Aplikace matematiky

Ivan Hlavacek
On the existence and uniqueness of solution of the Cauchy problem for linear

integro-differential equations with operator coefficients
Aplikace matematiky, Vol. 16 (1971), No. 1, 64-80

Persistent URL: http://dml.cz/dmlcz/103326

Terms of use:

© Institute of Mathematics AS CR, 1971

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/103326
http://dml.cz

SVAZEK 16 (1971) APLIKACE MATEMATIKY ClsLo 1

ON THE EXISTENCE AND UNIQUENESS OF SOLUTION
OF THE CAUCHY PROBLEM FOR LINEAR INTEGRO-DIFFERENTIAL
EQUATIONS WITH OPERATOR COEFFICIENTS

IvaN HLAVACEK

(Received May 7, 1970)

INTRODUCTION

In the theory of neutron fields some problems arise, which may be described by
means of integro-differential equations with initial conditions. The aim of the present
paper is to state a class of problems, covering the above-mentioned physical example,
and to prove the existence, uniqueness and continuous dependence of their solutions
on the given data. A variational approach (see [1]) is used to establish the definition
of a generalized (weak) solution of the Cauchy problem, which is an extension of the
concept of generalized solutions in case of differential equations (compare [2]).
Following the work of Lions [2], the proof of existence is based on a special projection
theorem and that of uniqueness on a method, originated from Jlaapokenckas [3].

1. NOTATION. STATEMENT OF THE PROBLEM

Let a bounded interval I = <0, T) and a basic Hilbert space H be given, with the
scalar product (u, v) and the associated norm |u| = (u, u)'/%.

V will denote a Hilbert space with the scalar product ((u, v)) and the norm |u =
= ((u, u))"/. '

L,(1, H)and L,(I, V) will denote the spaces of functions u(t), mapping the interval I
into H and V, respectively, and such that

J\T|u(t)|2 dt < 0 and JTHu(t)nz dt < oo,

0
respectively.

2(x, Y) denotes the space of linear continuous mappings of a Hilbert space X
into a Hilbert space Y.
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Let use denote u'(f) = du/dt, u"(t) = d?u/dt*. Suppose that

(1)
(2)

VeH, Huﬂ = c[u| forevery ueV and

(ueV. Juf = 0) = Ju] = 0.

Let three real bilinear forms ay, a,, a,, be given, depending on parameters ¢
and t, 7, respectively, such that

()
(4)

()
(6)

ao(t; u, v) and a,(t; u, v) are continuous on V x Vfor t € I, a,(1, t; u, v) is con-
tinuous on H x H fort,tel.

Moreover, let the operators B(t)e Z(V, H) and C(f)e £(H, H) for tel be

given and let there exist positive constants a, A, ¢, ¢,, ¢ such that

ao(t; u, v) = ayt, v, u),

ao(t; v,0) + Aof? = afo]?

holds for every u,veVand tel,

(7)
(8)
©)

(10)
(11)

(12)
(13)

ao(t; u, v) e CM(I), (continuously differentiable function of ¢ € I) for any fixed

u,vev,

ay(t; u, v)e CU(I),
lay(t; u,0)| < c,fu| . o] for tel, u,veV,
(v, B(t) v) < ¢,
(f, B(tyv)e C(1) forevery feH, veV, tel,
(€l 0) = (0. () 0.
(C(t)v,v) = cy|v)*, for tel, u,veH,
(C(t)u,v)e (1) forevery u,veH,

Jtaz(t, 75 u(7), v) di| < ¢yl (j;lu(f)lz dr>1/2

0

for every ve H, u € Ly(I, H) and almost all t € 1.
Furthermore, let

(14)

be given.

feLy(I,H), voeH

Definition 1. (Weak solution of the Cauchy problem.)

D(I) will denote the linear manifold of functions @ € L,(I,V), for which ¢"€
€ Ly(I, H) and ¢(T) = 0.
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We say that a function u is a solution of the Cauchy problem (0, v,,f), if
ueLy(I,V), u' e Ly(I, H), u(0) = 0 and

(15) fr{~ () (1), @(1)) + (' (1), B) o(1)) + aolts ut), (1)) +

+ a,(t; u(1), o(1)) + jlaz(t, 75 u(7), (1)) dt } dt =
= [0 o) a5 + (€)1, 600)

V]

holds for every ¢ € D(I).

