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PROPAGATION OF MONOCHROMATIC WAVES
IN AN INITTALLY STRESSED INFINITE MICROPOLAR
ELASTIC PLATE

Rasait KuMAR BERA

(Received May 19, 1971)

Summary

The object of this paper is to investigate the propagation of monochromatic waves
in an initially stressed infinite micropolar elastic plate. The “initial stress” is conside-
red in the light of Cauchy theory. The problem of propagation of waves is reduced
to the solution of symmetric and anti-symmetric vibrations.

1. Introduction

The papers mentioned below show an increasing interest in problems of propaga-
tion of monochromatic waves in the general Cosserat medium, wherein the deforma-
tion of a body is described by two vectors independent of each other, namely by the
displacement vector u(x, t) and the rotation vector (x, ).

The propagation of plane waves in an infinite micropolar medium was discussed
by V. A. Palmov [1]; the propagation of rotation waves in an infinite medium was
the subject of a paper by W. Nowacki [2]. S. Kaliski, J. Kapelewski and C. Rymarz
devoted a paper [3] to the problem of propagation of surface waves in a micropolar
medium. W. Nowacki and W. K. Nowacki [4] devoted another paper to the propaga-
tion of monochromatic waves in an infinite elastic plate.

In this paper we are concerned with the propagation of monochromatic waves
in an initially stressed infinite micropolar elastic plate of uniform thickness. The
initial stress is discussed in the light of Cauchy theory. It was shown much earlier
by Cauchy [5] that the presence of initial stress alters the classical stress-strain
relations which hold for an initially unstressed body. Guided by the so-called
“structure theory” he deduced the relations between the components of stress and
strain which automatically involved the components of initial stress. Paria [6] has
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developed the Cauchy theory of initial stress and has applied it to the problems
of plain strain in elastic materials.

In the present paper, the initial stress theory of Cauchy is coupled with the theory
of couple stress and the stress-strain relations are deduced. The symmetric and anti-
symmetric vibrations are considered as a reduction to the propagation of mono-
chromatic waves. The results obtained in this paper completely agree with the results
obtained in [4] in absence of the initial stress.

2. Basic Equations

Let us first consider the equations describing an elastic micropolar medium [7],
[8]. An elastic, homogeneous, isotropic and centri-symmetric body will be the
object of our subsequent discussions. Under the effect of external loadings, displace-
ment and rotation field #(x, t) and o(x, 1) respectively, will form in such a body.

The state of strain is described by asymmetric tensors, the strain tensor v;; and the
curvature-twist tensor y;:

(2~1) Vig = U ; — &ji®; 5 Yj,i = Wjj -

The state of stress is defined, in turn, by the following two asymmetric tensors: the
stress tensor ¢;; and the couple-stress tensor p;;. The relation between the state
of strain and that of stress is described by the relations

(2.2) 0 = (,u + a) v + (n— Ot) Vij + AVl
Hji = (" + 3) Yji + (" - 8) Aij + Prwdij, 1,0 =1,2,3.
The quantities y, 4, «, B, v, ¢ denote the material constants. The equations of motion
in presence of a couple-stress can be written as
(2.3) o+ Xi—oi; =0, g0, +p;+ Y—Jo, =,

where X; is the component of the body force and Y; stands for the component of the
body couple, and g stands for the density and J for the rotational inertia.

Let us consider an elastic plate of uniform thickness 2/ which is subjected to
a uniform initial tension K whose direction is parallel to the plane faces of the plate.
Let the origin of coordinates be taken at a point of the middle plane of the plate
and the x-axis be drawn in the direction of the initial tension. The axis of y is normal
to the middle plane and the z-axis is normal to the xy-plane. Then the components
of the initial stress are

0 0] o0
(2-4) o1 =K, 0‘22=0'33=0'(1)2=ag1=023=022=031=a?3=0,
where K is constant, and the faces of the plate are located in the planes y = + h.
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The additional stresses developed in the plate due to the deformation are denoted by

25 ’ !’ ’ ’ ’ ’ ’ ’ ’ .

