Czechoslovak Mathematical Journal

Eduard Feireisl
On the existence of periodic solutions of a semilinear wave equation with a

superlinear forcing term
Czechoslovak Mathematical Journal, Vol. 38 (1988), No. 1, 78-87

Persistent URL: http://dml.cz/dmlcz/102202

Terms of use:

© Institute of Mathematics AS CR, 1988

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/102202
http://dml.cz

Czechoslovak Mathematical Journal, 38 (113) 1988, Praha

ON THE EXISTENCE OF PERIODIC SOLUTIONS OF A SEMILINEAR
WAVE EQUATION WITH A SUPERLINEAR FORCING TERM

EDUARD FEIREISL, Praha

(Received October 25, 1985)

1. INTRODUCTION

The problem of the existence of periodic solutions of a wave equation has been
studied very extensively at the present time. There exists a vaste literature concerning
both the homogeneous case (free vibrations. see [4], [6]) and the nonhomogeneous
one (forced vibrations, e.g. [2]). In the latter situation all up to now known results
are dealing with a sublinear forcing term, which is supposed to satisfy some growth
conditions connected with the spectrum of the corresponding linear operator. No
satisfactory results scem to be known in the superlinear case (except the paper [6]
of P. H. Rabinowitz dealing with an autonomous equation).

A. Bahri and H. Berestycki obtained in[1] positive results for Hamiltonian systems.
Unfortunately, the technique they used does not seem to be applicable in the
case of partial differential equations like a wave equation.

The paper presents some results in this direction. It is shown that for every forcing
term (right-hand side of the equation) satisfying some growth conditions there
exists a positive integer T in such a way that the equation possesses a solution which
is 21t/ T-periodic if a force is 2n/ T-periodic with respect to the t-variable.

Remark. After having completed the paper, the author was informed of the works
of K. Tanaka (see e.g. [7]). In case the function representing the “force” is a per-
turbation of an odd function or of a time-independent one, Tanaka’s results are
better and deeper than ours. All the same, our approach makes it possible to treat
more general situations concerning the forcing term.

2. FORMULATION OF THE PROBLEM AND MAIN RESULTS

We are going to investigate the problem {P}:

(1) ue(X, 1) — ug(x, 1) + f(x, t,u(x, 1)) = 0,

where the unknown function u = u(x, 1) is defined for all xe [0, 7], e R' and u
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satisfies the Dirichlet boundary conditions
®) u(0,1) = u(n, ) =0 forall teR'.
Moreover, u is to be periodic in ¢ with the period 21t/ T, i.e.
(3) u(x,t + 2nT) = u(x,t) forall xe[0,n], teR',
where T'is a positive integer.
The function f is supposed to satisfy the following conditions:

(F 1) The continuity condition:

f = f(x, t, u) is continuous on the set [0, 7] x R' x R'.
(F 2) The periodicity condition:

flx,t + 2n|T, u) = f(x,t,u) forall xe[0,n], t,ueR'.
(F 3) The monotonicity condition:

Ifu, = uy, then f(x, t, uy) = f(x, t, u,) for all x € [0, ], 1€ R™.
(F 4) The growth condition:

There exist positive constants cy, ¢,, ¢3, ¢4 and a number p,pe(2, + 00)
satisfying

() If(x, 1 “)l = Cl]“'p_l + ¢y,

(i) [f(x, t,u)] = csfulp™t — ey
for all x € [0, 7], ¢, u € R' and there exists § > 0 such that

(iii) ¢3/2 = ¢;/p + 6 (3, ¢; may depend on x, t as well).
Let us denote o = (cl, €y, C3,y Cqs p). The vector o will be considered as a parameter
of our problem.

Before presenting the main theorem, let us define the solution of the problem {P}
in a weak sense. Let us denote

Qr = {(x, )| xe [0, n], 1e[0,2n/T]} .

Definition. The function u is a solution of the problem {Py} if u € L,(Qy), f(+, u) €
eL,(Qr) and '
(4) jQTu((ptt - (pxx) +f(',u)(l) =0
holds for all functions ¢ which are both sufficiently smooth and satisfying the con-
ditions (2), (3).

Our main goal is to prove the following existence theorem:

Theorem 1. Let a parameter « and a nonnegative number K be given. Then
there is an integer T, = Ty(a, K) such that for every T = T, Te N and for every
function f, satisfying (F1)—(F4) with o and T, the problem {Py} has a solution u.
Moreover, u belongs to the class L,(Qr) and |u|,_q. = K.
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3. THE PROBLEM {P;} AS AN ABSTRACT OPERATOR EQUATION

First we are going to reformulate our problem {Pz}. We shall write Q, L,, | [,
instead of Qy, L,(Qy), | [l,ce.)» respectively. Let us define a function g by

g(x, t,u) =% f(x, t|T, u).