Remark 1. The problem 2(0, v,, f) may be formally interpreted by an integro-
differential equation

(16) L= £ (W) + B0 W0 + A0 U0 + [ K 7)) de = 10)

with initial conditions u(0) = 0, u’(0) = v,, if u” € L,(I, H), A(f) means the (un-
bounded) operator, to which the bilinear form a, + a, is associated, B(r) € Z(H, H),
B*(1) is the operator adjoint of B(t) and K(t, t) € £(H, H),

T
J' [K(t,7)|* dt < o0 for almost all tel.
0

Remark 2. Let us suppose the “convolution symmetry” of operators occuring
in (16), i.e., let

0 0

jT(A(t) u(t) + J K(L 7 u(r)de, ofT — 1)) dt
_ J' A0 o) + J' 'K(t, 7) oz dr, u(T — 1)) dt ,

0 0

t

j "(BH() u(t), oT — 1) dt = J (BH(1) oft), u(T — 1)) dt ,

0 )

d JH(B*(1:) u(t), o(t — 1)) d1|,o7 = d\J‘r(B*(‘E) o(t), u(t — 7)) dt|,= 7,

dt J, dt J,

It

j (1) u(t), oT = 1)) d J.T(C(r) o{t), u(T = 1)) dt .

0 0

Then (15) means the condition of the stationary value of the following functional

(see [1])
F(u) = jT(L u(r) = 2f(1), u(T = 1)) dt + (u'(0) — 2vy, C(0) u(T)),

0
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if we set Su(T — 1) = ¢(t). Hence the Definition 1 extends the variational formulation
of the problem to the equations with non-symmetric operators.

Example. In the theory of neutron fields the following integro-differential equa-
tion occurs for the unknown function u(x, t) on Q = (0, 1) x (0, T)

m m

d?u du o%u Y- iy
c—— +b— +au——— + Yo | e u(t)dr =3 B,
dt* ot Ox? j=1 0 i=1

where a, b, ¢, o, B;, 4; (G=12.., m) are given constants. Let us choose H =
= L,y(0, 1), W§"(0,1) = V = w$(0, 1) in accordance with the kind of the boundary

! )
ao(t; u, v) = auv + & oo dx,
0 0x 0x

conditions and

a(t; u, v) =0,
m l
a(t, t;u(r),v) =y ozje"‘f“”J‘ u(t)vdx .
Jj=1 0

Then all the suppositions (1) till (14) can be easily verified. The problem is even
“potential” in the sense of Remark 2, because all the operators are ‘“‘symmetrical in
convolutions”.

2. EXISTENCE AND UNIQUENESS THEOREM FOR THE PROBLEM #£(0, v, f)

The main object of the present section is the

Theorem 1. Assume that (1) till (14) hold. Then there exists one and only one
solution u of the problem #(0, vy, f) and

(17) f:(liu(t)ilz + Ju(n)?) di = U:lf(t)l2 dr + lvolz}-

First we shall prove some auxiliary lemmas.

Lemma 1. Let H, and H, be two Hilbert spaces with the scalar products (u, v),
and (u, v)z, respectively. Suppose that a(t; u, v) is a bilinear form continuous on
H, x H, for every tel and a(t;u,v) is bounded on I for any fixed ue H, and

ve H,.
Then there exists a constant M, independent of t, u, v, such that

la(t, u, v)] < Mlul, |v],
holds for every tel,, ue H; and ve H,.
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Proof. For any t € I we may write
a(t; u, v) = (A(t) u, v), ,

where A(t)e #(H,, H,). Then the norms ||A(¢)| are bounded on I. Indeed, if the
contrary is true, there exists a sequence {t,} < I, such that

l4(t)]| = n.

