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INTRODUCTION

In the years 1968 — 1972 many interesting results were achieved in the field of
spectral analysis of nonlinear operators, above all by J. Necas, S. Fucik and W.
Petryshin (see [4], [5], [6], [7])-

Some of these results have been collected by J. Necas, S. Fucik, J. Soucek and V.
Soudek in the second chapter of [1]. This chapter deals with the solution of nonlinear
operator equations

1) AT(x)=S(x)=f xeX, feY

in dependence on the real parameter 4, where T'and S are nonlinear operators defined
on a real Banach space X with values in a real Banach space Y.

The most important thing is to establish for which numbers A the equation (1) has
a solution in X, for each fe Y.

This problem is solved in [1], provided S : X — Yis an odd completely continuous
operator and T: X — Y works “‘as the identity operator” (see Definition 1.1 of [1],
Chapter II).

The reason why T and S must possess these properties is that the main theorems
obtained in [1] are based on the classical degree theory of Leray-Schauder which,
as is well-known, concerns completely continuous operators.

Thus, if we had another degree theory for a different class of operators, we could
try to get, at least in part, the results of Fu&ik and Necas for (1), without supposing
S to be completely continuous.

This is the purpose of the present paper.

In fact, in a recent paper of mine (see [3]), extending Canfora’s degree theory (see
[2]), I have defined the topological degree for bounded weakly closed operators in
Hilbert and Banach spaces.

To be more precise, if X is a separable Hilbert space, S, the ball with centre 0 € X
and radius r > 0, I consider operators of the following type: I — T: S, — X, where [
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is the identity and T is a bounded weakly closed mapping satisfying the boundary
condition:

(2) there exist K € 10, I[ and a € X with [la| = 1 such that for all x € 3, at least
one of the following conditions is satisfied:

1 (6 T() < K]
I {(a,x - T(x))= 1-K if (a,x)>0,
(a,x — T(x)) £ —=(1 = K) if (a,x) < 0.

If X is a reflexive separable Banach space with a strictly convex dual X', T'is again
supposed bounded and weakly closed, but, instead of (2), it satisfies the boundary
condition:

(3) there exists €0, 1] such that | T(x)| = B|x| for all x €dS,.

For these operators I define the topological degree d(I — T; S,; 0) and prove that it
has the usual properties.

It is precisely on the basis of this degree theory that in the present paper the equa-
tion (1) is studied.

The results obtained are, in some cases, similar to those of [1] (for instance, see
Theorems 2.1, 2.2 and 2.5) whereas in other cases, they are either weaker or not com-
parable.

Of course this is due to the properties of T which are different in the two theories.

We now outline the contents of this note.

In Section 1, after showing how the conditions (3) and I of (2) can be improved
by putting K and B equal to 1, we introduce and recall some definitions and theorems.

In Section 2 the theorems for operators AT — S are proved and the results obtained
are compared with those of [1].

In the closing Section 3 we use the theory of Section 2 for establishing an existence
theorem for a quasilinear elliptic (an-order) equation with bounded measurable
coefficients.

1. PRELIMINARIES

Let X be a separable Hilbert space, S, the closed ball with center 0 € X and radius
r > 0,and T:S, - X a bounded, weakly closed mapping such that

(1.1) (x, T(x)) < |x|*> forall xeds,.

We want to prove that we can define the topological degree d(I — T; S,; 0) and that
this degree is different from 0.

Let us consider the sequence of mappings {7,} defined by T, = (n/(n + 1)) T.
It is easy to see that, for all n € N, T, is a bounded weakly closed mapping satisfying
the boundary condition )
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(1.2) (x, T(x)) = (x, . : . T(x)) < . i . [x|? forall xeds,.

Then, according to the theory of [3], we can define the degree d(I — T,,; S,; 0) =+ 0.

Moreover, we have
(1.3) d(I — T,;S,;0) =d(I — T,;S,;0) forall n,meN.

In fact, supposing n > m, we consider the family of mappings {T}}cf0.17:

T,:S, > X, T(x)=1tT(x)+ (1 — 1) T,(x).

Obviously, T, is a weakly closed operator and there exists a ball Sg (R > 0) such
that T,(S,) = Sk for all 1€ [0, 1].