( . ) 011,021,031,012,022,032,013,023,033;
' ' ' ' , ’ ’ ' '

Hits oty f3gs fyos H22s H325 135 K235 H33 -

We shall restrict ourselves to two dimensional incremental deformations in the xy-
plane. We shall determine the displacement components (u, v) for the case of anti-
symmetric and symmetric oscillations by applying the Cauchy theory of initial
stress [5]. The corresponding values of the traction components which must be
applied at the faces y = =+ h to cause these types of oscillations shall also be determi-
ned. They will vanish for free oscillations.

According to the Cauchy theory of initial stress [5, p. 110, equations (39)], the
equations (2.3) can be transformed in absence of both body forces and body couples
to

(2'6) G}i-j - (Q + Q’) i, =0, gijka;'k + ﬂ,ji.j - Jo; =0,

where (¢ + ¢') is the density of the material in the strained state.

According to the Cauchy theory, the boundary forces corresponding to the stress
system g7, etc. are to be referred to the displaced boundary. However, if the deforma-
tion (u, v) is small, we may refer the forces to the initial boundary. Thus assuming
that the deformation (u, v) is small, the boundary conditions [5, p. 110, equations
(40)] become

’ ’ ’ = ’ -
(2.7) ouly + oaymy + o3ny =X, 0yl + gmy + o =7,

’ ’ 7 -—
oy3ly + 053my + 033h; = Z;

pidly + pomy 4 pyny = X, ophaly + poomy + pion =Y,

, , ,
pisly + pasmy + ping = 7,

where (I, my, n,) are the direction cosines of the normal to the initial boundary
and (X, y, z) and (X, Y, Z) are the corresponding surface tractions at any point of the
boundary.

The stress-displacement relations of Cauchy [5, p. I1I, equations (41)] when the
incremental deformation is in the xy-plane and the plate is in a state of initial stress
defined by the components (2.4), can be obtained as

O ov
(2.8) oy =(3;4+K)ﬂ+(;1—-K)&,
0x " dy
; ou o
Oy = | — + 3 — s
0x ay

, ou  ov
033 = WU |— + —,
ox dy
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x 0y ox 0y
, ov ov u v Ou
o, =K—+4+pu{—4+ —)+a2(—— —)— 200;,
Ox ox 0y ox  dy
Y =0"32=<7,13":U/23=0;

_ U = e = 1= 0
Hit = R = Hay = Ha2 = U333 = U,

.
pis = (v +8) 22

OX

W = (v — ) 9

0x
, 0
oy = (v + C) ‘g',
Cy
, ‘w
Hi3z = (" - ?) EyB s

where p is the rigidity of the material.
The density of the material in the strained state is given by (¢ + ¢') = ¢/(1 + e),
where e denotes dilatation. In terms of displacements

0 0
(29) (u, 17), itis e = au + (,U
0x
Introducing (2.8) and (2.9) into (2.6) and neglecting small quantities of the second

order, the equations of motion in terms of the displacement components u and v
become

'32 224 a2 0 (72
(2.10) (3 + K) L (2p — =) LA (1 + o) S P
ox? Ox Cy oy? ady ot
) 52 3 A2
(K+u+x)-b~f+(2u——ot) NEE A, s R
0 Ox Oy oy? dy 0z
(V + 8) 9?3)34 (2{(1)37 — 40“03 4+ 2 ‘2” cu — (’22,603
ox? oy? ox Oy ot

3. Boundary conditions in terms of displacements

The boundary conditions (2.7) can be obtained in terms of the displacements u
and v by substituting for o}, etc., from (2.8) in the conditions (2.7), Let us assume
that a monochromatic wave propagates in an elastic plate of thickness 2h along the
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x-axis. We assume that the edges of the layers y = +h are free of stresses and for
the boundaries y = +h of the plate I, =0, m, = +1, n, = 0. The following
conditions should be satisfied on these edges:

