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OSCILLATION THEOREMS FOR CERTAIN NONLINEAR 
DIFFERENTIAL EQUATIONS WITH DEVIATING ARGUMENTS 

S. R. GRACE, Cairo and B. S. LALLI, Saskatoon 

(Received October 12, 1984) 

Consider the differential equation 

(1) x^")(t) = p{t) k{t, x{t), х^'^-Щ) х^"-Щ + q{t) \x[a{t)]\' sgnx [(т(0] = 0 

where n is even, a e (0, 1], p, q, a: [fo, oo) -^ [0, oo) and k: [̂ o, oo) x î ^ -> [0, oo) 
are continuous, q(t) not identically zero on any ray of the form [̂ *, oo) for some 
f* ^ to and 0 < (T{t) S t and a{t) -» oo as Г -> oo. 

We assume that: 

(2) k(t, X, y) S I j | ^ , - 00 < X , >̂  < 00 and jS ^ 0 ; 

(3) ( ^ "̂  I ^(^) ^4 ^ '^(^o, oo) for ß > 0; 

and 

exp [ — P(T:) dr ] ds = oo for ß = 0 . 
to ^J to J 

We restrict our attention to proper solutions of (l), i.e., those solutions x[t) which 
exist on some ray [Г,, oo) ci [^Q, OO) and satisfy sup {|^;(t)|: t ^ T]} > 0 for any 
T^ Tx^ A proper solution is called oscillatory if it has arbitrary large zeros; other
wise it is called nonoscillatory. Equation (1) is said to be oscillatory if all of its 
proper solutions are oscillatory. In case n = 2, p(t) = 0, cr(̂ ) = t, Kura [6] has 
shown that equation (l) is oscillatory if 

(4) lim sup -
t-*oo t 

T̂  ^(T) dr ds = 00 for some у e [O, a] , 0 < a < 1 . 

Ohriska [8] considered (l) with n = 2, p{t) = 0 and a = 1 and proved that either 
the condition 

(T\S) 

t--*-co ] t s 
(5) Hm sup t I q[s) -^ ds > 1 
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or 

^(5) ds > 1 . (6) lim sup 11 

is sufficient for equation (1) to be oscillatory, where 

y{t) = sup {5 ^ fo- ^(5) й t} for t ^ to . 

The purpose of this paper is to extend and improve Kura's result to equation (1) 
and generalize the work of Ohriska to the more general equation (l). 

We need the following three lemmas, the first is given in [3] and the second and 
third appeared in [7] and [4] respectively. 

Lemma 1. Let x(t) e C^\T, 00] and let 

x{i) > 0 , x'{t) > 0 , x"{t) ^ 0 for t^TA'=^--\. 

Then for each с e (0, 1), there is a T^ ^ T such that 

where (T{t) is as given above. 

Lemma 2. Let и be a positive and n-times differentiable function on [fo> °^)' 
/ / M "̂̂ (f) ^ 0 for t ^ tQ and n even, and u^"\t) not identically zero on any ray of 
the form [f*, 00), f* ^ tQ, there exist a t^^ tQ and an integer /, 0 ^ / ^ n with 
n 4- / odd and such that 

I > 0 implies и^Щ > 0 for t ^ t^ (/c = 0, 1, ..., / - l) 
and 

I S n - 1 implies (-1У+^ u\t) > 0 for t'^ t^ 

{k= I, I + l,...,n ~ 1). 

Moreover, for each 9 e (0, l), we have 

u{t) ^ ; — ^ f - 1 w^"-i)(r) for all large t. 
[n - 1)! 

Lemma 3. Let condition (2) and (3) hold. Then if x{t) is a nonoscillatory solution 
of (1), we have 

x{t) x^"~^XO > Ö for all large t. 

Our main results are as follows: 

Theorem 1. Let n = 2, 0 < a < l and conditions (2) and (3) hold. Suppose that 
there is a twice differentiable function (: [̂ ,̂ oo) -> (0, 00) such that 

(7) at) + C-^)Ç^èO for t^t, 
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and 

(8) Hm sup - Г f ' (^\ C{s) q{s) ds dt = oo , 

then equation (1) is oscillatory. 
Proof. Let x{t) be a nonoscillatory solution of (1), say x{t) > 0 fox t ^ ÎQ > 0. 