Using the well-known approach (see e.g. the proof of Banach’s theorem on the
boundedness of norms of linear continuous operators [4] §19), we can prove the
existence of an element @ € H, and of a subsequence {t,} < {t,}, such that

|At) |, = k.
Let us set A(f,) # = w,. The supposition of our Lemma implies
(Wi 0)2] = [(A(t) @, v),| < M(v)

for every ve H,, k = 1,2, ... Then also the norms of the functionals (wk, v)z, ie.
[wi|2, are bounded (see e.g. [5] § 23), which is a contradiction. Finally, it suffices to

write

[a(ts u, o)| = [(A(0) u, v);| < [A()] [ul [0l
and to restrict the norms of A(f) by a number M.

Lemma 2. The problem 2(0, v, f) is equivalent to the problem 2(0, vy, e *f)
with the bilinear forms @, (i = 0, 1, 2) and the operators B(t), C(1), satisfying (3)
till (13) and such that

(18) a(t; v, v) Z oy [|o]|?,
(19) ay(t; v, v) + 2a,(t; v, v) = oy [|v]?
holds for every tel, veV, with a; > 0 independent of t, v.
Proof. Let us introduce a transformation *
(20) u(t) = w(t) &, (k real constant).
The corresponding transformation of the trial functions in Definition 1 is
(21) o(t) = y(t)e™
according to Remark 2. Indeed,

o(t) = ou(T — 1) = T 6w(T — 1) = Tow(T — 1) e ™.
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Inserting (20) and (21) into (15), the result can be arranged in the original form, if
we set

(22) ao(t; w, ) = ao(t; w, ¥) + k*(Cw, ),
a(t; w, ¥) = a(t; w, ) + k(w, By) + k(C'w, ),
a(t, v w(r), ¥) = 70 ay(t, 1, w(t), ¥),
B(t) = B(1) + 2k C(t), f(t)=e""f(1),

where C’ = d C(1)/dt. We can verify without difficulties that the new bilinear forms,
operator B(t) and f satisfy (3) till (14).

Using (7), (9), (12) and Lemma 1 (with H, = H, = H, M = ¢'), we derive
(23) a,(t; v,0) £ cvf| o] + key|v]* + ke'|o]?.
Let 0 < «; < 2. Then according to (22), (6), (11) and (23)

ao(t; v, v) + 2a,(t; v, v) — oyf|v]*> =
2 (2 = 1) o] * = Afp]* + K eslo]” = 2, o] [o] = 2k(e; + ¢) [o]* =
= (o — ;) |v])* = 2¢4]Jo] |o] + (K*c5 — 2ke, — 2ke’ — A) |o]* 2 O

holds for sufficiently great k2. If
k?c; — =0

at the same time, we obtain (18) and (19).

Convention. Henceforth we shall use the inequalities (18) and (19) instead of (6),
which is justified by Lemma 2.

The proof of existence of Theorem 1 will be based on the following projection

Theorem 2. (Lions [2], chpt. 3.) Let F denote a Hilbert space with the norm |u|g
and & its linear subset with the norm |p|e.(® need not to be complete with this norm.)
Let a constant ¢ > 0 exists such that

(24) |o|r < c|p|le for every @ed.
Let E(u, ¢) be a bilinear form on F x & such that

(25) E(u, q)) represents a continuous functional on F for every ¢ € ® and a constant
o > 0 exists such that

(26) |E(p, 0)| = o|p|3 for every ¢ed.
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Moreover, let L(¢) be a linear continuous functional on ®. Then there exists
u € F such that

(27) E(u, ¢) = L(p) for every ¢@e® and
(28) lule < ca”"L],
where

|| = sup |[L(¢)| ontheset pe®, |p|lo=1.

Lemma 3. Let ¢ satisfy the following conditions

(29) peLy(L,V), ¢ e€Ly(I,V), ¢"€LyI, H),
(30) p(0)=0, ¢(T)=090.
Then the inequality
T
(31) J‘ {ao(t; e g, e ") + ay(t; e Mg, e V') +
0

t
+ J‘ ay(t, ;e (1), e 7 /(1)) dt + (e "9’, B(t) e ") —
0

— () o', (e-wn} 4 2 el

where

(32) |7l = _[TU|€‘7’<PI|2 + e} di + o' (O,

(V]
holds for sufficiently great y > 0.

