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Let X be a complex Banach space with norm | +||. Following Globevnik [2], for any
element a of X we define E(a) to be the set of elements b of X such that |a + Ab|| =
= ||a] for all complex numbers 4 in some nonempty open disk about the origin.
The set E(a) is a (not necessarily closed) linear manifold in X. It has interesting
properties, which include a key role in an extension of the strong maximum modulus
principle [3, 5].

Theorem 1 (Globevnik [2]). Let f(z) be an X-valued analytic function on an
open connected set Q in the complex plane.

(i) If | f(2)| is constant for z in Q, then M = E(f(z)) is independent of z in Q,
and f(u) — f(v)e M for all u and v in Q.

(ii) If the closed manifold N = (E(f(z)))” is independent of z in Q and f(u) —
— f(v)e N for all u and v in Q, then | f(z)| is constant for z in Q.

In this paper we compute E(A4) for any element A of %(o#, '), the space of
bounded linear operators on a Hilbert space 5 to a Hilbert space " in the operator
norm. The result has features in common with the theorem on completing two-by-two
operator matrix contractions, a recent account of which is given in Ptdk and Vrbova
[4]. Our derivation of the result is independent of the latter theorem. It is sufficient
to treat the case |4 = 1.

Theorem 2. Let A be an element of B(#, A') with | A| = 1. Then E(A) is the set
of operators in B(H, A) of the form
(1) B = (1 = A4*)'> C(1 — A*A)Y/%,
where C belongs to B(H', A').

Here and below, underlying spaces are assume to be Hilbert spaces. The identity
operator on any space is written 1. We use triangular brackets <+, +) for inner

products and double bars H \ for norms, with subscripts to indicate the underlying
spaces.
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Lemma 1. Assume A, Be B(#, #) and |A| = 1. Then B e E(A) if and only if
there is a 6 > 0 such that

(2) IBf |% < 0<(1 — A*A) £, />
and
(3) [<Af, Bgdx|> < 6(L — A*A) £, [ (1 — A*A) 9, 9D »

for all fand g in #.
Proof. Assume that B € E(A). Then there is an R > 0 such that (4 + lB)fuff <
< || f||% for all f in # and |4| < R. Hence for any f in o and || < R,

2 Re KAf, By + 27 [Bf % < [£]% — |47 ] -
It follows that

(4) 2R[CAS, Bf > | + R*|Bf | ¥ < <(1 — A*A) [,/ -
Therefore (2) holds with § = 1/R?, and »
(5) [<Af, Bfy| < (2R)™ (1 — A*A) f, [ -

We show that (3) also holds with 6 = 1/R?. Consider first any f and g in # such
that
(= A*A) . [rr =<1 - A*4) g, 9> = 1.
Applying (5) with f replaced by f + g and f + ig, we obtain

[<AS, Bg>| = H<A(f + 9), B(f + 9)>x — <A(f = 9), B(f — 9)>x +
+ iKA(f + ig), B(f + ig)>x — IKCA(f — i9), B(f — ig))x| <
SR = A*A)(f + 9).f + 9o + (1 = A*A) ([ = 9)./ — 9x +
+ (1 — A*A) (f +ig).f + igdw + (1 — A*A)(f — ig).f — igdx] =
=(2R)T'[K(1 = A*A) f.fyx + (1 — A*A) g, 9> 5] =R™*.
Assuming only that {(1 — A*A)f,f>» +0 and {(1 — A*4)g,9>» + 0 and
replacing f and g in the preceding calculation by
fIK@ = A*A) f,/>%* and g[{(1 — A*A) g, 9>%",
we obtain (3) with § = 1/R>.
It remains to show that (3) holds with 6 = 1/R? if either {(1 — A*A)f,f) 4 or
(1 — A*A)g,9>» is zero. For definiteness, suppose {(1 — A*A)f,f>» = 0.

Repeating the estimate of the preceding paragraph up to the next to last stage, we
obtain

[<Af, Bgdx| < 2R)™' (1 — A*A) 9. ) .
Replace g by &g and let ¢ tend to zero to see that {Af, Bg)» = 0. We have shown
that (2) and (3) hold in all cases with § = 1/R2.

