)v + — (t - tof G for all te^^. 

2m 
Now, (11.4) and (11.2c) imply the existence of Б and therefore (11.5) implies 

C{t) - B{t) + V + ^{t - to)G for all r 6 ^ 1 , 
m 

or, G being constant, 

(11.6) C(t) - È(t) + y + — G da for all te^^, if to^^i-
m Jto 

Therefore (11.2d) and (11.6) imply that there exists a number Го e ^ 1 and real 
numbers qi, qi, q?, such that for all t e ЗГ^^ 

iiW = {чл + t'l) + - UQX + Е / л И ^ ^ + -(^2 + E/,-2(0 - .̂ 2 - E/.-20o))> 
m J to jeJ m jeJ jeJ 

m J to jeJ m jeJ jeJ 

^3(0 = (̂ 3 + ^̂3) + - I (̂ 3 + 1/.-з(^)) àa . 
m J to jeJ 

Therefore, by (11.2), #'({C(r), m], {^F/OlieJ ^ {<^}. -^i) holds. Axiom 11.3 is thus 
verified. 

Axiom Il l . l . Let ^^ с ^ be an open interval and suppose that there exist (for 
all te^i) points C{t) such that ^({C{t),m}, {Fj{t)}j^j KJ {G(t)}, ^i). Then, by 
(11.2a), the set J is finite, and, by (11.2b), the map t h^ G{t) + ^ Fj(t) is continuous 

on ^i. If G'(̂ ) = g[t) w, where |ii| = 1 and g is continuous on ^ j , then the map 
f b-> ^ Fj(r) is continuous on ^^ as well and we can define the functions y^. y2, Уз 

JeJ 

by (11.2d). If we now put B{t) = [yi{t), y2{t), Уз(0]' we easily see that ^{{B{t), m}, 
{Fj{t)}j,j, ^ 1 ) . Hence Axiom III.l is fulfilled. 

12. INDEPENDENCE OF AXIOM 1.2 

Let us have an £3 with the metric Q and choose some cartesian reference system .9" 
in it. If U, V, Wave vectors in £3, we shall define that the force W îs the resukant of 
forces (7, F if and only if (4.1) holds. 
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Let us choose a natural number n > 1 and n real positive numbers m^, ..., m„. 
Our model will have n particles a^, ..., a„ with masses m^, ..., m„. Further, let us 
choose 6n real numbers (4.2) such that (4.3) holds; moreover, choose a real number 
X > 0 and a real number t. Let us consider the system of differential equations 

(12.1) m,x,, = t xm,m, h^ ~ •̂> + ^"^ ~ ^'^ -
\l\ \ (Z(x,,-x„)^)^/^ 

/ = 1 

3 

3(^Лг ^j>) Z.. V /̂JZ ~ ^il) \^hl ~ ^il) 
i = 1, ..., n ; г = 1, 2, 3 . 

This system has a solution in an open interval ^ containing the number t, and this 
solution is formed by functions x^ ,̂ ..., x„ ;̂ r = 1, 2, 3; fulfilling (4.5) and (4.6). 
We will choose the interval ^ as the set of time instants. We define the position of the 
particle â  at an instant t'e ^ to be the point of £3 whose coordinates in the reference 
system 9" are [x^(r), x^^if), х,з(0]-

If F is a vector whose coordinates in the system 9" are {fi^fi^fb) ^"^^ if t e ^, 
we define that ^(a,-, a ,̂ t, F) if and only if i Ф h and (4.7) holds. 

If Y{t) = [yi{tly2{t).y3{t)l Fj{t) = {fji{t)jj2{t)Jj3{t)) in the reference system 
9, we will say that 3^{[Y{t), m}, {Fj{t)]j^j, 9'y), 9'^ a J' being an open interval, 
if and only if the following conditions are fulfilled: 

(12.2a) the set J is finite; 

(12.2b) the functions Yjfjb ^ = Ь 2, 3; are continuous on 9'^\ 

(12.2c) the functions y^, у2, Уъ have continuous derivatives of the first order on 9'^; 

(12.2d) there exists a number t^ e ЗГ^ and real numbers q^, q2, Чъ such that for all 

m = qr + ^ [ T^fjrH da + ~Y. (fÀt) - fÀ^o)) ; г = 1, 2, 3 . 
m J to jeJ m jeJ 

Theorem 12.1. The above described model fulfils all the axioms I.l, ..., VI.3 
with the exception of Axiom 1.2. The functions P^ do not generally satisfy the 
system (9.5) and therefore Axiom 1.2 /5 jphysically independent of all the other 
axioms. 

Proo f is analogous to that of Theorem 11.1 and we leave it to the reader. 
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13. INDEPENDENCE OF AXIOM 1.3 

Let us have an £3 and a cartesian reference system 9" in it. If U, V, W are vectors 
in £3, we shall define that W = U @ Fif and only if (4.1) holds. 

Our model will have 2 particles a^, a2, the mass of each particle will be 1. The set 
of time instants will be an open interval ^ containing the number 0 in which there 
exists a solution of the system of differential equations 

(13.1) Xi = {X2 - X,y^ , X2 = •~{X2 - X^y^ 

satisfying the initial conditions Xi(0) = —1, X2(0) = 1 and such that 

(13.2) x^(t) Ф X2{t) for t e ^ . 

Let À be a discontinuous real function such that 

(13.3) À{t, + Î2) = À{ti) + 4^2) for all real t^, Г2 

(see [11]). We set (in the reference system 9) 

(13.4) P,,.(0 = [^f(0 + ^(0 ' Ö, 0] for i = 1, 2 ; te^ , 

We say that ^(a,, a,,, t, F) if and only if / Ф h and 

(13.5) F = / ^ 3 W _ r _ i ^ , 0, 0 1 (in the reference system Sf). 

If Y(t) ^ ЬШУ2{^1УЪШ FM) = {fn{tlfj2{t)JÄi)) in the reference system 
9, we say that ^^{{Y{t), m], {i^/Oljej. ^ i \ ^ 1 с ^ being an open interval, if and 
only if the following conditions are fulfilled: 

(13.6a) the set J is finite; 

(13.6b) the functions Y^fjb ^ = ^' ^' ^' ^^^ continuous on ^i\ 

(13.6c) there exists a number to e ^i and real numbers a^, «2, ^3, q^, q2, ^3 such 
that for all ^ e ^ ^ , 

yiit)== ai + qit + 8iÀ{t) + ~~\ (\ Y^fji{(J2)d(J2)da,; / = 1 , 2 , 3 ; 

m J to \J to jeJ J 

where 

ê  = 0 if Y^f ji is constant on ^^ , 

г̂  = 1 if Yufji î  ^^^ constant on ^ ^ . 