Proof. We shall estimate separate terms gradually. Using (5), (7), (30), (18) and
the inequality
|a5(t; @, )| = es]o]? .

which is a consequence of (3), (7) and Lemma 1, we may write

T T
2J‘ aot; e ", e M@’ dt = -[ e 2t {di ao(t; @, @) — ag(t: o, <P)}df =
t
0

0

.
= f e "2pao(t; @, @) — ay (15 ¢, @)} dt + e 2 Tay(T; o(T), o(T) =
0

= Jte_z"(%alﬂw(t)ﬂz = eslo(®)]?) di.

0
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Next we derive on the base of (13)

T t |
J dtJ. ay(t, t;e7 7 (1), €77 /(1)) dt| <
0 0 |

T t 1/2
c4J. 2le™ ¢'(1)] (J le™"* o(7)|? d‘c) dt <
0 0

T Tt
<ec, “ le™™ @'(1)|]> dt + 64'[ dtj le™" o(t)|* dr.
0 o Jo

o

(33) 2

IIA

In the last integral it is possible to change the order of integration to obtain

T T T
69 o f e K
0 T 2y Jo
1 ’ -yt 2
< — | |e7o(n)|* dr.
2y Jo
Using also (8) and (1), we may write

T t !
2 f {a](t; e M, e Me") + J ay)(t, e @(z), e (1)) dr} dt <

0 0

T
é_[ {2eile™ ol e 0| + cale™ @O + Sey™'e e o(n)]7} dt .
0

According to (9), (30), (11) and (12), we have

T | T
2 u (e7¢’, B(t) e "¢')dt, < 2c2f le=7 @'(1)|* dt
lJo 0
and

-2 j () o () di = — f () o (e Y) +

0 0

+ ((e"2"0"Y, C(1) ')} dt = (C(0) ¢'(0), '(0)) + 2 '[ "e2n(C(t) of, 0') di +

T
+ f e (C(1) @', @) dt = c5|'(0))* + J (2yes = &) |e7 " @'(1)]? dt.

0 0
Altogether, the left-hand side of (31) is greater or equal to the expression

.[T{(Wn = des = deac™ ) e o) = el ()] [T o' ()] +

0

+ (ves — 4" — ¢y — Leg) e @' (1)|*} df + 1es] @(0)]2 .
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Substituting for the product in the second term the sum of quadrates, we obtain the
assertion to be proved.

Proof of Theorem 1. Existence. Let us choose in Theorem 2

F:{ueLyI,V), u' € Ly(I, H), u(0) = 6}
with the norm

luf? = j OT(ne*“ u(O)] + Jer w (o)) dr

and let @ be the set of functions, satisfying (29), (30) and possessing the norm (32).
Obviously (24) holds with ¢ = 1. Let us define forue F, p €

E(u, ¢) = JT{ao(t: e " u(t), e " @'(1)) + ay(t; e u(t), e (1)) +

+ ftaz(t, tre " u(t), e @'(1)) dr + (e7 7 u'(1), B(t) e (1)) —
— (C(t)u'(1), (e @'(1))) dt .

We shall show, that the functional E(u, q)) is continuous on F for every ¢ e ®.
Indeed, using (3), (7), Lemma 1, (1), (8), (13), further (4), (10), (12) and again Lemma
1, we obtain

[E(u, )] < f

oT {M”e'”q)’ll le7ull + ere™ e ™" Je™ u] +

t 1/2
+ cgle” o/ <J le™ 7 u(7)]? dr) + cqle” | [le” || +
0
+ 2ycgle” M| le™7"| + cgle™ | ]e"'qo”]} dt £

T t 1/2
< f <||e_"'uuz el + J' le~ " u(2)|? dr) Glo, @', @) dt
0 0

where G(¢, ¢', ¢") is a square-integrable function on I. Applying the Cauchy-Bunia-
kovski inequality, we derive