On the other hand, since we have

(6, Tx)) = (6, 1 Ty(x) + (1 = ) T,(x)) <  —

n+ 1

n

¥
m+ 1

<[ + (1 =) I<[* =

g(z O I ){|x\|2= _|Ix|* forall xeds,,
n+1 n+1 n+1

we can conclude that there exists K € ]0, 1[ (it is sufficient to take K = n/(n + 1))
such that

(1.4) (x, T(x)) £ K|x|* forall te[0,1] and xeds,.

The inequality (1.4), together with the other properties of the mappings T}, allows
us to say, by the homotopy degree property (see [3]), that d(I — T,; S,; 0) is a con-
stant on [0, 1].

Thus it makes sense to define the topological degree of I — T with respect to S,
and 0 as the number (different from 0)

(1.5) d(I = T;S,;0) = limd(I — T, S,;0) = d(I — T,; S,; 0).

Now let X be a reflexive separable Banach space with a strictly convex dual X'.

Proceeding as we did in Hilbert spaces, we can define the degree d(I - T;5,;0),
where T: S, —» X is a bounded weakly closed mapping satisfying the condition

(1.6) [T(x)| < |x| forall xeas,.

In fact it is sufficient to consider again the sequence {T,} (T, = (n/(n + 1)) T)
of bounded weakly closed mapping such that

n
n+1

=

]|T,,(x)“=”ﬁ1- T(x) x| forall xeas,,

and to observe that, for each n, the degree d(I — T,; S,; 0) exists and is equal to 1

(see [3])-
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Then we define d(I — T; S,;0) = d(I — T,; S,;0) = 1.
Now it remains to be proved that the degree d(I — T S,; 0) just defined (either
in Hilbert spaces or in Banach spaces) satisfies still the property:

(1.7) d(I — T;S,;0) + 0 = there exists y € S, such that T(y) = y .

Let us prove (1.7). First of all we notice that the sequence {T,} (T, = (n/(n + 1)) T)
converges to T uniformly in the strong topology of X.

In fact, we have
(18) |76 = 1) = |79 - = (1= )i~ 0

n
T(x
+ 1 ()

n

uniformly with respect to x € S,.
The limit (1.8) implies that { T, } converges to T'uniformly also in the weak-topology.
Hence, since (1.7) holds for T,, there exists a sequence {y,} < S, such that

(1.9 o= T(y,) forall neN.

But X is reflexive and {y,} is bounded, so we can suppose y, — y € S,. On the other
hand, as T is weakly continuous') and {T,} converges to T in the weak topology,
we have

(1.10) T.(v) = T(y) %)
From (1.9) and (1.10) it follows that y, — T(y) and thus y = T(y). So (1.7) is
proved.

Now let us recall some definitions and theorems.

Theorem 1.1. (See [3] Corollary 6.1.) Let X be a reflexive, separable Banach
space with a strictly convex dual X'. If T:X — X is a bounded weakly closed
operator such that
(1.11) lim sup |76 =a ael0,1]

Ixllx=o  ||x]x

then I — T maps X onto X.

Definition 1.1. Let X and Y be two real Banach spaces. The mapping T: X — Yis
said to be a (K, L, a)-operator if

i) Tis bijective,

i) there exist real numbets K > 0, a > 0, L > 0 such that

L|x|§ = |T(x)|ly < K|x|§ foreach xeX.

1) T bounded and weakly closed = 7 weakly continuous.

%) We have [{T,(y,) -~ TO), 0D] = [{T,0) — T, 0D + [KTGR) — T, 9| for all
pe Y’
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Lemma 1.1. Let X and Y be two real Banach spaces, T:X —» Y a (K, L, a)-
operator and S : X — Y a mapping.
Then, for each real number A + 0, we have:

p’) lim [AT(x) = S(x)|y = +o = lim [y — ST '(y/A)|y = +o0;
ffxllx— o0 [Iylly—=o0 '

p") if the mapping ye Y — y — ST *(y[A) € Yis onto, then the mapping AT — S :
: X — Y is onto as well.

Proof. The proof proceeds like that of Lemma 1.1 of [1], Chapter 1I.

In the forthcomming definitions and theorems we suppose that X and Y are real
Banach spaces and « is a real positive number.