Theorem 13.1. The above described model fulfils all the axioms LI, .... VI.3 
with the exception of Axiom L3. As the functions P„ do not satisfy the system (9.5), 
Axiom 1.3 is physically independent of all the other axioms. 
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Proof. Axioms I.l and 1.2. Suppose that (4.9), (4.10) and (4.11) hold, where 

(13.7) B{t) = [y,{t), y,{t), y.it)] , C{t) = [z,(0, z,{t), z,{t)] , 

(13.8) Fit) = {fn{t),fj2{t),fdt)) , « = (Ml, «2. "з) • 
Then the set J is finite, the functions V/ j^ and gui + Y^fji are continuous and we 
have (13.6c) and •'^ ''^ 

(13.9) 

Zi{t) --= a, + q,t + ê  }{t) + — ( (ef(ö-2) i/̂  + Yufji^^ ^^з) ) d(Ti 
m J to \ J to jeJ J 

(where TQ e ^ i , ä,, 5г are real numbers and either ê  — 0 or г̂  — 1) for J = 1, 2, 3 
and all ^ e 5"i. From (13.9) and (13.6c) we deduce that 

^^(0 - У\^) = ^i + ^i^ + ^i ЧО+-Г (I 
m J ?o \J 

öf(ö-2)dö-2)d(Ji w^, 

where 

of ^ Ö/ - «/ + 
m 

Ло 

to \ J 

to 

(.^(^2) W/ + E / i / ( ^ 2 ) ) do-2 ) ^^2 

{g{(T2)ui + X/j/(^2)dö-2 , 
m J to jeJ 

1 Г'° 
^/ = ^/ - 9i + — (^(^2) Î̂Z + T.fji{^2)) ^^2 . 

Ш Jxo jeJ 

Sj = 81 — Si . 

If we put 
A = (ö l , ä2, а з ) , Ô = ( ? i , ?2 . ^3) > ^ = (^1' ^2, £3) . 

we obtain by (2.1) for all te£r^: 

Aß(C; t) = A + Qt + EÀ{t) + - | ( f '^(^2)^-^2 ) àa, и. 
Ш J to \ J fo / 

By applying (2.2) and (13.3) we now obtain (if t e J'^, т > 0, t + т e ^^ 

mi 
éf((J2)d(J2)d(Ti -

g{ü^ dör2 ) d(Ti ] M - ß + 
т mx ]î \J to / 

and by (2.3), provided t^ e ^^, t^ < (2, t2 + т e ^ 1 , we have 

m ^2 — 1̂ V^ J '2 \ . 

Г(т1 
g{a2) dö-2 ) d(T 

*fi + t 

ti \J to 
g{a2) da2 ) dcJi и 
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Hence we easily obtain (4.12) and we can verify Axioms LI and L2 as in Chap. 4. 

Axiom 11.3. Let .f ^ cz ^ he an open interval and let us have (13.7) for all t e .T^. 
Let G = (gI, g2, дъ) be a vector and let 

m А д С ; ^1, t2,1) = G for every t^ e ^ | , r̂  < ^2. '̂  > 0, Г2 + т G ^ 1 . 

If the function t ь-> A^(C; t) is continuous on ^ j , we obtain as in Chap. 11 that, if 
ÎQ G ^ 1 , there exists a vector v = [v^, V2, v^) such that (11.5) holds. The vector G 
being constant, we can write (П.5) with regard to (13.7) in the form 

(13.10) 

^^(0 = >'/(0 + (^/(^0) - yi{to) - /̂̂ o) ^-v,t^-~\ ( g, ааЛ da^ ; / - 1, 2, 3 . 
m J to \J to I 

If now # - ({Б(0 , т} , {/-/Olie/, ^ i ) with F / O == (/ , i (0 ' / i2(OJ' .3(0) ' then (13.6a, 
b, c) holds. From (13.10) and (13.6c) we obtain 

(13.11) z{t) = (üi + Zi{to) - >'̂ (̂ o) - ^Vo) + (qi + vi) t + si X{t) + 

+ - - Г f [" (̂ ^ + E/i/(^2)) d^T )̂ da, for all 
m Jto\J to jeJ J 

The functions ^f-^Xl/j/CO ^^^ ^ -̂̂  ö'/ + Yjfjii^) ^^^ either both constant or both 
j e J jeJ 

non-constant in ^^ and therefore, if we compare (13.11) and (13.6), we obtain 
#'({C(r), m}, {Fj(t)}pj u {6^}, ^ 1 ) . Axiom II.3 is thus verified 

We leave the verification of the other axioms to the reader. 

14. INDEPENDENCE OF AXIOM II.l 

Let us have an £3 and a cartesian reference system ^ in it. If U, V, W are vectors 
in £3, we shall define that W = U @Viïand only if (4.1) holds. 

Our model will have 3 particles a^, a2, «3, the mass of each particle will be 1. The 
set ^ of time instants will be the set of all real numbers. The positions of the particles 
will have in the system ^ the coordinates 

(14.1) P„(0 = [0, 0, 0] , P J O = [ 1 . ^ 0 ] , P j f ) = [ - l , 2 f , 0 ] . 

Define the vectors 

(14.2) G(«i, «2, 0 = -G{o^2, «1, 0 = ((1 + ï ' ) " ' ' ' , f(l + г ' ) " ' ' ' , 0 ) , 

(14.2b) G(ai, «3, 0 = -G(«3 , a„ t) = ( - ( 1 + А1^"\ 2f(l + At'-)-'l\ O), 

(14.2c) G(a2, «3, 0 = -G{oi^, a^, î) = ( - 2 ( 4 + t'-y^'^ t{A + г^)- з/2^ Q) _ 

We will say that ^(a;, â -, t, F) if and only if г ф j and F = С(а;, â -, t). 

Let .3^1 с J^ be an open interval and for t e ^^ let us have material points 
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{y(r), m} and a system of vectors {Fj{t)}j^j. Let J = J^ и 32- Suppose that the 
vectors Fj{t) have a constant direction for te^^ if 7 G J^ and that Fj{t) have not 
a constant direction for te^^ if j e J2. Then we shall define that #'({У(г), m}, 
{Fj(t)}jçj, .^1) if and only if the following conditions are fulfilled: 

(14.3a) the set J is finite; 

(14.3b) the functions 11~^ Fj{t) are continuous on ЗГ^\ 

(14.3c) the function t ь-̂  Y{t) has a continuous derivative of the second order on ^^\ 

(14.3d) mY=^Y.^j on ^ 1 . 

