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ROUTE SYSTEMS AND BIPARTITE GRAPHS 

LADiSLAV NEBESKÝ, Praha 

(Received January 3, 1989) 

Route systems, which are defined in the present paper, generalize the systems of all 
shortest paths of connected graphs. The route systems which are the systems of all 
shortest paths of connected bipartite graphs will be characterized here. 

We first make some conventions concerning sequences. Let Fbe a finite nonempty 

set. We denote by £fN(V) the set of all sequences (u 1 ? . . . , Uj) such that j ^ 1 and 

u l 5 . . . , Uj є V. Let k ^ 1, and let vl9..., vk є V; if we denote a = (vu . . . , vk), then 
we shall write |a| = k and ä = (vh,..., v^. Let m ^ 2, let n1? . . . , nm ^ 1, and let 

Wii, • •-, w1 ; l l , . . . , wml, ..., wmnm e V; if we denote 

ßi = ( w i i , . . . , w l f I 1 ) , 

ßm = (w m l , . . . ,W m „J , 

then we shall denote by (ßl9 ..., ßm) the sequence 

( w i i , . . . , w l n i , . . . , w M l , . . . , w m n M ) . 

Moreover, we denote by &(V) the set ^N(V) u {co}, where co is the empty sequence 
with the properties that \a>\ = 0, œ = a>, and (a>, y) = (y, co) = 7 for any у є У(Ѵ). 
We denote by J^iv(^) the set of all sequences (w l 5 . . . , u,-) such that j ^ 1, and u b . . . 
. . . , Uj are mutually distinct elements ofF. Finally, we denote s#(V) = s/N(V) u {co]. 

We shall say that an ordered pair (К, Щ is a rouře system i fF is a finite nonempty 
set, 0t £ ^ N ( F ) , and the following axioms are fulfilled: 

I. if a є ^ , then ä є ^ ; 
II. if a, 7 є jtf(7), j8 є s/jAy)> a n d (a> & У) E ^ > t h e n ß є ^ ; 

III. if u, v e V, a, ß, y, 5 є ^ ( F ) , and (a, u, ß, t;, 7), (w, 5, u) є ^ , then 
(a, u, ö, v, у) e 0l\ 

IV. for any distinct u, v є Fthere exists a є j ^ (F ) such that (w, a, ^) є 01. 
Let (F, ^2) be а route system. Then elements ofFwil l be referred to as vertices, and 
elements of 0t will be referred to as routes. Let u and v be vertices, and a be а route; 
ifeither u = v and a = (u) or w Ф ^ and there exists ß e s#(V) such that a = (u, ß, u), 
then we say that a is an u — v route. 

By a graph we mean a finite undirected graph with no loop or multiple edge, i.e. 
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a graph in the sense of [ l ] , for example. Let (V, Щ be a route system. By the graph 
of (V, Щ we mean the graph G such that the vertex set V(G) of G is identical with V 
and the edge set JE(G) of G is defined as follows: 

uv e E(G) if and only if (u, v) є ffi . 

for any distinct u, v e V. 
We say that a route system (V, Щ is on a graph G, if G is the graph of (V, Щ. 

Obviously, every route system is on exactly one graph. 
Let (V, Щ be a route system, and let G be its graph. As follows from AxiomIV, 

G is connected. If we denote by 0> the set of all paths of G, then ^ Ç ^ £ ^s(V). 
(Sometimes, paths of a graph are considered to be alternating sequence of vertices 
and edges. But in the present paper, paths ofa graph are considered to be sequences 
of vertices). 

Let G be a connected graph. Put V = V(G). If u, v є V, then we denote by d(u, v) 
the distance between u and v in G. Let wl5 w2 є V, and let a be а wx — w2 path of G; 
obviously, |a| ^ d(wl5 w2) + 1; we say that a is а shortest wi — w2 path of G if 
|a| = d(wl5 w2) + 1. Let ß be а path of G; we shall say that ß is a shortest path of G 
if there exist и, t; є Fsuch that ß is a.shortest w — v path of G. Let 3) denote the set 
of all shortest paths of G. It is easy to show that (V, Qi) is a route system. We shall say 
that (K, Qj) is the basic system on G. If G is not a tree, then there exists a route system 
on G different from the basic system on G. It is not difficult to prove that for every 
spanning tree Tof G there exists ffiT Ç sé^) such that each path ofTbelongs to 0tT 

and (7, ^ r ) is a route system on G. 