Definition 1.2. An operator F : X — Y is said to be a-homogeneous if F(tx) =
= {* F(x) for each t 2 0 and all xe X.

Definition 1.3. An operator F : X — Yis said to be a-strongly quasihomogeneous
with respect to Fy : X — Y, if:

O, x,— x0=>tﬁF<x—")—>F0(xo)eY.

t

n

Now we introduce the following definitions:

Definition 1.4. An operator F : X — Y is said to be a-weakly quasihomogeneous
with respect to Fy : X — Y, if:

X
t, N O, x,,—>x0=>tﬁF(—"

) B} Fo(xo)€ Y.

n

Definition 1.5. Let T'and S be two operators from X to Yand A a real number dif-
ferent from 0; A is said to be an eigenvalue for the couple (T, S) if there exists x, € X,
Xo # 0 such that

2 T(xo) — S(xp) = 0.

Definition 1.6. A mapping F : X — Yis said to be regularly surjective if F(X) = Y
and for any R > 0 there exists r > 0 such that ”x"x < r for all x e X with
[FC)y = R-

2. MAIN THEOREMS
Lemma 2.1. Let X and Y be two reflexive Banach spaces. If T: X — Y is a weakly

closed (K, L, a)-operator and S:X — Y is a bounded weakly closed mapping,
then ST™': Y — Y is bounded and weakly closed as well.

Proof. Let us prove that T~ ! is weakly closed. In fact,
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T Y =>y,,=T(x,,)—->y =>T(z)=y=>z=T""
T'l(yn)éz} T“(T(x,,)):xn_xz} T(z) =y T1(y).

The operator ST ™! : Y — Yis weakly closed as well. In fact, since T~* is weakly
continuous, because it is weakly compact®) and weakly closed, we have:

Yn = _ T"l(y") N TAl(y) ~ . .
(ST“)(.v,,)Az} ST (y,) ~ 2 } (ST )=z

1t is trivial to see that ST ™! is bounded.

Lemma 2.2. Let X and Y be two real Banach spaces and T: X - Y a (K, L, a)-
operator. If S : X — Y is a mapping such that

(2.1) lim sup | i(x”)“ny =Ae[0, +oof
Il x]|x— o0 X||x

then for Izll > A[L*) we have

(2.2) lim |2 T(x) — S(x)[y = .

lIx]|x =0

Proof. Since |4| > A/Lwe can find a number y > 1 such that [4| > 4y/L. Let us
suppose that (2.2) is not true. Then there exist M > 0 and a sequence {x,} with the

property
(23) [x.]x > o and [|AT(x,) — S(x,)|y M forall neN

This last relation implies that

AT(x) _ S(x)

e "0 T

Hence, by (2.1), we have

(2.4) tim sup TGy _

R

On the other hand, since T'is a (K, L, a)-operator we also have

BJ—HM = ML> yéLz yA forall neN.
[l L

This is a contradiction with (2.4), which proves the assertion.

Theorem 2.1. Let X and Y be two reflexive Banach spaces. Moreover, let Y be
separable and have a strictly convex dual Y'. Let T: X — Y be a weakly closed

3) As X is reflexive the bounded operator T~ ! : Y— X is weakly compact.
4) In particular, if 4 = 0, (2.2) holds for all 2 % 0.
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(K, L, a)-operator and S : X — Y a bounded weakly closed mapping such that
(2.5) fim 1S@lr _ o

I~ [x[|%
Then, for each A % 0, AT — S is regularly surjective.

Proof. Let us prove that AT — S maps X onto Y. By Lemma 1.1 it is sufficient to
show that the mapping I — ST *(+/1) : Y - Y is surjective, and to prove this it is
sufficient, in virtue of Theorem 1.1, to get

(2.6) tim 1T 20 _ g
ime  [|y]y

If (2.6) were not true, there would exist ¢ > 0 and a sequence {y,} = Y such that

> ¢l

ynlY'

27) fim [,y = o and "ST1<%> Y

Then, since Tis a (K, L, a)-operator, there would exist another sequence {x,} = X
such that

(2.8) A T(x,) = y, (hence x,=T71 <¥ﬂ>> ,

y)
12 Lix[% = 2 TGy = |2 K5 -
From (2.7) and (2.8) it would follow that
09 e and ISy 2 el T 2 ol Ll