Theorem 14.1. T/ie above described model fulfils all the axioms L I , . . . , VI.3 
with the exception of Axiom ILL As the functions P̂  do not satisfy the system (9.5), 
Axiom ILl is physically independent of all the other axioms. 

Proof. The relations W = U @ V and ^(a^, a ,̂ t, F) are defined in the same way 
as in Chap. 4. The relation #'({Г(г), m], {Fj(t)}j^j,^i) is defined analogously as 
in Chap. 4, only vectors with non-constant directions are considered as null vectors 
in Chap. 14. All axioms with the exception of Axioms ILl and V.l can be therefore 
verified as in Chap. 4. Moreover, Axiom V.l is implied by the fact that the forces 
G((Xi, a J, t) have not constant directions in ^^ and that P^^{t) = 0 in ^ ^ for i = 1, 2, 3. 

15. INDEPENDENCE OF AXIOM II.2 

Let us have an £3 and a cartesian reference system 6^ in it. We shall define that 
the relation W = U @ V is fulfilled for no three vectors W, U, V. 

Our model will have 3 particles a^, 7.2, oc^, the mass of each particle will be 1. The 
set ^ of time instants will be the set of all real numbers. The position of the particles 
will be defined by (14.1). The relation ^(a,-, ocj, t, F) will be defined as in Chap. 14. 
The relation ^{{Y{t), m}, {Fj{t)}j^j, ^ ^ will be defined by (14.3) as in Chap. 14. 

Theorem 15.1. The above described model fulfils all the axioms 1.1, ..., VL3 
with the exception of Axiom II.2. As the functions P̂  do not satisfy the system 
(9.5), Axiom II.2 is physically independent of all the other axioms. 

Proof. Axiom ILl is fulfilled trivially. Axiom II.2 is not fulfilled. The other axioms 
can be proved as in Chap. 14, because in these axioms the relation W = U @ V 
does not occur. 

16. INDEPENDENCE OF AXIOM II.3 

Let us have an £3 and a cartesian reference system S^ in it. 
Our model will have 3 particles a^, a2, «3, the mass of each particle will be L The 

set ^ of time instants will be the set of all real numbers. The position of the particles 
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will be defined by (14.1). The relation ^(a^, a^ t, F) will be defined as in Chap. 14. 
The relation W = U ® V will be defined in a rather more complicated way. First 

of all, denote by Ш the set of all non ordered pairs (U^, U2), where U^, U2 are unit 
vectors of £3 (the case U^ = U2 is not excluded). Then denote 

(16.1) u{ai, a ,̂ t) = G{a^, a ,̂ t)l\G{oii, ay, t)\ , 

where i,j = 1, 2, 3; / Ф 7; and С(ос̂ , a ,̂ t) are defiued by (14.2). Then define the set 
of non ordered pairs of unit vectors 

(16.2a) m^ =-- {fi(ai, a2, t), u{a^, 063, t)}^^^ , 

(16.2b) Ш2 = {и(о̂ 2 5 ^ l ' 0 ' "(^^2' "̂ 3 5 0}^з^ ' 

(16.2c) Шз = {||(аз, ai, f), ф з , a2, t)}^^^ , 

(I6.2d) Ш4 - Wi \ (9Jîi u ^Î2 u 9Л3). 

The sets Ш^, Ш2, Ш^, Ш^ are pairewise disjoint, each of them contains a continuum 
of elements and 

4 

(16.3) Ш = и 9[ï̂ -. 

Then, denote by 91 the set of all unit vectors of £3 and by 9io the set 

(16.4) 5̂ 0 = (4°^!' °̂ 2, Oj '̂e^ ^ ( 4 ^ 1 ' ^3, t)},^j- U 
u {u{a2, «1, /)},e,^ u {i/(a2, аз, г)},̂ .̂ - u 
u {||(аз, ai , r},ê ~ u {«(аз, аз, t)]te^ . 

Now, choose pairewise disjoint sets 9li, 9̂ 2̂  ̂ з̂? 5̂ 4̂  ^^5. each of them consisting 
of a continuum of unit vectors, such that 

(16.5) ^\Щ^ = {)%, 

Then define one-to-one maps 

(16.6) (pi : Wl^ -^%\ i = 1, 2, 3, 4 ; 

(16.7) ф :Ш ->9l5 . 

Now, if U, V are vectors of £3, we will define a vector ?l̂  satisfying the relation 
W = и @ V. The vector ^ will be defined in the following way: 

(I6.8a) if и = V== 0, then W = 0 ; 

(16.8b) if U=0, V^O, then W = \v\ , ф(у1\г\) ; 

(16.8c) if ( 7 Ф О , F = ö , then W = \U\. il/{Ul\U\) ; 

(I6.8d) if 17ФО, Р Ф 6?, {U,V)ed)l, then 

H/=(|f/| + |F | ) . 9 , ( i7 / | 4F / |F | ) . 
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The relation W — U @ F has the following properties (we denote by dir v a unit 
vector и such that v = |r| . u): 

(16.9a) To each pair of vectors U, V there exists one and only one vector W such 
that W= U@V, 

(16.9b) If W is a vector, then there exist vectors U, V such that W = U @ V if and 
only ifW= 0 or dirWeWt\Шо-

(16.9c) Let W = U^@V^ and W= U2® F^. Let U^ Ф 0, F^ Ф 0, Then also 
U2 Ф 0, V2 Ф 0, Moreover, 

dir L\ = dir U2 , dir F^ = dir F^ 
or 

dir f/i = dir V2 , dir F^ = dir U2 . 