[E(u. ¢)] < ( j ;(He“""uil\z el +

t 1/2 T 1/2
n f o= u(r)zd'c)dt) (J (o, ¢, (p”)dt) .
0 )

Fubini’s theorem yields, like in (34), that

T T T
'[ dtJ”|e"" u(r)l2 dr < Iy~ ! J Ie"’” u(t)]z dt £ —‘Z—y_lc—zf [[e_” u(t)“z de,
o Jo 0 0
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consequently

[E(u, @)] < Julr (1 + 1y~ te2)2 <J~T

0

1/2

Gz(‘P* (P’, (p/r) dl>

According to Lemma 3, we can choose a positive y such that (26) will be satisfied.
Furthermore, let us set

L(p) = jr(e_y' f(1), 77" @'(1)) dt + (C(0) vo, ¢'(0)) .

L(e) is continuous on @, because

o) 1) = ([ lemsop ey ([ 1 o0 )+ )] ol |00) =

< lolo ([ e 0 ac-+ e )

Theorem 2 yields the existence of an element u € F, which satisfies (27) and (28). We
shall prove, that this element represents a solution of the problem 2(0, vy, f) ac-

cording to Definition 1. It suffices to verify (15). Let us consider an arbitrary ¢ € D(I)
and set

t
(39) @o(t) =I e p(t)dr for tel,
0

consequently

‘P(’) = ¢ 2" ‘/’f)(t) s (/’0(0) = ¢6(T) =0, ¢p,ed.
Then

E(u, o) = L(¢y)
follows from (27) and inserting (35) into this equation, we obtain

r{ao(t; e u(t), ¢ () + ar(ts e u(t), e ol0)) +

0

+ Jﬂaz(r, e " u(t), e o(r)) dr + (e7 7 u'(1), B(t) e o(t)) —
= (C() w(), <P'(t))} di = jT(e'"f (1). e o(t)) dt + (C(0) vo, ¢(0)) -

The exponential functions may be cancelled out and we conclude that (15) holds.
Thus the proof of existence is complete.
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Uniqueness. It suffices to prove, that the problem ,@(0, 0, 0) has only trivial solu-
tion. Let u be a solution of 2(0, 6, 0). Choose 0 < s < T and define

(36) go(t)——f t)dt for 1<,
o(t)y =0 for t=s.

We can easily verify, that ¢ € D(I). Inserting f = 0, v, = 0 and (36) into (15), we
obtain

2 j {( (1), 0(1) + a,(t; @'(1), (1)) + j ;“2(” % u(z), o(1)) dr +
+ (w(0) B (1) ~ (C0) (o), u(,))} ar = 0.

Making use of (5), (7) and (I1). we may write
45 e 000 = i o0 0 + 20,00, 000 +
+ 20 B0) 9(0) — (€0 u() o) + (C0) o). u(o) +
+ 2f'a2(r, 7 u(z), (P(t))dr} dt =0

0
and therefore

(37) ao(0: 0(0). 9(0)) + (C(s) u(s). u(5) =
= f{Za,(t; @', ) — ay(t: @, ) + 2(u'(1), B(t) o(t)) +

t

+ (C'(1) u(t), u(r)) + 2f ay(t, t u(z). (1)) dr} dt.
0

Using the identities

ral(t: @', 0)di = —a,(0; 9(0), ¢(0)) — fs{al(t; ¢, ¢') + ait; 0, )} dt
J‘ (u', B(t) @ J(u B(1) u)dt — J“(u, B'(1) ¢) dt,

the relation (37) may be rewritten as follows
(38) ao(0: ¢(0), ¢(0)) + 2a,(0; ¢(0), ¢(0) + (C(s) u(s), u(s)) =
= j‘s{—m](t; @, @) — 2a\(t; ¢, 9) — ag(ts o, @) — 2(u, B(t) u) —

— 2(u. B(1) ) + (C'(t)u, u) + 2 Jﬁtaz(t, 7 u(), o(1)) dt} dt.