Obviously (2.9) contradicts (2.5); so (2.6) holds. At this point, to show that
AT — S is regularly surjective, it is sufficient to prove that

(2.10) forall R > 0, thereexists r > 0 such that
[x|x <r foreach xeX with |AT(x)— S(x)|y =R.
Suppose that there exist R > 0 and a sequence {x,} < X such that
(2.11) [%]x = 0 and |4 T(x,) — S(x,)[ly < R .
From (2.5), in virtue of lenima 2.2, it follows that

(2.12) lim A T(x) = S(x)|y = o forall 2+0.
Ix]| x>

The contradiction between (2.12) and (2.11) proves (2.10) and hence the assertion.

Theorem 2.2. Let X and Y be two reflexive Banach spaces, with Y separable and Y’
strictly convex. Moreover, let T and S be, respectively, a weakly closed (K, L, a)-
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operator and a bounded weakly closed mapping such that
(2.13) lim sup ,S(XZ”Y =Ae]0, +oof .
el [x[%
Then, for |XI > A|L, the operator AT — S is regularly surjective.

Proof. Let us prove that AT — S maps X onto Y. Of course it is sufficient to
consider such A that

(2.14) there exists y > 1 with |4 > y(4/L) > AJL.
From (2.13), in virtue of Lemma 2.2, it follows that
(2.15) lim 4 T(x) - S(x)[y = + o0,
lIx]lx =00

and hence, by Lemma 1.1, we get

—sTt(2
st ())

Let z, be a point of Yand m > (y + 1)/(y — 1) an integer. The limit (2.16) guarantees
that \

(2.17) there exists R > 0 such that

Iyly =z R= Hy _sT! G)

On the other hand, for (2.13), once the number

m+1 vy

(2.16) lim

lIylly=

= +00.
Y

> mzol| 2 0.
Y

is fixed, there exists R’ > 0 such that
(2.18) Ix[x = R = [|S()]ly < (4 + &) ]

Obviously we can suppose that in (2.17), R is greater than K|4| R”*. Then we have
(Def. 1.1, ii)

(2.19) ol z k=70 (7)

Now we consider the operator [ST™*(y/4) + z,] :Sg € Yo Y it is bounded
and weakly closed.

= R.
X

3y Since m > (y + 1)/(y — 1), surely ¢ is positive. This is the reason why we must suppose
A > 0; therefore for A = 0 it is necessary to provide a different proof, by Theorem 2.1.
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By (2.17), (2.18) and (2.19) we also have

(G =), = Gl v < s G, +
+ i .}y — ST! G) ) < (1 + i) “ST“G) Y +i1|y|\y <

§<1+i)(A+s)

Finally, we obtain

"L nil [yly = (1 + i)iif Ivlly + iMY

()
Y|

forall xedSg.

(2.20)

()

for all y € 3Sy, since || > yA[L.

The inequality (2.20) allows us to consider (see Section 1) the degree
d(I — ST™Y(y[4) — zo; Sg; 0) which is equal to 1. Thus, by the degree property
(1.7), we can say that there exists j € Sg such that y = ST~ Y(j/A) + z,. Since z,
is an arbitrary point of Y, this implies that I — ST~ *(y/4) is surjective and so AT — S
is surjective as well.

Moreover, AT — S is regularly surjective. In fact, if this were not true, then pro-
ceeding like in the previous theorem we should find a sequence {x,} < X such that

/

m—1 1
<|( Jrl)f”('"—“—;> " e Loty 1

m L|/l|

Y

[xlx = 00 and [AT(x,) - S(x.)|y = R,

a contradiction with (2.15); this completes the proof.

Theorem 2.3. Let X be a reflective Banach space and Y a separable reflexive
Banach space with a strictly convex dual Y'. Moreover, let T: X — Y be a weakly
closed (K, L, a)-operator and S : X — Y a bounded weakly closed mapping.

If S is an a-weakly quasihomogeneous mapping with respect to So:X — Y,
then there exists finite

m— 1

m
A+

——yA— 4 1 A
o [mr1? T w1’ ! DM
+ -l 1< < <> -— =
m L|A| m mL|2| m L|2|
A
2=
L
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lim sup ” ( )LY =

Ixlx-o  [x]|%
and for ])[ > A/L, AT — S is regularly surjective.