Indeed, if U^ Ф Ö, F^ Ф 0, then (dir U,, dir F j e 9[R,., 1 ^ i ^ 4, therefore, 
by (16.8d) and (16.6), j ^ Ф Ö and dkWe^, On the other hand, if U2 = 0 or F2 = 0, 
then, by (16.8a, b, c) and (16.7), W = 0 or dir W^e^ls. But % n ^5 - 0 for i = 
= 1, 2, 3, 4. As (pi are one-to-one maps 5Ш̂  -> 91̂ -, we obtain the second assertion 
of (16.9c). 
(16.9d) Let ^i cz ^ be an open interval. For every t e ^^ let us have vectors 

H{t), U{t),V{t). Let H(t) = U(t) @ V{t) and H(t) = G{oCi, a,-, t) @ G{a;, aj,, t) for 
all te^i, where i,j,k is a permutation of the numbers 1,2,3. Then neither 
dir U(t) nor dir V(t) are constant in ^^. 
Indeed, by (14.2), С(а,-, a ,̂ i) Ф 0, G'(a,-, a;,, f) Ф Ö for all te^^, therefore, by 

(16 9c), U(t) Ф 0, V{t) Ф 0 for all Г e сГ^ as well. (14.2) implies also that there exist 
numbers t^ e ^^, 2̂ ̂  ^ 1 such that dir ^(a^, a ,̂ t^ Ф dir G(ai, a^, t2). It is also 
dir (7(a ,̂ aj, t^ ф dir ^(a^, a ,̂ Г2), dir ^(a^, OL^,, tj) Ф dir (/a^, â ,̂ Г2). From (16.9c) we 
now obtain that lJ{t^ Ф £/(^2) and F(ri) ф V{t2). 
(16.9e) Let ^^ a ^ be an open interval. For every t e £Г^ let us have vectors 

H{t) such that H(t) — G(ai, aj, t) ф G(oci, %, t), where i,j, к is a permutation of 
the numbers 1, 2, 3. Then dir H(t) is not constant in ^^. 
This is imphed by (14.2) and by the fact that cp^ are one-to-one maps. 
If now ^ 1 c: 5^ is an open interval, we shall define that #'({У(г), w}, { / 'XOIJW ^ 1 ) 

if the following conditions are fulfilled: 

(A) There exists a point В e E^ and a vector и such that 

(16.10) Y{t) = В + tu. 

(B) The system {Fj{t)]j^j is one of the following systems: 

(16.11a) empty system; 

(16.11b) the system {Ö}; 

(16.11c) the system {H(t)}, where H(t) = G{(Xi, aj, t) ® G{iXi, a,,, t), i,j\k being 
a permutation of the numbers 1, 2, 3; 
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(16.1 Id) the system { U{t)} u {V{t)}, U{t), V(t) being such vectors that for all t e ^^ 
there exist vectors Ш{{) such that 

H(t) = u(t) e v(t), 
H(t) = ^(a,-, ocj, t) @ G(a,, a„ t), 

where i.j, к is a permutation of the numbers 1, 2. 3. 

Theorem 16.1. The above described model fulfils all the axioms L1, . . . ,YI .3 
with the exception of Axiom 11.3. As the function P̂  do not satisfy the system (9.5), 
Axiom П.З is physically independent of all the other axioms. 

Proof. Axioms I.l, 1.2 and 1.3. Suppose that ^{{B{t),m], {Fj{t)]j^j, ,T^), 
^{{C{t), m}, {Fj{t)}j^j u {G{t)], ^ i ) . Let the direction of all the vectors G{t), t e J^^, 
be constant. Then, by (16.9d) and (16.9e), neither (16.11c) nor (16.1 Id) occurs for 
the system {Fj{t)}j^j u {(j(t)}, therefore, as we can easily see from (16.11), 

(16.12) J = 0 , G{t) = 0 . 

By (16.10), there exist points BQ, CQ and vectors u, v such that 

(16.13) B{t) == Bo + tu , C(t) = Co + tv . 

From (16.12) and (16.13) we obtain the vahdity of Axioms L1--L3. 
Axiom 11.1 is implied by (16.8), (16.11) and (16.10). 
Axiom 11.2 is implied by (16.9a). 
Axiom III.l. If c^({C(r), m}, {Fj{t)}j^j u {G{t)},ÇTi) and the vectors G{t) have 

the same direction for all te^^, then, by (16.9d), (16.9e) and (16.11), we have 
(16.12) and we can define B{t) by (16.13). 

The verification of the other axioms can be left to the reader. 

17. INDEPENDENCE OF AXIOM III.l 

Let us have an £3 and a cartesian reference system ^ in it. If U, V, W are vectors 
in £3, we shall define that Ŵ  = U @Viïand only if (4.1) takes place. 

Our model will have 3 particles a^, a2,0^3, the mass of each particle will be 1. 
The set ^ of time instants will be the set of all real numbers. The position of the par
ticles will be define by (14.1). 

Define the vectors G'(a,-, a ,̂ t) by (14.2). We will say that ^(a^, a ,̂ /, F) if and only 
if i Ф j and F = G((Xi, ocp t). 

Define vectors 

(17.1a) H^{t) = (?(ai, a^, 0 + Ч^и «з. О ' 

(17.1b) H2{t) = G{(X2, oci, t) + (7(a2, аз, t) , 

(17.1c) H^{t) = G(oc^, «1, t) + С(аз, a^, t) . 
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If ^^ cz ^ is an open interval, we shall say that #'({У(г), m}, {Fj{t)}j^j, ^^) if 
and only if the following conditions are fulfilled: 

(17.2a) the set J is finite; 

(17.2b) the function t \-^ Y{t) has a continuous derivative of the second order in ^^', 

(17.2c) Y.Fj{t) = H,{t) + u for te^r,, 
JeJ 

where /c =̂̂  1 or /v = 2 or /c = 3 and и is a constant vector; 

(17.2d) mY= и in 3^\ . 

Theorem 17.1. The above described model fulfils all the axioms L1, . . . ,VI .3 
with the exception of Axiom III.l. As the functions P̂  do not satisfy the system 
(9.5), Axiom III.l /5 physically independent of all the other axioms. 

Proof. Axioms LI, 1.2 and 1.3. Suppose that ^{{B{t),m}, {Fj(t)}j^j, ^~i), 
J^{{C{t), m], {Fj{t)} u {G{t)}, 5^1) and that G{t) have a constant direction in ^ \ . 
Then by (17.2a), the set J is finite, and by (17.2c). there exist natural numbers m, n; 
1 ^ m ^ 3; 1 ̂  M ^ 3; and vectors u^, и2 such that 

jeJ 

X FXO + G{t) = HXt) + U2 in ^ , , 

therefore 
G{t) = HXt) - Hj,t) + «2 - «1 in ^ 1 . 