Observe that if f satisfies (F1)—(F4) with a parameter o then g satisfies (F1)—(F4)
with the same parameter and for T = 1. Moreover, it is clear that u satisfying

u(x, t) =" o(x, T
solves the problem {P;} only if v is a solution of the problem {P7} given by

(5) T? v,(x, t) — veo(x, 1) + g(x, t,0(x, 1)) = 0,

(6) 4 v(0, 1) = v(n, 1) = 0,

(7 o(x, t + 2r) = o(x,#) forall xe[0/x], teR!,

Obviously we have ||v]|,, = ||u]., g Consequently it suffices to find solutions of

the problem {P7}.
Let us consider the linear operator
2 62 az
Dy =T°— — —
i orr  ox
defined for smooth functions satisfying (6), (7). Dy has a selfadjoint extension on L,
(denoted for simplicity Dy again). The system of eigenvectors of Dy
V2 sin (kx) sin (j1) for keN, jeN
T
e(x, 1) = Z 1/n sin (kx) for keN, j=0
/
v2 gin (kx) cos (jt) for keN, —jeN
T
(N denotes the set of all positive integers) forms an orthonormal basis in L,. The
corresponding eigenvalues represent the spectrum Ay of D
Ar = {k* — j*T? | keN, je Z}
(Z denotes the set of all integers). Let us define Fourier coefficients for u € L, by
a,(u) = [pue,; forall keN, jeZ.
Now the operator D, has a spectral resolution
Dpv =Y (kK* — j*T?) a,,(v) e; .

keN
JjezZ

It seems to be convenient to introduce the notation
|Ar < z| = span{e,; |keN, jeZ, k* — j>°T* <z} for zeR'..

Further we shall write )" instead of ) .
keN
JjezZ
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Finally let us denote A, the greateét negative eigenvalue belonging to Ar.
We are going to prove the following lemma:

Lemma 1.
(i) For arbitrary a > 1 there exists the constant cs(a), cs(a) does not depend
on T and
(8) Y |k =T < es(a) < + 0.
K2— j2T240
(ii) The following estimate holds
) || 2 T.

(iii) The nullspace of the operator Dr, i.e. the L-closure of | Az = 0| is characterised
by
(10) N (Dr) = {u|u(x, 1) = q(t + Tx) — q(t — Tx),
qe L,[0,2n], (s + 2n) = g(s) forall seR', [3"q(s)ds = 0}.
Proof.

(l) Z |k2 _jZTZI—a < z ]kZ ___jZI—a <
k2—j2T2%0 k2—j2%0
<2y m™ Y n"% < cs(a) .
meN neN
(ii) |Ar] = |ko — joT| |ko + joT| 2 1. T.

(iii) See for example [2]. m
Now we need some estimates concerning the function g. Let us set
G(x, t,v) =% [g(x,t,5)ds forall xe[0,n], teR'.
Using (F4) (i), (ii) we get immediately

(11) G(x,t,0) < ¢yfp [v]” + ¢;v],

(12) G(x,t,0) Z ¢3/p |v]” — cyfv| forall xe[0,m], t,veR'.
Combining it with (F4) (iii) we have

(13) T g(x, 1,0) — G(x, t,0) = 8Jv|” — (c; + cq) ||

forall xe[0,n], t,veR'.
Finally let us define the function H
(14) H(v) =% sup {g(x, 1, v)| x€[0, x], te[0,2n]} —
— inf{g(x, t — v)| x e [0, 7], r€[0, 2n]} .
Observe that according to (F3) H is nondecreasing in v. Moreover the assumptions
(F4) (i), (ii) imply
(15) limH(v) = —o0.

v — 0

Let us consider the scale of Hilbert spaces H, defined for s € [0, 1], where H] is a
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completion of |4y + 0| according to the norm
T

j2T2%0
We have for every ve HY
lole =2 % ay)] <
K2—j2T2%0
SV2res@ ¥ [k = AT ag(0)} 2,
k2—jIT2%0
where a > 1 arbitrary (lemma 1). Interpolation theory gives
/ (e-2)/p
”v”p < (x 2c5((l)> { Z Ikz ___jZTZIa(p-—Z)/Z afj(v)} 1/2
T k2= j2T2%0 )
since p € (2, + o). We can choose a > 1 such that
r= a____(p—2)< 1.
p
Thus we have obtained an important estimate
(16) lo]l, < cqll[o]||-,r forall veH.
The constant ¢g > 0 does not depend on T.