Proof. The second part of the assertion is a consequence of the previous theorems.
Let us prove that there exists a finite

— )
iucanT

If this were not true, there would exist a sequence {x,,} < X such that

(2.21) x> o and 13 o,
Jxd]®

for all 7 eN. Obviously we can suppose that the numerical sequence {|x,||x} is
increasing.

On the other hand, the bounded sequence v, = x,/||x,||x would have a subsequence
(denoted again by {v,}) convergent, in the weak topology, to a point v, € X.

Then, putting 1, = 1/|x,] ~ 0, by the a-weak quasihomogenity of S with respect
to S, we should have

5(2) - g S (i)~ o~ S0

i.e. the sequence S(x,)/||x,||5 would be bounded. This is a contradiction with (2.21),
so the assertion is proved.

Theorem 2.4. Let X and Y be two reflexive Banach spaces with Y separable and Y’
strictly convex. Let T:X — Y be an a-homogeneous weakly closed (K, L, a)-
operator and S : X — Y an a-homogeneous bounded weakly closed mapping. Then

i) there exists a finite lim sup ||S(x)|y/|x|% = 4 and so AT — S is regularly sur-

jective for || > AJL;

ii) A % 0, AT — S is regularly surjective = 1 is not an eigenvalue for the couple
(T, S).

Proof. Let us prove i). Suppose that the lim sup is not finite. Then there exists
a sequence {x,} < X such that

(2.22) %] x = 0 and _____HS(x,,Z[[Y >
(BN
If we put v, = x,[|x,[ x and consider a suitable subsequence, we have v, — v, € X

and hence S(v,) — S(v,), because S is weakly continuous. Thus {S(v,)} is bounded;
but the homogeneity of S and (2.22) yield
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s(v,.)=S< al >=—s~(x—")>n,

[/ Il

a contradiction with the boundedness of {S(v,)}. This proves i). Let us prove ii).
Let AT — S be regularly surjective; if A were an eigenvalue for the couple (T, S),
there would exist a point x, + 0 belonging to X, such that 2T(x,) — S(x,) = 0.
Moreover, denoting by {t,,} a sequence of real positive numbers convergent to 0, and
putting v, = xo/t,, we should have

(2.23) lim [[v,]|x = + 0.
Then, from the homogeneity of S and T, it would follow that
AT() = S(o,) = 2T =500 _ o goran nen,

Iy
and this would imply that

|4 T(v,) — S(v,)|y <& foreach &>0 andall neN,

whereas, by (2.23), for any r > 0 there exists v, € N such that |[v,[ x > rforalln > v,.
This contradicts the assumption that AT — S is regularly surjective; so 4 is not an
eigenvalue for (T, S) and the assertion is proved.

Remark 2.1. Under the assumptions of Theorem 2.4, from i) and ii) it follows
that, for |A| > A/L, A is not an aigenvalue for the couple (T; S).

Theorem 2.5. Let X and Y be two reflexive Banach spaces, with Y separable and Y’
strictly convex. Let T: X — Y be a weakly closed (K, L, a)-operator and S : X - Y
a bounded weakly closed mapping which is b-weakly quasihomogeneous with
respect to Sy : X — Y.

Then, if a is greater than b and A is different from 0, AT — S is regularly sur-
Jective.

Proof. By Theorem 2.1 it is sufficient to show that
(2.24) fim 1SCy _ g
Cxlixmeo X%

Let us suppose that this is not true. Then it is possible to find ¢ > 0 and a sequence
{x,} € X such that

(2.25) [%.]x = o and NCAIF >¢ forall neN.

[l

If we put v, = x,/|x,| x and suppose like in the previous theorems that the sequence
{]|xa]x} is increasing and there exists a point v, € X such that v, — vo, We have
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(2.26) SUbxal ) _ G g0

Il Il

On the other hand, since a is greater than b, we obtain
lim M =0
meo [|x,|%

From this last relation and from the boundedness of {S(x,)/|x,|%} (deduced from
(2.26)) it tollows that

o Ll ISl _ o [SGely g

e R P Y

5

which is a contradiction with (2.25). This proves (2.24) and hence the assertion.