Because the function 11-> Д,(/) — Д„(0 has not a constant direction in ЗГ^ for 
m Ф /Î, it must be m — n and 

(7(0 = «2 - «1 . 
By (17.2d), we obtain 

m B{t) = Wi , m C(0 = «2 in .^^ , 

therefore there exist points BQ G £3, Q G £3 and vectors v^ e F3, V2 e F3 such that 

m Б(0 = ii/^r^ + v^t + Bo , m C{t) = iu2t^ + ^2^ + Q . 

or, by (2.1), 

m Лд(С; О = i{^2 - «1) ^̂ ' + (̂ 2 - ^̂ i) ^ + ( ^ - ^0) for all ^ G ̂ ^ . 

This equahty implies Axiom 1.3. By (2.2) and (2.3) we obtain 

m Aß(C; t^, Г2, T) = «2 ~ MI = G(t) for f̂  e ^ 1 , r̂  < Г2, т > 0, 2̂ + ^ e . ^ j . 

This equality implies Axioms I.l and 1.2. 

Axiom II. 3. Suppose that 

(17.3) H{Bit),'n},{Fjit)}j^j,r,) 
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and that the points C{t) satisfy 

(17.4) m Aß(C; t^, t2, т) = G if t^e ^ i , t^ < t2, т > 0, 2̂ + т e ^ i . 

Suppose that the function t h-> Aß(C; f) is continuous on ^^ and therefore bounded 
on every compact subinterval of ^ j . Then, by Theorem 3.2, there exists a vector v 
such that, ÏÏ ÎQE ^i, we have 

Aß(C; r) = АДС; to) + (r - /Q) V + —{t - t^f G for all te^T^, 
2m 

or, by (2.1), 

(17.5) 

C(t) = B(t) + A^(C; Го) + {t - to)v -i- — {t ~ toY G for all te^r^ , 
2m 

Now, (17.3) and (17.2a, c) imply that the set J is finite and that there exists a natural 
number /c; 1 ^ /c ^ 3; and a vector и such that 

(17.6) X ^XO = ^/c(0 + « f<̂ ^ a l̂ ^ e -^1 

(17.3) and (17.2d) imply that 

(17.7) m B(t) - II in ^ 1 . 

We obtain from (17.5) and (17.7) that 
m C{t) = и + G. 

Because 
Y,Fj{t) + G=H,{t) + u + G 

JeJ 
by (17.6), we deduce from (17.2) that i^({C(?), m], {/'XOiieJ ^ {^}. «^i)- Axiom II.3 
is therefore fulfilled. 

Axioms IV.l, IV.2, IY.3. If Ш is the empty system of vectors or if Ш ^ [0], 
then, by (17.2c), the relation #'({F(f), m}, 9Л, ^^) is never fulfilled. Therefore, 
Axioms IV.l, IV.2 and 1V.3 are fulfilled trivially. 

The verification of the other axioms can be left to the reader. 

18. INDEPENDENCE OF AXIOM IV.l 

Let us have an £3 with the metric Q and a cartesian reference system ^ in it. If 
17, F, Ware vectors in £3, we shall define that W = U @Viï and only if (4.1) holds. 

Choose a natural number n. Our model will have n particles a^, ..., a,p the mass of 
each particle will be 1. Further, let us choose 6n real numbers (4.2) such that (4.3) 
holds. Moreover, choose a real number t. Let us consider the system of differential 
equations 

(18.1) X,, = 1 + f 3 ""'' ~ '̂̂ ^ ; / = ! , . . . , « ; r = 1, 2, 3 . 

*;? (E(x„-x„)T' 
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This system has a solution in an open interval .T containing the number !, and this 
solution is formed by functions x^^, ..., x„ ;̂ r = 1, 2, 3; fulfilling the initial conditions 
(4.5) and such that (4.6) holds. We will choose the interval ^ as the set of time 
instants. The position of the particle â  at an instant ^ e . ^ is defined to be the point 
of £3 whose coordinates in the reference system 9" are [x,i(r), Xi2{f), ^/з(0]-

If ¥ =-- {fufi^fi) is a vector, we define that ^(«j, oc;,, /, F) if and only if i ф /i 
and (4.7) holds (with % = m^ = m̂ , = 1). 

Let ^ j с ^ be an open interval and let Y{t) = [ j i ( 0 ' 3^2(0' >'з(0] ^ ^з ^^^ 
te^,, Fj{t) = {fj,{t)Jj2{t)Jj3{t))eV, for j e J, t e ^\. We will say that 
#'({y(r), m}, {Fi[t)}jçj, ^i) if and only if the following conditions are fulfilled: 

(18.2a) the set J is finite; 

(18.2b) the functions Y^fji ^^^ 1=1,2,3 are continuous on ̂ j ; 

(18.2c) the functions Ух,У2^Уз bave continuous derivatives of the second order 
o n ^ j ; 

(18.2d) my, = 1 + Yfji ^^ ^1 for / = 1, 2, 3 . 
jeJ 

Theorem 18.1. The above described model fulfils all the axioms I.l, . . . ,VL3 
with the exception of Axiom IV.1. As the functions P̂  do not satisfy the system 
(9.5), Axiom IV. 1 /5 physically independent of all the other axioms. 

Proof. Axioms I.l, 1.2, 1.3. Let (4.9), (4.10) and (4.11) be fulfilled with B{t) = 
- [b,{t), b,(0, b,(t)l C{t) = [c,(tl c^it), c,{t)l Fj{t) = {fn{t)Jj2{t)JAt% и = 
= (u^, U2, W3). Then, by (18.2a), the set J is finite, by (18.2b) the functions X/j/» 

JeJ 

9^i + Y^fji ^^^ continuous on ^ \ and, by (18.2c, d), we have 
jsJ 

mbi = 1 + Yjfji ' ^'^'^i = ^ + 9^^i + Z/y/ ' / - 1, 2, 3 ; on ^^ 
jeJ JeJ 

and therefore 
m{C - B) = gu on ^\ . 

Hence we can deduce Axioms I.l, 1.2, 1.3 as in Chap. 4. 

Axioms IV.2, IV.3. If B{t) = [bi{t), b2{t), Ьз(г)] and Ш is the empty system of 
forces or ВД = {0}, then, by (I8.2d), ^{{B{t), m}, Ш, ̂ J if and only if there exists 
a vector v = (г̂ ,̂ V2, v^ such that for ô e ^i we have 

^1^= —-{t - toY + v{t - to) + blto)\ / = 1 , 2 , 3 ; for te^^. 
Im 

Hence we can easily deduce Axioms IV.2, IV.3. 

The verification of the other axioms can be left to the reader. 
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19. INDEPENDENCE OF AXIOM IV.2 

Let us have an £3 v^ith the metric g and a cartesian reference system ^ in it. If 
IJ\ F , W are vectors in £3, we shall define that W = U @ V if and only if (4.1) holds. 