One easily verifies that v is a solution of the problem {P} (see definition in § 2)

only if
velL,,

g(': U) € Ll B
(17) (k* = j°T?) ay(v) + ar;(g9(+, v)) = 0
holds for all ke N, je Z. '

4. THE FINITE DIMENSIONAL APPROXIMATION

We shall approximate our problem given by (17). Let us consider the sequence
of finite dimensional Hilbert spaces

E,=span{e;|k < n, |j|<n} for neN
with a norm induced by | ||,. We define the functional I} on the space E, by
L) = 33 (K = j°T?) aii(v) + [o G(+, v).
Clearly I} is of the class C*(E,, R') with the gradient
(grad IT(v), wy = Y.(k* — j°T?) a,/(v) a,;(w) + o 9(+,v)w.
We get according to (12) that I is coercive on E,, i.e.
(18) lim Ij(v) = 4.

llvllz=
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Our aim is to find some appropriate critical points of the functional IT on E,.
We shall use the following assertion.

Lemma 2. Let us choose z € R arbitrary. Then there exists a constant c¢,(z) € R',
¢,(z) depends neither on T nor on n, such that

(19) . If(v) 2 cs(z) forall ve|Ar Zz|nE,.
Proof. Let us choose v € [Ar = z| N E,. We have
LE)=% ¥ (K =T a5) + [oG(-,0) 2 22 ol + [p o]} — cafo] -

K2—jiT222

v

We have used the estimate (12). Further we get
1.(0) 2 z[2 o]z + cs[lo]3

co[o]»
where cg, ¢cg > 0 depend on o only. Thus we obtain

IT(v) 2 inf (22 X* + cgx” — coX) 2 ¢4(2). m
x=0

Let us denote the unit sphere in H; (r from (16)) by
SPl = {v|ve H],

We are going to prove the following lemma.

v

nr =1} .

Lemma 3. Let z € R* be a given number. Then there is Ty = Ty(z), T € N (T, does
not depend on n) such that for all T =z T,

(20) HOEE
whenever v belongs to SPT n |AT < 0| NE,

Proof. For ve SP] n |4y < 0| n E, we have
IIv)=1% Y (kK = j*T?) a;;(v) + [, G(-,v)

k2—j2T2<0
< = lollPr + eofp ol + eallo]s -

Now according to (9), (16) we can conclude

S 3TV + ¢y,
where ¢;, does not depend on T, n. If T is sufficiently large, then (20) holds.

Now we are ready to show the existence of critical points of the functional IT
belonging to a critical level which is bounded independently on n. This fact will
enable us to carry out a limit process.

Let us choose a number d < 0 arbitrary, d < ¢,(0). According to lemma 3 we
can find T = T(d) satisfying
(21) IN(v) £ d forall veSP/ n|A; <O|NE,.

In what follows, T = T(d) will remain fixed. Thus we can drop the subscript T
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for the sake of convenience. Set
¢;y = min (c,(2),d) — 1.
Denote by P, the orthogonal projection
P:E,—>|A<0|nE,.
Suppose that there is not a critical value of I, in the interval [c,q, d] i.e.
(22) If ve{v|gradl(v) =0}, then I,(v)e(—o0,cqy) U (d, +0).

Since (18) holds, it can be shown (see [5] for example) that there is a homotopy h
satisfying
h: {v|I,(v) £ d} x [0,1] > E,,

h(v,0) = v forall o,

(23) IL(h(v,t)) <d + e<cs(0); &€>0, forall ot
(according to (21)),
(24) h({v | 1,(v) < d}, 1) = {v|L(v) £ ¢14} -

Let us denote the unit sphere in E, N |A < O| by
S, ={v|veE,n|4<0|, [v],=1}.
Clearly there is the homeomorphism ¢ from S, onto SP,n ]A < 0| N E,. Now
according to (23), (21)
P,(h(v, 1)) = 0 forall veSP,n |4 <0|NE,.
Thus it is correct to define a new homotopy
h:S; x [0,1] - S, ,
Bo, 1) = De @0
[P, h(e(v), 1) 2
Now the mapping ﬁ(-, 0) is essential because it maps S, onto S, .
On the other hand if n is sufficiently large (in order to |4 = A| S E,), there exists
eeS, N |4 = 2. According to (24)
e¢ h(S;,1).
Consequently h(, 1) is homotopically trivial. But this is impossible and thus (22)
must be false.