Let (K, ^ ) be a route system. For any w, u є F w e denote by # 0 (u , v) the set of 
all w eFsuch that there exists t e V— {w} with the properties that (w, i) є J>, ř belongs 
to a w — u route, and t belongs to no w — v route. Moreover, we define 

#(W15 W2) = #o(Wi, W2) U {wJ 

for any wl9 w2 є K Under the condition that (V, Щ is the basic system of a con
nected graph, the mapping # has been studied in [2]. 

P r o p o s i t i o n 3 in [2] can be reformulated as follows: if(F, Щ is the basic system 
on a connected graph G, then G is bipartite if and only if #(u , v) n #(u, u) = {u, i>} 
for any distinct u, г є V such that wy є £(G). In the present paper we shall prove 
a much more general result: 

Theorem. Let (V,&) be a route system, and let G be the graph of{V,0t). Then 
thefolIowing statements are equivalent: 

(1) #(w, v) n #(u, u) = {u, v} for any distinct u, v є Vsuch that uveE(G); 

(2) / o r an_y mutually distinct x, y, z є V such that yz є E(G) there exists 
a є s/(V) with the property that either (x, a, y, z) є 01 or (x, a, z, у) є áČ; 

(3) (F, $) is the basic system on G and G is bipartite. 
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Proof, (l)=>(2). Let (1) hold. Consider any mutually distinct x ,y ,zGFsuch 
that yz e E(G). We wish toprove that there exists a є se{V) such that either (x, a, y, z) 
or (x, a, z, y) is а route. To the contrary, we assume that neither (x, al5 y, z) nor 
(x, al5 z, y) is а route for any ô  є se{V). According to (l), x ф #(y, z) n #(z, y). 
Without loss of generality we assume that x ф #(>7, z). Denote xx = x. There exists 
^!Ge^(F) such that {xl9ß1,y) is a route. Since (xußi,y,z) is not a routeand 
*i Í #(j> z)> there exist y1? ál5 ß2 є ,^/(V) and x2 є V such that ßx = (yt, x2, c^), 
(х ь yu x2, jS2, z) is a route, j does not belong to ß2, and no vertex of Sí belongs 
to any хх — z route. Since neither (xx, al5 y, z) nor (x b al9 z, y) is a route for any 
oix e jf(V), Axiom III implies that neither(x2, a2, y,z) nor (x2, a2, z, y) is a route 
for any a2ejtf(V). Since no vertex of oí belongs to any x4—z route. Axiom III 
implies that no vertex of St belongs to any x2 — z route, and therefore, x2 є #(y, z). 
As follows from (1), x2 ф #(z, y). Obviously, (x2, ß2, z) is a route. Since (x2, ß2, z, y) 
is not a route, there exist y2, d2, ß3 є j^(7) and x3 є V such that ß2 = (y2, x3,c>2), 
(x2, y2, x3, j83, y) isaroute, z doesnot belong to ß3, and no vertex of b2 belongs to 
any x2 — y route. Since neither (x2, a2, z, y) nor (x2, oc2,y, z) is а route for any 
oe2 є jtf(V), AxiomIII implies that neither (x3, a3, z, y) nor (x3, a3, 3;, z) is aroute 
for any a3 є s#(V). Since no vertex of c>2 belongs to any x2 — y route, Axiom III 
implies that no vertex of d2 belongs to any x3 — y route, and therefore x3 e #(z, y). 
As follows from (1), x3 ф #(y, z). Since (x b yu x2, 8l9 y) and (x2, y2, x3, ß3, y) are 
routes, Axiom III implies that x b x2, x3 are mutually distinct. 