Choose a natural number n > 1 and n real positive numbers w^, ..., m„. Our 
model will have n particles a^, ..., a„ with masses m^, ..., m„. Further, let us choose 
6n real numbers (4.2) such that (4.3) holds. Moreover, choose a real number % > 0 
and a real number t. Let us consider the system of differential equations (4.4). This 
system has a solution in an open interval 3^ containing the number f, and this 
solution is formed by functions x^^, ..., x„^; r = 1,2,3; fulfilHng the initial con
ditions (4.5) and such that (4.6) holds. ^ will be the set of time instants. The position 
of the particle oci at an instant ^ e e^ is defined to be the point of £3 whose coordinates 
in the reference system .9" are 

(19.1) P,..(0 - [cos t + xn(0, sin t + Xi2{t), х,-з(0] . 

If F = ( /1, /2, /з) is a vector, we define that ^(a^-, â ,, t, F) if and only if i Ф /i 
and (4.7) holds. 

Let .Ti c: ^ be an opsn interval and let Y{t) = [yi{t), ^2(0' >'з(0] ^ ^з ^^^ ^ ^ ^ i ' 
^Х0 = ( / л ( 0 ' Ы 4 Ы 0 ) е > ' з for J G . / , r e . ^ 1 . We will say that i^({y(0, m}, 
{^XOliej. ^1) if and only if either 

(19.2a) the set J is finite and non-empty; 

(19.2b) the functions Y.fji for / = 1, 2, 3 are continuous on ^^i 
jeJ 

(19.2c) the functions J i , у2^ Уз have continuous derivatives of the second order 
on ^ 1 ; 

(I9.2d) for all fGcTi, 

x,{t) == -cost + - Z / j i ( 0 ' 
m jsj 

X2{t)= ~ Sint +-T.fj2(t)> 
m jeJ 

m jeJ 

or 
(19.3a) the set J is empty; 

(19.3b) x(t) = (cos r, sin t, 0) for all te^^. 

Theorem 19.1. The above described model fulfils all the axioms 1.1, ..., VI.3 
with the exception of Axiom 1V.2. As the functions P̂  do not satisfy the system 
(9.5), Axiom 1V.2 is physically independent of all the other axioms. 
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Proof. We shall verify only Axioms IT.3 and IV.l. The other axioms can be verified 
in an analogous way as in the proof of Theorem 18.1. 

Axiom II.3. Suppose that (4.9) holds, where B{t) = [bi{t), b2(t), b^{t)'], Fj{t) = 
= {fji{t\fj2{t).fj3{t)l Then, by (19.2a) or (19.3a), the set J is finite, and, by (i9.2d) 
or (19.3b), 

(19.4a) b,{t)= - c o s f + 1 х / л ( 0 > 
m jeJ 

(I9.4b) 5,(0= -sill f + i-X/i2(0' 
m jeJ 

(19-4C) Ьз(0=-ЕЫО-
m jeJ 

Let G be a vector such that (4.1J) holds, where и = (u^, U2, W3), and let C(t) = 
= [ci(r), C2(0, сз(0] ^ ^3 satisfy 

m Aß(C; t^, ^2, T) = G" for every t^ e 5"i, t^ < t2, т > 0, t2 -\- т e ^j^ , 

Let the function t\-^Aß(C; t) be continuous on 5^^. By Theorem 3.2, there exists 
a vector v such that (4.13) holds. Now, (19.4), (4.11) and (4.13) imply 

c,{t) = -cost + ~ {g{t) u, + Z / ; i ( 0 ) . 
m jeJ 

C2{t) = --smt + ~ (g{t) U2 + I , / j2(0) ' 

гз(О = -(0(Оиз + 1ЫО)> 
7?? jeJ 

therefore, by (19.2), we have ^{{C{t), m}, {F/OliW "-̂  {^). ^ i ) - Axiom II.3 is thus 
verified. 

Axiom IV.l. Let Ш be the empty system of forces and let #'({Б(г), m}, Ш, J"i) , 
where Б(г) = [b^{t), b2{t), b^{t)']. Then, by (19.3b), we have 

bi(f) = cos r , b2{t) = sin ^, Ьз(г) = 0 

and therefore, if t^e ^i, t^ < Г2, т > 0, Г2 + т e =^1, we have 

^(5(^1 + T), B{t^)) = ((cos (Г1 + T) - cos ^i)^ + (sin (fj + т) - sin tiff^^ = 

= (cos^ (̂ 1 + T) + sin^ [t^ + T) + cos^ t^ + 

+ sin^ 1̂ ~ 2 cos (̂ 1 + T) COS 1̂ - 2 sin (t^ + т) sin t^^Y^^- = (2 - 2 cos 1)̂ ^^ 

and similarly 
^(Б(/2 4-т),Б(/2)) = ( 2 - 2 с о 5 т ) ^ / ^ 

Hence Axiom IV.l is fulfilled. 
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20. INDEPENDENCE OF AXIOM IV.3 

Let us have an £3 with the metric g and a cartesian reference system .9" in it. If 
U, V, W are vectors in £3, we shall define that W =^ U @ Vïï and only if (4.1) holds. 

As in Chap. 18, choose a natural number n > 1, n real positive numbers m^, ..., m,„ 
a real number x > 0, a real number t and 6n real numbers (4.2) such that (4.3) holds. 
Our model will have n particles a^, ..., a,, with masses m^, ..., m„. The set of time 
instants will be an open interval ^ containing the number t, in which the system 
(4.4) has as a solution formed by functions x^^, ..., x,,̂ ; r = 1, 2, 3; fulfilling the 
initial conditions (4.5) and such that (4.6) holds. The position of â  at the instant t e ^ 
will be the point 

P,(0 := \X{t) + x,,(r), A(0 + x,,(r), }{{) + х,з(0] , 

where /I is a discontinuous real function such that (13.3) holds. 
If F = ( / ] , /2 , / з ) is a vector, we define that -̂ '(a ,̂ â ,, f, F) if and only if i ф h 

and (4.7) is fulfilled. 
Let 5^1 cz ^ be an open interval and let Y{t) = [yi(^), yiit), 3^з(0] ^ ^з ^^^ 

/ G ^ j , F / O == ( / i i ( 0 . / i 2 (0 ' / i 3 (0 )^ "̂̂3 for JE j r , ^ G ^ ' i . We will say that 
J^({y(0, m), (FXOliei, ^ 1 ) if and only if 
(20.1a) the set J is finite; 
(20.1b) the functions Yafn f̂ ^ ' ~ ^' ^' ^ are continuous on ^^\ 

jeJ 

(20.1c) the functions yi — A; / = 1, 2, 3; have continuous derivatives of the second 
order on ^^\ 

(20.id) {y, - ;0- = - E / i / i" -^1 f^i' / -= 1 ,2 ,3 . 