Remark 2.2. In the theory concerning the Fredholm alternative for nonlinear
operators (see [ 1]) S. Fu&ik and J. Nedas obtained, on the basis of the Leray-Schauder
degree theory, the following theorem (see [1] Theorem 1.1 page 56):

Theorem 2.6. Let X and Y be two real Banach spaces. Let T: X — Y be an odd
(K, L, a)-homeomorphism™) and S : X — Y an odd completely continuous operator.
Then for each ). % 0 such that

lim |4 T(x) — S(x)|y = o0,
]| =00
AT — S maps X onto Y.

This theorem is basic (in Fu&ik-Nedas’s theory) for establishing other important
theorems, like theorem analogous to Theorem 2.2 (but with S completely continuous,
see [1] Theorem 1.2, page 57) and the theorem about the Fredholm alternative (see
[1] Theorem 3.2, page 61).

Let us show by an example that we cannot extend Theorem 2.6 to bounded weakly
closed operators.

Let H be a separable Hilbert space and {e,,},,e,v an orthonormal basis in H. Thus,
for each x € X, we have x = Y ,oe;, where o;; = (X, e;). Let us consider the transfor-
mation L:X — X defined by

L(x) = Y e, forall xeX.

It is easy to see that Lis a linear bounded weakly continuous operator such that
[ x|l = | L(x)] for all x € X. Moreover, Lis one-to-one but it does not map X onto X;
in fact, if x = ) ,ue; is different from y = ) ;B.e;, at least one of a; is different from
the corresponding f; and, consequently, L(x) + L(y). On the other hand, L does

7) A (K, L, a)-homeomorphism is a (K, L, a)-operator which is a homeomorphism (see [1]
page 54). s
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not map X onto X because all y e Y with (y, e;) different from 0 do not belong to
L(X); in fact L(X) includes just those points z € X which have (z, e;) = 0.
Now let us denote by I the identity operator. Of course I is a weakly closed (1, 1, 1)-
homeomorphism and I — L = Sis still a linear bounded weakly continucus operator.
Moreover, if we put A = 1, we have

(2.27)
i [41() = 5G] = tim | = (x = Ly)] = lim |1 = tim ] = co.

[E]| R
Thus all the assumptions of Theorem 2.6 are satisfied (with S bounded and weakly
closed) but AI — S = Lis not surjective.

Remark 2.3. In the spectral theory of [1] concerning completely continuous ope-
rators, S. Fucdik and J. Necas succeeded in proving the contrary of the assertion ii)
of Theorem 2.4. They obtained the following theorem:

Theorem 2.7. Let X and Y be two reflexive Banach spaces, T: X — Y an odd
(K, L, a)-homeomorphism which is an a-homogeneous operator, and S:X - Y
an odd completely continuous a-homogeneous operator.

Then

(2.28) A(#0) is not an eigenvalue for the couple (T, S)=AT - S

is regularly surjective.

The proof of Theorem 2.7 (see [1] Theorem 3.2, page 61) is based, essentially,
on the homogeneity property of T and S and on Theorem 2.6. From this we imme-
diately understand that if we wanted to extend Theorem 2.7 to bounded weakly
closed operators, we could not proceed like in [1] when proving (2.28), because
Theorem 2.6 does not hold for bounded weakly closed operators. Then we could try
to obtain (2.28) using another method; let us show, by an example, that this is not
possible.

Let H be a separable Hilbert space and L, I, S, the operators defined in the previous
remark. The number 4 = 1 is not an eigenvalue for the couple (I, S). In fact, the
equation AI(x) — S(x) = 0 has only the solution x = 0, because I — S =1 —
— (I = L) = Lis a linear injective operator.

Moreover, I and S are both -1-homogeneous operators, but AI — S = Ldoes not
map X onto X, as we have seen above. This means that Proposition (2.28) is not true
in general, if we suppose S’ only bounded and weakly closed.

3. AN APPLICATION

Let x = (x4, ..., x,) be a point of R" and Q an open bounded subset of R" with
a boundary of class C2™,
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Consider the real Sobolev space H>™P(Q)n H3'"(Q) = # (with p > n > 1)
endowed with the norm

lulle = ful =f;llD?'"“Hp + [ull, wes,

where ||+||, is the usual norm in I7(Q).