There is a f̂  ^ to so that x[(T(f)] > 0 for f ^ t^. By Lemma 3, there exists a 2̂ ^ h^ 
such that x\t) > 0 for Г ^ 2̂- Now the hypotheses of Lemma 1 are verified and hence 
for each с G (О, l), there exists a 3̂ ^ 2̂ so that 

(9) x[a(f)] ^ с ̂  x(f) for all t ^ t^. 

Thus, equation (l) reduces to 

(10) x"{t) + с (^\ q{t) x%t) S 0 for all f ^ <з. 

1 
Define 

w(0 1 - a m^'-v) 
Then w(t) satisfies: 

w-{t) ^ - c - at) (Щ q{t) + ~ ~ r{t) x'-^t) + 2C{t) x-%t) x-{t) 
\ t J 1 — a 

-ixC{t)x-''~\t)x-\t) = 

= -c'('^\it)q{t) + - ^ r{t)x'-%t) + ^ | x - ^ W -
t J 1 — a a C(0 

- (асЮ^-^'-ЧОУ'^ЧО 2 СЧО x-^jt) 
2{аф)х-''-\1)У'^ 

Г / 1 — а 
r{t) + 

C(f) a Ч-
By (7) we have 

(И) ^-^t)è-c^(^^Jc{t)q{t). 

Integrating (И) twice over [^3, t] we have 

(12) ' (^T^w «w '̂̂  ̂ ' = -40 + чь) + {t- h) w%) й 
й w(?3) + (( - fa) wX^s) • 

Dividing (12) by t and taking limit as i -> oo we, get 

•((3) ^ Hm sup ̂ " Г Г (-^)°"с(т) «(т) dt ds , 
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This is a contradiction to (8), and the proof is complete. 

Corollary 1. Let n = 2, 0 < a < I and conditions (2) and (3) hold. If 

(13) lim sup -- {(7{тУ д{т) ds = oo , 
'•^^ ^ J to-l to 

then equation (1) is oscilatory. 
Proof. The proof of the Corollary is the same as that of Theorem 1 for ф) = f", 

and hence is omitted. 
Remark . If w = 2, p{t) = 0 and cr(r) = t, then q{t) need not to be of fixed sign 

and hence our Theorem 1 for C(0 = ^̂  f^r some у G (О, a] and Theorem 1 in [6] 
are the same. 

As illustrative examples we consider the equations 

= 0 , r > 0, 

and 
1 x\t) + - x{t) + t-"^x^'^ [Vr] = 0 , f > 0 , 

and note that these equations are oscillatory by Corollary 1. We also note that the 
results in [1], [3], [5], [6] and [9] are not applicable to the above equations. 

The following theorem generahze Theorem 1 of Ohriska [8]. 

Theorem 2. Let conditions (2) and (3) hold and suppose that either 
/»00 

(14) hm sup ö-""^(t) q{s)às > (n — l)! and <y(t) non-decreasing , 

or 
(15) lim sup f-^ I q{s) ds > {n - 1)! . 

Then equation (l) with a = 1 is oscillatory. 
Proof. Let x{t) be a nonoscillatory solution of (1). Assume x{t) > 0 and x[(7(^)] > 

> 0 for f ^ 1̂ ^ Го > 0. By Lemma 3, there exists a 2̂ ^ î such that x^''~^\t) > 0 
for t ^ t2. The hypotheses of Lemma 2 are satisfied and hence there exists a Г3 ^ Г2 
such that 

x'{t) > 0 
and 

(16) x{t) ^ ~—^ f - 1 х^"-Щ , for some с e (0, l) and ^ ^ 3̂ . 
[n ~ 1)! 

There exists a 4̂ ^ з̂ such that 

(17) x[(j{t)] ^ — (T"-i(f) х^"-Щ , for some с e (0, 1) and t^t^. 
{n - 1)! 

271 



From (1), (16) and (17) we have 

(18) 

and 

(19) 

x { t ) ^ - - f - i ^)x[a(s)]ds. 
(« - 1)'- Jr 

xlc{t)] ^ —^^ a"- \t) q{s) x\jy{s)\ as . 
(n - 1)! 

Now we shall consider two separate cases in view of conditions (14) and (15). 

Case I. Assume that (14) holds. Since x{t) is positive and increasing, it follows 
from (19) that 

(20) 1 > 
(n - 1)! a-xo q{s) as , t ^ t4. . 