0
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The left-hand side of (38) can be estimated from below by means of Lemma 2, (19)
and (11), the right-hand side from above by means of (8), (7), (3), (9). (4), (10), (12),
Lemma I and the inequality

2dt

az(t e u(c), (1)) de f 2o(0)] ( lu() lzdr)l dr <

< e [ Jlotor + jhﬁwd%dt—ajﬂw OF + sfu(o]?) d

Thus we obtain

o) + eslu(s)]* =

 [[Gedloll Il + 2illol? + eslol® + 2esul + 2eiul ol + €l +

+ calol? + ¢y Tlul?} dt
which yields

o) + o) = e [ (o + o) ar
Let us introduce
u(t) = J. u(t)dr,

s0 that () = o(t) — v(s). Then
() n«»W+ww»v§c»jkwwmv+l«M%dr+z@ﬂwﬂw.
.
In case that | — 2¢4T > 0, we have
(40) |M»W+www2§kfwdmv+hWW}m
.
for all s € (0, T), (k = const.). We shall need the following

Lemma 4. Let w(s) € L,(0, so) be a real function such that
(41) o*(s) £ kJ‘le(t) dt
0

holds (almost everywhere) in (0, so). Then w(s) = 0 almost everywhere.

J’mwz(t) dt =

Proof. Let us set
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From (41) it follows gradually

o*(s) £ kv,

’(s) < kJ. kvdt = k?vs,
0
in general

w’(s) < vk"“—s——, n=01,2...
n!

Consequently

n
2 < n+1 S_O
’(s) < vk i

which converges to zero for n — oo, hence w(s) = 0.
By virtue of Lemma 4 (for s, = T) and (40), in case that 1 — 2¢,T > 0, we have

T
—[ lu(1)|> dt = 0
0
and using also (2), we obtain

(@) f OT“u(t)HZ dr=0.

Next suppose that 1 — 2¢,T < 0. Then there exists 0 < s, < T such that 1 —
— 2¢5g = %, Lemma 4 yields that |u(f)] = 0 almost everywhere in (0, so). The
function u(t) is equal, however, to a continuous mapping of I into H almost every-
where in I (a consequence of Definition 1). Therefore we may set |u(t)] = 0 for all
t € 0, 5. The above-described procedure, starting from definition (36), can be now
repeated on the interval {s,, T) or {sq, 259>, respectively, until the conclusion (42)
is reached.

Continuous dependence on the given data. According to (28) and Lemma 3, it
holds

lult = 5|1 -

Making use of (34’) and the definition of F, we derive
T
I < ﬁ( J' (O dt + |00l2>, (B = const.),
0
T
(43) 2 7 [ Qe + ) o

Thus we are to the inequality (17), if ¢ = Be*"Tcg 2.
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3. EXISTENCE AND UNIQUENESS THEOREM FOR THE PROBLEM Z(u, v, f)

Up to this time we have dealt only with the homogeneous initial condition u(0) =
= 0. In the present section we shall introduce the complete non-homogeneous Cauchy
problem and prove the existence and uniqueness of its solution.

Definition 2. Assume (1) till (14), furthermore let B(tf)e #(H, H) and u, €V be
given. We say that a function u is a solution of the Cauchy problem P?(uq, vy, f), if

(44) ueL(I,V), ueLyI,H), u(0)=u,
and (15) holds for any ¢ € D(I).

Remark 3. In case of the “convolution symmetry” from Remark 2, Definition 2
expresses the condition of the stationary value of the functional [1] (assuming
moreover C'(T) = 0)

F(u) = J (L = 20) (1), w(T = ) dt + (w(0) — 20, C(0) u(T)) —
— (ug, BT) u(T) + C(T) u'(T)),

which is defined on the set of functions satisfying (44).

w(t) = u0<l - %)

Obviously, w satisfies (44). Defining U(t) = u(t) — w(t), we are led to the equivalent
problem 2 (0, v,, f,) for U(). A function U will be called a solution of the Cauchy
problem 2(0, v, f}), if