Theorem 20.1. T/ie above described model fulfils all the axioms I . l , . . . , VI.3 
with the exception of Axiom ÏV.3. As the functions P̂  do not satisfy the system 
(9.5), Axiom IV.3 is physically independent of all the other axioms. 

P r o o f is analogous to that of Theorems 4.1, 13.1 and 19.1 and can be left to the 
reader. 

2L INDEPENDENCE OF AXIOM V.l 

Let us have an £3 with the metric Q and a cartesian reference system 6^ in it. The 
interval 5" will be the set of all real numbers. The relations W = U @ V and 
J^({y(r), m}, {Fj{t)}j^j, ЗГ^) will be defined as in Chap. 4. 

Our model will have 3 particles a^, a2, «3 with the positions 

p,XO = [ 0 , 0 , 0 ] , p j o = [ 0 , 1 , 0 ] , p j o = [ 0 , 0 , 1 ] . 

The mass of each particle will be 1, If JF is a vector and / e ^ we will say 
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that ^((Xi, OLj, t, F) if and only if 

Theorem 21,1. The above described model fulfils all the axioms L1, . . . ,VL3 
with the exception of Axiom V.l. As the functions P^ do not satisfy the system (9.5), 
Axiom V.l is physically independent of all the other axioms. 

We leave the proof of this theorem (as well as those of the subsequent ones) to the 
reader. 

22. INDEPENDENCE OF AXIOM V.2 

The interval ^ , the particles, their masses and positions and the relations W = 
= U@V and ^{{Y{t), m}, {Fj{t)}j^j, ^ j ) v îll be defined as in Chap. 21. We will 
define that the relation ^(a^, ay, t, F) is fulfilled for no vector F. 

Theorem 22.1. The above described model fulfils all the axioms L I , . . . , VL3 
with the exception of Axiom V.2. ^5 the functions P̂  do not satisfy the system 
(9.5). Axiom V.2 is physically independent of all the other axioms. 

23. INDEPENDENCE OF AXIOM V.3 

Let us have an £3 and a cartesian reference system 5^ in it. If U, V, W are vectors 
in £3, we shall define that W = U @ V ïî and only if (4.1) holds. 

Our system will have n particles ос̂ , ..., a,,, where n > 1. The mass of each particle 
will be 1. Choose a real number / and 6n real numbers (4.2) such that a^^ = Î̂ ÏS = 0 
for i = 1, ...,n and that (4.3) holds. Let us consider the system of differential 
equations 

(23.1a) X,, =: X 
Хг, 

ft=l 3 

1 
1 = 1 

ï̂î (Z(x,.-x,)T^ 

(23.1b) X,, = Y 

+̂̂  Œi^hi - ^пУ) 2\3/2 

(23.1c) 

This system has a solution in an open interval ^ containing the number r, and this 
solution is formed by functions Xj^, ..., л^; г = 1,2,3; fulfilHng the initial con
ditions (4.5) and such that (4.6) holds. ^ will be the set of time instants. The position 
of the particle â  at an instant ^ e ^ is defined to be the point of £3 whose coordinates 
in the reference system 6^ are [x/i(?), ^ni^), -^/з(0]-
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If F =-- ( / i , /2 , /з) is a vector, we define that "^(a ,̂ a;,, t, F) if and only if / Ф h and 

/ 1 — "~Y ^ ^ 9 . / 2 — —^ ~~~ > . / 3 — '^' 

/ = 1 Ï = 1 

The relation ^{{Y{t), m], {iF/r)}^-^j, ,5^i) defined as in Chap. 4. 

Theorem 23.1. The above described model fulfils all the axioms LI , . . . ,VI.3 
with the exception of Axiom V.3. As the functions P^ do not satisfy the system 
(9.5), Axiom V.3 /5 physically independent of all the other axioms. 

24. INDEPENDENCE OF AXIOM V.4 

Let us define a model as in Chap. 4, but instead of the system (4.4) let us use the 
system 

m , x , , = = i x 4 ^ ^ ^ ^ ^ ^ i = l , . . . , n ; r== 1 ,2 ,3 ; 

1 = 1 

and instead of the relation (4.7) the relation 

fr = xm^nif, —-—^̂ ^̂ ^ -^^ ; г = 1, 2, 3 . 
2 \2 (ЕЫО-х,.,(0)^) 

1 = 1 

Theorem 24.1. The above described model fulfils all the axioms LI, ..., VI.3 
with the exception of Axiom V.4. As the functions P^ do not satisfy the system (9.5), 
Axiom V.4 is physically independent of all the other axioms. 

25. INDEPENDENCE OF AXIOM V.5 

Let us have an £3 and a cartesian reference system ^ in it. The interval ^ will 
be the set of all real numbers. If U, F, W are vectors in £3, we shall define that 
W= i/ e F if and only if (4.1) holds. 

Define a real function p by 

(25.1a) p(t) = 1 if r = 0 or ris irrational; 

(25.1b) p(t) = Ijq if t = pjq, where q is natural, p integer, p =¥ 0, and the greatest 
common factor of p, ^ is 1. . 
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For all 16 Sr, define vectors 

(25.2) R{t) = (p(0, 0, 0 ) , 

(25.3) я(0 = (ККОГ'^о,о). 
Our model will have 2 particles a, Д, the mass of each particle will be 1. The posi

tion of the particles will be defined by 

(25.4) ?lt) = \_-v{}\ 0, 0] , Рд(0 = \v(t\ 0, 0] for all te^ . 

We will define that ^(a, ß. Г, F) or ^(j5, a, Г, F) if and only if F = Щ) or F = ~ H(t), 
respectively. 

If ^ j с ^ is an open interval, we will define that ^{{Y(t), m}, {Fj{t)}j^j, ^^ 
if and only if 

(25.5a) the set J is finite 

and there exists a number e, e = 0 or e = 1 or г = — 1 such that 

(25.5b) the function t\-^GH(t) + X ^XO ^̂  continuous in ^^; 
JeJ 

(25.5c) the function t^-^ Y(t) + e R(t) has a continuous derivative of the second 
order; 

(25.5d) (y(r) + г R{t))" = e H(t) + J] Fj{t) for all te^,. 
JeJ 

Theorem 25.1. The above described model fulfils all the axioms I.l, ..., VI.3 
with the exception of Axiom V.5. As the functions P̂  do not satisfy the system (9.5), 
Axiom V.5 is physically independent of all the other axioms. 