Let ay(x, z), ..., a,(x, z), p(x, z) be n + 1 functions satisfying the following con-
ditions®):

(3.1) oy, ..., @, 7 are measurable in x for all z and continuous in z uniformly with
respect to x; for instance: for each ¢ > 0 there exists §, > 0 such that
Iz’ - z”[ = Y lz; — Zy| < 6, => loci(x, z') — ayx, z”)l <e
Ja]<2m—1
forall xeQ;
(3-2) Oy, -..s Oy, ¥, are bounded and we have 0 < m < oc,-(x, Z)EM< 4o, i =

=1L.,m0<m=y(x,z)£M < +oo for all (x, z).
Let us put {(u) = {D*u}ycom—1 {(1) (x) = {D"u(x)} sj<2m—1 and consider the

quasilinear elliptic operator

Lu) = (=1)" ¥ oulx, L(w)) D" + 7(x, {(u)) u -
i=1
In order to study the equation
(3.3) Lu=f, fel(Q), ue
we introduce the operator T: # — I7(Q) defined by

Tu)=(—1"Y.Di"u +u ue.
i=1

It is well known that T'is a continuous linear operator (thus bounded and weakly
continuous) bijective between # and IP(Q). Therefore it is a weakly closed (K, ¢,, 1)-
operator, where K, and ¢, are “‘the best constants®) such that

e < [Tul, < KyJule foran we ot

We explicitly remark that ¢, < 1.

The next lemma will be very useful later on.

8) We set z = {za}|a|§2m—l = {Z(an
that |oz] <2m — 1.

) “The best constants” means that

1_ sup [].e and K, = sup J—ITu””.
Cp ueX ” Tu”p ueX ”u”,f

«y) € R®, where s is the number of such «

.....

41



Lemma 3.1. Let {u,} be a sequence in C3"~*(Q) '°). If {u,} converges in C3"~'
to a function ue Cy""'(Q), then the functions ayx,{(u,)), ¥(x,{(u,)) converge
uniformly to the functions a(x, {(u)), y(x, {(u)).

Proof. We prove the assertion for y; the same proceeding will be valid for «;.

As {u,} converges to u C;"~'(Q), once & > 0 is fixed and the corresponding J, is

found, there exists ve N such that Y [D*u,(x) — D*u(x)| < 6, for all n 2 v
la| £2m—1

and x € Q. Hence, in virtue of (3.1), it follows that
(e, {D% u,(x)}) = 9(x, {D* u(x)})| = [p(x, Cun) = v(x, Lu))] < e
forall n>=v and xeQ;

the assertion is proved.

Lemma 3.2. The operator L : # — I is bounded and weakly closed.

Proof. Of course Lis bounded. For showing that Lis weakly closed it is necessary
to prove that

(3.4 U, = U

Lu, —, w} =w=Lu.

Let usstart by observing that the sequence {u,} is bounded in # and so, by a theorem
of Rellich-Kondrachov (see [8]) there exists a subsequence {u,,} convergent to u
in C3"!(Q) (remember that p > n). Then, from the previous lemma, we have that
the coefficients a(x, {(u,,)), (% {(u,,)) converge uniformly to a:(x, {(u)), y(x, {(u)).

Moreover, since {u,} converges to u in the weak topology, we have
(3.5) D¥™u, =1 D™, u, = u.

n

Let x be a function from L4Q) (1/p + 1/g = 1); by writing <y, ¢ instead of [, x¢,
we obtain

<> Lty = <, Ly | < i{<x, (%, {(14n)) DYty — a(%: {()) DI"u)| +
+ ]<X’ y(x’ g(u"k)) Up, — 'y(X, C(u)) u>| = .§1|<X’ O(i(X, C(u"k)) ngu"k -

— o, L) D, 3| + < o, (u)) Dy, — e, () DM +
+ ]<X’ Y(x’ C(unk» unk - ‘))(X, C(“)) u"k>| + I<X’ ’Y(X, C(u)) u"k - '))(x, c(u)) u>|

IIA

< 3 sup [, ) = oo, )] el 1077w, +

10) €2m1(Q) = {u e €2 Q) : D'u is bounded in @ for || < 2m — 1} is
a Banach space with the norm [[u /¢ em-1 = Y sup | D7l (see [8]).
a|£2m—-1
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+ é:ll()(, ay(x, {(u)) [D}"u,, — DI"u])| + g (e, &(un,) = (x, ()] -

Nl ndl s + [<xo 90x 8@) [0, = w]d| > 0 for k- o0

by (3.5) and the uniform convergence of a;(x, {(#s,)) and y(x, {(u,,))-

Then Lu,, — Lu in I7(Q) and hence we have w = Lu in (3.4), as we wanted to
show.
At this point we can prove the following existence theorem.