From (20) it follows that 

If we put 

lim sup ^-^ I q(s) ds < oo . 
f-»-oo (n 

lim sup ^-^ q[s) as = A . 

then, in view of (14), there exists a sequence of points {т^} such that т̂  -> oo as /< -> oo 
and 

lim ^^^-^ Г q{s)ds = A>1. 

So for e = (A — l)/2 > 0, there exists a number К such that for every /c > X we have 

(21) (̂^ 
Now, if we choose к > Kso that т̂  ^ t^, and moreover, a number с e (0, 1) such that 
2/(Л + 1) < с < 1, then (21) impHes 

(n - 1)! J,^ Л + 1 2 

which contradicts (20). 

Case II. Now assume (15), since y(t) ^ t, it follows from (18) that 

x{t)^-^~f-'r q{s)x[<T{s)]ds 
( " - 1 ) ! Jv(o 

, t ^ t 3 . 

Now, using the fact that x{t) is increasing and a{s) ^ t for s > y{t), the above 
inequality gives 

x(t) > f'^ x(t) 
^ ^ ~ (n - 1)! ^' 

q{s) ds, t^t-i 
T(() 
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or 

(22) 1 > . f - 1 Г q{s) as, f>t^. 

From (22), it follows that 
^ f j - l Лоо 

в = hm sup q{s) ds < oo . 
t^^ ( n - l ) ! j ^ ( , ) 

Suppose that (15) holds. Then similarly as above we again obtain a contradiction. 
This completes the proof. 

Remark . Theorem 2 can be apphed to equations when q{i) is integrable over 
[ÎQ, OO). For n = 2 and p{t) = 0, we note that our condition (15) and condition (6) 
due to Ohriska [8] are the same, while condition (14) is stronger than condition (5) 
in [8]. To see this, we consider the equations 

(23) x'{i) + Ц x\c2t\ = 0 , r > 0 

(24) x\t) + ^ x[r^^] = 0 , f > 0 . 

where ĉ , yi are positive constants i = 1, 2, C2 e (0, 1] and 72 ^ (Ö? !)• Equation (23) 
is oscillatory by Theorem 1 in [8] and our Theorem 2 if CiC2 > 1 and equation (24) 
is oscillatory by Theorem 1 in [8] if 7 j ( l — 72) > 1. We note that our Theorem 2 
cannot be applied to equation (24). 

Next, we consider the following illustrative examples: 
Example 1. Consider the equation 

(25) x̂ "> + {х^^'-ЩУ + ^ x[c2t] = 0 , n even , 

where c^, с2 are positive and с2 e (0, 1]. 
By Theorem 2, all solutions of (25) are oscillatory if CyC^"^ > (n — 1) ((n — 1)!). 

One can easily verify that results in [2] and [8] fail to apply to (25) since p{t) ф 0. 

Example 2. Consider the equation 

(26) x̂ "̂  + — |x^"~^^| x^"~^^ + c i r ^ x [ f ^ ] = 0 , n even , 
•\l * 

where c^, C2 and m are positive constant, 0 < C2 ^ 1. All conditions of Theorem 2 
are verified if C2{n — l) — m + 1 ^ 0 and Ci\{m — 1) > (n — 1)! and hence 
equation (26) is oscillatory. 

Remark . The results of this paper can be easily extended to more general equations 
of the forni 

(27) ^ ^ + KO 4^ ' ^(0 ' ^^""'XO) ^^""'XO + ^ ( 0 / ( ^ W 0 ] 0 = 0 n even 
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where p, q, and к are as above, f:R-^R is continuous, xf{x) > 0 for x Ф 0, 
without any change in the conditions imposed in Theorem 1 and 2. We only require 
that \f{x)lx'^\ ^ 7 > 0 for X Ф 0, 0 < a < 1 be satisfied in Theorem 1 and we 
impose the condition /(x)/x ^ 7 > 0 for x ф 0 in the hypotheses of Theorem 2. 
We note that / need not be monotonie. For illustration we consider the equations 

(28) 

and 

x"{t) + X + Г 

(29) x^"\t) + ±\x^ + ct~ 

exp sm X 

log I e + x^ 

= 0 , 0̂ > 0 

= 0 , r ^ 0 

and n is even. Equation (28) is oscillatory by Theorem 1 and equation (28) is oscil
latory by Theorem 2 provided 

T- n - 1 
> in - 1)! . 
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