Ifwecontinueourconstruction,wegetasequence (x b x2, x3,..., X|F! + 1) ofmutual-
ly distinct vertices of V, which is a contradiction. Hence there exists а є jtf(V) such 
that (x, a, y, z) or (x, a, z, j) is a route, and (2) holds. 

(2) => (3). Let (2) hold. Obviously, G is connected. If (F, 0t) is the basic system 
on G, then it easily follows from (2) that G is bipartite. Therefore, we need to prove 
that (V, Щ is the basic system on G. 

Consider arbitrary u, v є V. We wish to prove that for any shortest u — v path f 
of G and any u — v route £ it holds that £, is a routeand Ç is a shortest path of G. 
We proceed by induction on d(u, v). The case when d(u, t>) = 0 is obvious. Let 
d{u, v) ^ 1. 

Consider an arbitrary shortest u — v path £ and arbitrary u — v route Ç. Put 
m = d(w, tf) and n = |C| — 1. Obviously, m = |£| — 1 and m ^ n. It £ and Ç have 
a common vertex different from u and t;, then — by using the induction assumption 
and Axiom III — it is not difficult to prove that č, is a route and Ç is a shortest path. 
We shall now assume that ç and Ç have no common vertex different from u and v~ 
Consequently, there exist mutually distinct vertices xl5 ...,xm, yu ...,yn such that 

£ = (xl5 ...,xm,3>!) and 

C = ( * i , y , p . . . , > ' i ) -

Obviously, xx = u and >'A = v. Denote 

ík = (xfc,..., xw, yl9 ..., j^) and Ck = {xk, . •., xu yH9 ..., Ук) 
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for each k є { 1 , . . . , m).Clearly, Çt = Ç and Ci = £• Since £ is a shortest path and Ç 
is a route, we can see that Çk and Cu arepaths ofG, for each k є { 1 , . . . , m] . 

We now prove the following auxiliarly statement: 

(4) if Cj is a route, then Çj is a route, for any j є { l , . . . , ra] . 

Consider an arbitrary j e { l , . . , , m } . There exist mutually distinct vertices 
ul9 ..., um,vi9..., y„ such that 

(5) Cj = (u^...,u^Vi) and 

(6) Cj = (u^Vn,...,vJ. 

Clearly, {u l 5 . . . , u m , vl9...,vn) = {xl9...9xm9 yl9...,yn}. Now, let C3 be a route. 
Obviously, if m = 1, then £, is a route. Assume that m ^ 2. Let d(ui9 ^ ) ^ m — 1; 
according to the induction assumption Cj is a shortest ux — vx path of G, and thus 
|Cj| ^ m; but |Cj| = n + 1 > m, which is a contradiction. Thus, we may assume that 
d(ux, Vi) — m. Therefore, Çj is a shortest path. It follows from the induction as
sumption that (u l5 . . . ,uw) is a route. According to (2) there exists yejtf(V) such 
that either (ul9 y9 vu um) or (u l5 y, um, u J is a route. We first assume that (u l5 y, f1? um) 
is a route; since Cj is a route, Axiom III implies that (u l5 r„ , . . . , vl9 um) is also a route; 
since d(wls um) = m — 1, it follows from the induction assumption that (u l5 vn,..., 
vl9 um) is a shortest ux — um path; thus n + 1 = m — 1, which is a contradiction. 
We now assume that (u l5 y, um, v^ is a route; since (w1? ..., um) isa route, Axiom 
III implies that £,- = (u x , . . . , um, ^ ) is alsoaroute,whichcompletestheproofof(4). 

Recall that Ç = fi and Ç = Ci- Since C is a route, it follows from (4) that Č, is also 
a route. It remains to prove that C is a shortest path of G; in other words, to prove 
that m = и. To the contrary, we suppose that n > m. 