We have just obtained the following result: There exists the sequence {v,,}
of approximate solutions of the problem {P7} satisfying

(25) 3 Z(kz - joz) alz.j(vn) + jQ G(': Un) € [011, d] s
(26) Y (k* — j2T?) ay(v,) aj(w) + Jo9(-,v,)w =0 forall wekE,.

©
n=ng
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5. THE CONVERGENCE OF APPROXIMATE SOLUTIONS

We are going to carry out the limit process in the sequence {v,, neno- First let us

set w = v, in (26) and combining it with (25), we get

(27) %IQQ("Un)”n— IQG(':U,.)E[—d, —011]-

Now using (13) we obtain the existence of the constants ¢y, >0 and ¢35 > 0 (by (F3))
(28) el <ens

(29) ||g(-, u,,)"p, < c¢y3 forall n = ny ,

where 1/p + 1/p’ = 1. Further we need the following lemma.

Lemma 4. For arbitrary ¢ > 0 there exists l(s) > 0 satisfying
(30) Y |k =T a(v,) <& forall nZn,.

k2= j2T2| z I(¢)
Proof. Let us set
w,= 3y sgn(k? = j2T?) a;(v,) e;

k2= 712 21

in (26). Thus we get

k2 .znlzllkz - jZTZI a’%j(v") = 013"W"”P S 6 C5H[W"“|f =
—-J =

< epael™VRL Y Ikz - j2T2| alfj(”n)} 1z,
k2= 77T2| 21

Since r < 1, we can choose ! > 0 such that
c13c6lTV12 < 2. m
Consider now the orthogonal projection
P:L,— H,.
According to (30) we have {Pv,};>, is totally bounded and consequently precompact

;m=no
in H;. Combining it with (28), (29) we get the existence of a subsequence (denoted
{v,} 2, for simplicity) satisfying

(1) v, > v weaklyin L,,
g(*,v,) > @ weaklyin L, ,
Py, —» v stronglyin H,.

For fixed w € E, we can pass to the limit in (26) now. We get

(32) (K = J°T?) ayy(v) ai(w) + foow = 0.
Setting w = v, in (26) we get

) i fo o0, = =[]

Now we can insert w = v, in (32) and pass to the limit

(54 [l = Jeve-
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Combining (33), (34) and (31) with (F3) we get
(33) ¢ =9g(v)
using standard arguments of monotone operator theory (see [3]). Thus (32) is equi-
valent to (17) and we conclude that the function v is a solution of the problem {P7}
belonging to the space L,.

Moreover from (27) using (33), (34), (35) and the convexity of G, we have

1lo9(+s0)v — [0 G(-0) 2 —d.

Applying (F4) (i), (ii) we get an estimate

(36) eif2 [oll} + (c2 + co) o] = —2.

v

6. REGULARITY OF THE SOLUTION v

It remains only to show that v is of the class L. The estimate (36) then gives
[v]l» = K if we choose d < 0 sufficiently small. In order to prove this, we use an
analogous technique as in [2].

Consider the following decomposition
V=10 + 0,

where v; = Pv and v, = (Id — P)v. It is known that ||v,[|,, < M (see [2]) for
some constant M. Now v, represents the nullspace component of v according to Dy.
Now we have :

(37)  [5g(x,t + Tx,v(x, t + Tx)) — g(x, t — Tx, v(x, t — Tx))dx = 0
for a.e. te[0,2n]

since g(+, v) is orthogonal to " (Dz) given by (10) (see [2] for details). Now v, can
be written as

© vy(x, f) = g(t + Tx) — q(t — Tx), gqasin(10), geL,0,2n].
Thanks to the assumption (F3) we get from (37)
(38) f59(x,t + Tx, M + q(t + 2Tx) — q(t)) —
—g(x,t — Tx, =M — g(t — 2Tx) + ¢(f))dx = 0.
Consequently after an easy computation
(39) Ja*H(M + g(s) — q(1))ds = 0 for ae. te[0,2n].
Suppose that there is a sequence {t,'7; < [0, 2r], ¢(t,) = n and
meas {t | 1€ [0, 2n], q(t,) = n} > 0. .
We can insert t = ¢, in (39) now. According to monotonicity of H we can pass to

the limit on both sides of (39). But the limit on the left-hand side equals — o0 ac-
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cording to (15). Thus
esssup g(s) < + .
se[0,2x]

Similarly we prove
esssup —q(s) < + o0
se[0,2n]

and consequently v, € L.

Theorem 1 has been proved.
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