Conversely, suppose that (2) and (3) hold for some 6 > 0 and all f and g in #.
Then we may choose R > 0 such that (4) holds for all f in #. It follows from (4)
that (A + AB) f||% < |f]% forallfin # and |4| < R. Since [A| = 1, |4 + iB| =
= || 4] for |A] < R, and hence B belongs to E(4). ]
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Lemma 2. Given any operators U € B(# 1, #) and Ve B(H 5, X'), the following
assertions are equivalent:
() U = VW for some We B(H,, H,);
(ii) U, < Vit
(iii) UU* < AVV* for some positive real number A.
Proof. See Douglas [1]. [ |

Proof of Theorem 2. Suppose that B has the form (1) for some C in B(o#, X).
For any f in o,

IBf |5 = (1 — 44%)"2 C(1 — 4*4)"2 f 5 < 6,|[(1 — 4*4)' 2 f|% =
=0 K(1 = A*A) . fD s
where 6, = [(1 — AA*)"/> C||*. For any f and g in #,
AL, Bgyf? = [, A¥(1 = A4%)' C(1 — A*A4)'? g) 4|* =
= [<f, (1 — A*A4)'72 A*C(1 — A*A)'2 gy |* <
S 0X(1 = A*A) £, (1 — A*4) g, 9D 2
where 6, = ||4*C||>. By Lemma 1, B belongs to E(4).

Conversely suppose that B belongs to E(A4). Then B* belongs to E(4*). Choose &
for A, B and A*, B* as in Lemma 1. By (2),

B*B < (1 — A*4) and BB* < 6(1 — A4¥).
By Lemma 2 we can write
B=T(1 — A*4)'> and B* = R(1 — AA*)'/
for some Te #(#, &) and R € B(A, #). In particular,
T(1 — A*A)"* # = B# = (1 — AA*)'2 R*H < (1 — AA*)'* o =
= (1 — 44%)/2 g(4%),
where 2(A4*) = (1 — AA*)'2 A)". ’
Let #, be the range of (1 — A*A4)"/2, viewed as a Hilbert space in the inner
product which makes (1 — A*A4)"/? a partial isometry from 3# onto 3 4; the iso-

metric set of the partial isometry is 2(4) = ((1 — A*4)'? #)". Since the inclusion
of # ,in 5 is continuous, there is an operator T, € #(5# 4, #) such that

Tg=Tg, ge#,.

By what was shown above, T,#, < (1 — A4*)'/?> 9(A*). Hence by Lemma 2,
there is an operator C4 € B(# 4, D(A*)) such that

T, = (1 — A4*)'2 C,.
We show that C, is bounded relative to the norms of 2 and J". Consider vectors

u=(1—- A*4)"2fand v = (1 — A*4)"/? g in S, where f, g € #. For the positive
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number & chosen above, we have

(6) |(1 = 44%)'72 Caulle = |[Bf[5% = 61 = A*A) £, ). = 0[ul%-
and by (3),
(7 |<v, A*C u) o]* = [<g, (1 — A*A)'/2 A*C (1 — A*A)'2 [ 4]* =

= |<g, A*(1 = 44%)12 C(1 — A*A)'? [ 4|* = [<g, A*Bf Y |* <
S (1~ A*A) 9, 9w (1 — A*A) £, 1> e = l|u% 0] -
By (7), since A*C,u e A* 9(4*) = 9(A),
®) [ 4*C.aul < 8lul’ .
Combining (6) and (8), we obtain
[Cau|% = <(1 — A4*) Cu, Cau)y + CAA*Cqu, Caudy < 28||u% .

This shows that C, is bounded relative to the norms of # and X, and so there is
an operator Ce %(o#, ') such that C,f = Cf for all f in # 4. By construction,
for any f in &,

Bf = T(1 — A*A)'2 f = Ty(1 — A*A)'> f = (1 — A4*)'2 C,(1 — A*A)'2 f =
= (1 — 4492 C(1 — A*4)'2f .
Therefore B has the form (1). [ ]

It is natural to ask if a similar result holds for any C* algebra. John Erdos has
shown that the answer is negative, but there may be algebras other than %(#’) for
which the result holds. The author thanks John Erdos and Vlastimil Ptak for discus-
sions of the ideas in this paper.
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