Let us set

UeLy(I,V), U'eLy(I,H), U®0)=0
and

(45) Jr{ao(t; U,) + a,(t; U, @) + Jlaz(t, 73 U(1), (1)) dt +

0 0

+ (U'(0), BO) o(1)) — () U'(), «r(r»} di =
= [ 50 000) = 20 0 70 = a5 (). o0 -
— ay(t; w(1), (1)) — Jtaz(t, ©; w(x), (1)) dT + (f(0), (p(t))} dt + (€(0) vy, ¢(0))

0

for every ¢ € D(I).
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Theorem 3. Assume (1) till (14), ugeV and B(t)e Z(H, H). Then the problem
P(ug, vy, f) has precisely one solution u and

(46) F(Hu(r)llz + () dr < ¢ (Huon‘- + Jool® + f 7|2 d’)

0

holds.

Proof. Existence. We may proceed in the same way as in the proof of Theorem I,
choosing the same spaces F and @ in Theorem 2. The only change will be in the defini-
tion of the functional L((p) which is now in accordance with (45),

(47) L((p) = jq{—;: (e=""u, B(t) e'Y’q)’) - ; (C(r) Ug, (e_2yt(p!)') —

0

— ag(t; e 'w, e Mg’) — a,(t; e Mw, e ") —

- J ax(t, 5 e w(e), e /(1)) dr + (e, e"’(p’)} d + (C(0) vg. 9/(0)) -

0

We can show that the new functional L(¢) is continuous on &. First let us integrate
several terms by parts, using (12) and (30)

(48) fT(CO) () 1 = — | (1) g e 90 dt — (C(0) up, /(0))

0

Il

T T
(49) j‘ ao(t; e "'w, e gy dt = J ao(t; e 2w, @’) dt

0 0

Il

T
= — j {ao(t; (e72'W), @) + ay(t; e™*"'w, )} dt
0

! 1 — - -
= j {e’”ao (t;;[: ug + 2yw, e "(p) — ap(t; e 7'w, e y'(p)} dr.
0 \

Estimating L(¢) by means of (48), (49) and some inequalities, which have been
used in the preceding sections, we obtain

T

(0)  |Lo) < j

O{C7LT le™""u| e "¢’ + ¢ ”]1“ le™"uo| |e "] +

i
+ Me™" T uy + 2yw

|

" 7o) + cae ] oo +
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t 1/2
el e + egle ] (f e Wil df) "
0

+—l€'y71lf"’”P1} dt + [[CO)] ([uo] o' (O)] + o] [9'(O)]) =

(], ot s temamyan) ™ (1

12

UJ’I: uy + 2yw|| +

1/2
e">"wlz} dt> +

+ 1O (o] + Joo) |oO)] < 5 (nuoul o Joof? + Lﬂf(z)iz dr)'”lwio,

+ emrwl® + femuol? +

e“/lfIZ +

where f is independent of ¢.

Theorem 2 says, that there exists # € F such that (27) and (28) holds. Choosing
again any ¢ € D(I) and ¢, according to (35), the relation (27) can be rewritten in the
form of (45); consequently # is a solution of the problem 2,(0, vy, f,). Then @ +
+ w = u represents a solution of the problem 2(u, v, f).

Uniqueness. The difference of any two solutions of the problem 2(u,, vy, f) is
a solution of the problem 9’(6, 0, 0). From Theorem 1 it follows, that the latter
problem has only trivial solution.

Continuous dependence on the given data. By virtue of (28), Lemma 3 and (50),
we may write

lalr < es*|L

s e (ol + ol + | :lfmlz d,).

Using also (43), the inequality (46) can be obtained.
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Vytah

EXISTENCE A JEDNOZNACNOST RESEN[ CAUCHYOVY ULOHY
PRO LINEARNI INTEGRO-DIFERENCIALNI ROVNICE
S OPERATOROVYMI KOEFICIENTY

IvaAN HLAVACEK

V teorii neutronovych poli vznikaji Glohy, které 1ze popsat integro-diferencialnimi
rovnicemi s pocatenimi podminkami. Cilem tohoto ¢élanku je definovat uritou
tfidu problémit zahrnujici zminény fyzikalni ptiklad, a dokazat korektnost téchto
uloh.
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