Denote 

C m + 1 " ( J i ? Xffl' • ••> X 1 ? Jn> • • •> J m + l ) • 

We distinguish the following cases and subcases: 

1. Assume that Cm+i is a route. Since £i is a route, Axiom III implies that 
(Уі>--;Уп,ХІ9Уп,.';Ут+і) Í S a r O U t e - B u t (УіУ'--9Уп,Хиуп9...9ут+1)ф^Ѵ)9 

which is a contradiction with the definition of a route system. 

2. Assume that £m+1 is not a route. Since Ci is a route, there exists j є {l, ..., m} 
such that 
(7) Cj is a route but Cj+i is not a route . 

We express Cj and Cj as in (5) and (6), respectively. Since Cj is a route, it follows 
from (4) that £,- is a route. 

2.1. Assume that m = 1. It follows from (2) that there exists ô є *^(F) such that 
either (vn9 ô9 ul9 Vi) or (vm ô, vi9 ux) is a route. Recall tha t (u l 5 vn, ..., ^ ) i s a route. 
lî(vn9 ô, uu vt) is a route, then according to Axiom III (vn9 ö, uu vn9 ..., vx) i s a route, 
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but (vn, ô, uu vn,..., vt) ф я4тАУ)> which is a contradiction. Similarly, if (vn, S, vu u^ 
is a route, then (vn, ô, vl9.•, fl„, u ^ is a route, which is also a contradiction. 

2.2. Assume that m g 2. As follows from (2), there exists q> e s/(V) such that 
either (м2, ф, v2, vx) or (u2, <p, vl9 v2) is a route. 

2.2.1. Assume that (u2, Ф, v2, t>i) is a route. Since d(u2, ѵх) ^ m — 1, it follows 
from the induction assumption that (u2, ф, u2, ^ ) is a shortest path, and therefore, 
|ф| й m — 3. Since (u l5 u 2 , . . . , um, ^ ) and (w2, ф, r2, t^) are routes, we have that 
(uí9 u2, ф, t*2, t7x) is a route. Since |<p| ^ m — 3 and (ux, u2, c>, #2) is a route, we 
have that d(uí9 v2) й rn — 1. Since (u l5 ия , . . . , ü2) is a route and d(ui9 v2) S m ~ 1, 
it followsfromtheinduction assumption that (ul9vn9...9v2) is a shortest path. 
Thus, n ^ m, which is a contradiction. 

2.2.2. Assume that (u2, q>, y2, t^) is not a route. Then (u2, ф, r l 5 r2) is a route. 
According to (2), there exists ф є s/(V) such that either (t>2, ^ , w2, Mt) or (r2, ^ , uu u2) 
is a route. 

2.2.2.1. Assume that (u2, *A, "2> u i ) i s a route. Since (u2, ф, и1? r2) is a route, 
we have that (r2, r l 5 ф, u2, ux) is a route. Since (ui9 vn9 ..., z^) is a route, we have 
that (v2, vi9 v2,..., vn, ux) is a route, which is a contradiction. 

2.2.2.2. Assume that {v2, ф, w2, ut) is not a route. Then (v2, ф, ul9 u2)is a route. 
Since (u l 5 u„,. . . , ü2) i

s a route, we have that (u2, u l 5 ии , . . . , v2) is a route. This means 
that (j-+! is a route; which is a contradiction with (7). 

Thus, we have received that m = n. Consequently, we have proved that (3) 
holds. 

(3) => (1) Let (3) hold. Obviously, G is connected. If \V\ й 2, then (l) holds trivial
ly. Let \V\ ^ 3. Consider arbitrary adjacent vertices u and v of G. Let w є V — {u, v}. 
Since G is connected and bipartite, we can see that either d(w, u) = d(w, v) — 1 or 
d(w, v) = d(w, u) — 1. We first assume that d(w, u) = d(w, v) — 1. It is obvious 
that if a is а shortest w — u path of G, then (a, v) is а shortest w — v path of G. 
Hence, w$ # ( u , r ) . Similarly, we can show that if J(w,t>) = d(w,u) — 1, then 
w £ #(t;, u). Thus, we have that w £ # (u , i>) n # ( r , u). This means that (l) holds. 

The proof of the theorem is complete. 
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