Theorem 3.1. If M < m((1 + ¢,)/(1 — c,)) then L is regularly surjective; so the
equation (3.3) has a solution for each f € I’(Q).

Proof. Let us put
afx,z)=ofx,z) —r, cx,2)=y(x,z)—F i=1,...,n,
where r is equal to 3(M + m).
Of course the functions a; and ¢ satisfy again the condition (3.1); we also have

M —m

m— M .
=m—r§ai(x,z)§M—r=—2——— i=1,..,n,

(3.6)

m— M M-—m

=m-r=<cxz)sM-r=

Thus we have

Lu = (=-1)" Z]a,-(x, {(w)) + rDI"u + [e(x, {(u)) + r]u = (*T = S)u,

i=

where Su = —(—l)méla,-(x, {(u)) D" — c(x, {(u)) u.

By Lemma 3.2 it follows that S (which is of the same type of L) is bounded and
weakly closed; it also satisfies the inequality

(37) Isul, < M= ful, ek

and hence we have

(3.8) lim sup INCIP M-m
huli~e  Jule — 2

Therefore, by Theorem 2.2, we can say that, for
M —m
> Mo / .
the operator AT — S'is regularly surjective.

43



In particular, since M is less than m((1 + c,,)/(l — ¢,)), we have

. M+m M—m/
A=r= > ¢,

2 2

and, thus, rT — S = Lis regularly surjective. The assertion is proved.

Remark 3.1. If a(x, z) = a(x) and y(x, z) = y(x) (i.e. if Lis linear and therefore
l-homogeneous) the number r of the previous theorem is not an eigenvalue for the
couple (T, S) (see Theorem 2.4). This, since L = rT — S is linear, implies that Lis
one-to-one and hence bijective.

Remark 3.2. In the linear case we could get the same result by making use of the
classical perturbation theory.
In fact, with the same notation as in Theorem 3.1 we have

Lu = (=1)" ¥ ai(x) Di"u + y(x) u = (=1)" ¥ [a{(x) + r] Di"u +
=1 =1
+ [elx) + r]u =rTu — Su.
Moreover, because [[Sul|, < 4(M — m) |ul|, it is obvious that

“S”.Y(JV,LP(Q)) = SupM7 é M__:_m
wr[u] 2

as well as

[(rT) ™| 2, 1o(@yy = sup [ L (see footnote 9)) .
ue A ”rTu”p re,

Then, if we suppose M < ((1 + ¢,)/(1 — ¢,)), like in Theorem 3.1, we have

Isl s M52 <X e, = re, = 0y

and this, via the perturbation theory, yields that *T — S = Lis bijective.

Remark 3.3. If, instead of (3.1), the coefficients a(x, z), y(x, z) of L satisfy the
condition

3.1y a(x,z) € C*™(Q x R*), 9(x,z)eC%Q x R°)

(and also (3.2)), then the equation (3.3) can be solved, at least for m = 1, by having
recourse to a classical proceeding based on the Leray-Schauder Theorem. In fact,
if we introduce the mapping

T:ve# — T(v) = u,e # such that

L) = (=1)" % 2. €0) D, + 5(x. £e) o = S ().
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it is easy to show that this mapping is completely continuous, on the basis of Rellich-
Kondrachov’s theorem and the inequality

(3.9) |ulle < co||Luf, forall ues.

This last inequality is certainly valid since the coefficients of L, are regular (of class
C*™) for (3.1)'. In (3.9) the constant c, depends, at least for m = 1, on the modulus
of continuity of the coefficients (see [11]).

Thus we can find, in a ball “‘large enough™, a fixed point u, = v of T which, of
course, is a solution of (3.3).

Nevertheless, under the assumption (3.1) the coefficients of L, are only bounded
and measurable, and under this conditions, in general, we have not inequalities
(in I?) of the type (3.9) (see [ 10] for an extensive study of this question).
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