Proof. Axioms I.l, 1.2, 1.3. Suppose that (4.9), (4.10) and (4.11) hold. Then, 
by (25.5), the set J is finite and there exist numbers г^, S2, equal to 0, 1 or — 1, such 
that the functions a^H + YJ^J^ S2H -{- G -\- Y, ^J ^^^ ^̂ ^̂ ^ continuous on ,Tj^. 

jeJ jeJ 

This is possible only if the function (£2 — s^) H + G is continuous on ^^. By 
(4.11), (25.3) and (25.1) this can occur only in the two following cases: 

(a) ei = £21 

(b) G(t), H(t) are linearly dependent for all te^^. 

Case (a). In this case (25.5d) implies 

{B{t) + e, R{t)y == г, //(0 + Y ^t) in ^, , 
jeJ 

{C{t) + e,R{t)y ^s,H{t) + G{t) + YFjit) ^ ^ , 
JeJ 

and therefore 
(C - B)' = C7 on ^ 1 

and Axioms I.l, 1.2 and 1.3 can be verified as in Chap. 4. 
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Case (b). In this case (25.5d) implies 

(25.6) (C ~ В + {82- e,)R)" = G + {82~ s,) H in Sr,. 

Because G(t) and H(t) are linearly dependent for all t e ^i, we deduce from (4.11), 
(25.2) and (25.3) that 

R(t) = iip(t)u, H{t) = ifi(p{t)y'u, 

where rj = i or rj — —1. Now, (25.6) yields 

{C - В + rj{e2 - ei) pu)" = (g + iri{s2 " ^i) P~^) « in ^^ ; 

if we choose a number ô ̂  ^i^ ^^ obtain that there exist vectors r^, V2 such that 

C{t) - B{t) =v, + tV2 + п{ч - ^i) p{t) и + 

+ | Д | ^ (.^(^i) +1^/(^2-£i)(p(ö^i))~')dörijd(T2« for all t e ^ , . 

Hence we easily deduce Axiom I.l. 

If now ti E ̂ \y T > 0, 1̂ < 2̂? 2̂ "f" ^ ^ ^\^ then, because the function (в2 ~ £1) • 
. Я + С is continuous on 5^^, the function 11-> JG'(̂ )[ can be bounded on the interval 
Ol 5 ^1 + '^) orily if ^1 = ^2- We can therefore verify Axiom 1.2 as in the case (a). 
Similarly, the function t -̂> \(j(t)\ can be bounded on every compact subinterval 
of ^ i only if 81 = £2? ^i^d Axiom 1.3 can be therefore proved as in the case (a). 

Axioms IV.l, IV.2, IV.3. If ^{{Y(t)\ m}, 9Л, ^ j ) , where Ш = {0} or Ю1 is the 
empty system of forces, then, by (25.5b), the function t\~> e H{t) must be continuous 
on e^^; but this can occur only if e = 0. Therefore, by (25.5d), we obtain Y — 0 
on ^^ and from this equation we can easily deduce Axioms IV.l, 1V.2 and IV.3. 

We leave the verification of the other axioms to the reader. 

26. INDEPENDENCE OF AXIOM VI. 1 

Let us have an £3. The interval ЗГ will be the set of all real num.bers. The relations 
W = U@V г,пА 3^{{Y{t),m], {Fj{t)]j^j, ^~^) will be defined as in Chap. 4, The 
model will have no particles. The relation ^(a, ß, t, F) is therefore never fulfilled. 

Theorem 26.1. The above described model fulfils all the axioms I.l, . . . ,VI.3 
with the exception of Axiom VI.l. Because any model fulfilling all axioms has 
at least one particle, Axiom VI.l /5 physically independent of all the other axioms. 

We leave the proof of this theorem (as well as those of the subsequent ones) to the 
reader. 

27. INDEPENDENCE OF AXIOM VI.2 

Let us have an £3 with the metric Q and a cartesian reference system 5^ in it. The 
interval ^ will be the set of all real numbers. If U, F, W are vectors in £3, we shall 
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define that W =^ U ® Vif and only if (4.1) holds. Our model will have particles 

..., a„25 oc-i, OCQ, a^, «2, «3, ... 

the mass of each of them will be 1. The position of the particle a,- will be 

Pa. = [ ^ 0 , 0 ] , i=^ . . . - 2 , - 1 , 0 , 1 , 2 , . . . . 

We will define that ^(a,-, ay, t, F) if and only if 

If ^ 1 cz ^ is an open interval, we shall say that ^{{Y{t), m}, {Fj{t)}j^j, ^^ if 
and only if the following conditions are fulfilled: 

(27.1a) the set J is countable^); 

(27.1b) if J is infinite then ^ F^^t) converges absolutely for all te^ ^\ 

(27.1c) the function tv-^Yu^k^ ^̂  continuous on ^^\ 
jeJ 

(27.Id) the function t ь-> Y(t) has a continuous derivative of the second order; 

(27.1e) ^Y=Jlfj on ^1 . 
jeJ 

Theorem 27.1. The above described model fulfils all the axioms I .1, . . . ,YI.3 
with the exception of Axiom VI.2. As any model fulfilling all axioms has a finite 
number of particles, Axiom VI.2 is physically independent of all the other axioms. 

28. INDEPENDENCE OF AXIOM VI.3 

Let us have an £3 and a cartesian reference system ^ in it. The set ^ will be the 
set of all real numbers. The relations W = U@V and ^{{Y{t), m}, {Fj{t)}j^j, ^^ 
will be defined as in Chap. 4. Our model will have 2 particles a, j5, the mass of each 
of them will be 1 and their positions will be 

P^(r) = РДг) = [0, 0, 0] for all te^ . 

We will define that ^(a, ß, t, F) or ^(/?, a, t, F) if and only if F = Ö. 

Theorem 28.1. The above described model fulfils all the axioms I.l, ..., VI.3 
with the exception of Axiom VI.3. Because ?JJ) ф Pß{t)for ос ^ ß and for all te ^ 
in any model fulfilling all axioms, Axiom VI.3 is physically independent of all the 
other axioms. 

)̂ Finite sets and the empty set are also considered countable. 
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