(3.1) 0'21=(K+,u-—ac)—+(u+oz Y4 2xw, =0, for y=+h,
(—
6/222;1(@——{-3:6—1{):0, for v=+h,
Ox dy

, 0
pray=(+e =

|
o
S
=
-
Il
+

4. Modified Lamb’s waves

Expressing the displacements by the potentials ¢, y,

A N
(4.1) w0 W g 0 W

Ox dy Jdy 0x
we can derive from the system of equations (2.10) the following equations:

q2 12
42  (K+ 3,u) G IS s

oy? or?

(K + u + ) 93’1 IS L A WA A
ox> oy 2Tl T

2 02 A 2
(v+e )I:iiol a—a—;;i:l—40(0)3—1-20<<6~‘!/+C lp—):Jaws.

oy ox:  9y? or?

Eliminating from the last two equations first w; and then ¥/, we get

02 82 02
4.3 K+ pu+a)— +u+tx—~—g—— v+e)l—+ — ) —
63 {{wrurn ewrn e l]|o (T )

o’ , [ 0*
— 4y — J - ]+4oc <—~+»~>}(l// w;) =0.
or? 0x?

The first equation of (4.2) describes the longitudinal wave, while equation (4.3)
describes the modified transverse wave in an initially stressed elastic plate of uniform
thickness.

The solutions of equations (4.2), and (4.3) will te sought for the form

(44) (@ ¥, @3) = [6*(2), ¥ (), @*(1)] 7.



These solutions are

(4.5) ¢*(y) = Ashd'y + Beh o'y, 67 =[PH(K + 3p) — 00?][3p
Yy*(y) = Csh Ayy + Dchi;y + Esh A,y + Fchi,y,
o*(y) = C’'shAy + D' ch 2,y + E'sh 2,y + F' ch,y.

The following notation have been introduced:

12 12
(4'6) () E—D—’ Cy = <H—u> s, O4 = _u)” C4 = <>‘";‘ 8) 5

Il

) s W == RN
T TR

1 , )
/1%,2: {[12(2+A£~>+v2——f72——o§—af]i<lil‘<2+ K )+
2 H+ oo u+a
R .
+v2—r72—o'§—0'f]—4[14<1+*l{“>—
n+
1/2
— o5+ I2V? <1 + K ) — i) — Py — %6} <1 + ‘1{“_)]) }
n+ o n+ oo

Since the quantities A3, 1% have to be positive (this follows from the postulate
that the phase velocities be real), we have »® > 4a/J. The equations (4.2), and
(4.3); are connected through (4.5), and (4.5); respectively.

The general problem of propagation of waves may be reduced to the solution
of two simple problems, that is, to the consideration of symmetric and antisymmetric
vibrations.

a) Symmetric vibration

We shall first consider the symmetric vibrations characterized by the symmetry
of the displacement u and stresses oy, 05, and p55 with respect to the plane y = 0.
In this case we have to put in the expressions (4.5): A =D =F =D =F = 0.
In view of the coupling of the equations (4.2), and (4.2);, we have

(4.7) C' =K,C and E =K,E,

K, = L[a% + i =D (1 + —--Ii»-)], r=12, p= 2
P n+ o u+

Expressing the boundary conditions (3.1) by the functions ¢*, y* and w*, we obtain
a system of three homogeneous equations. Equating to zero the determinant of this

where
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system, we arrive at the characteristic equation

(4.8)

tgh (8'h) 362 — 12 , , Ay tgh(A,h)
= |aiK; —axK, . — . — T,
tgh (/llh) 212(1( + 2;1) 5’/11(K2 - K;) A, tgh (}tllz)

where a, = (K + p — ) I + (u + «) A} — 20K,, r = 1,2. The quantity ¢ = o/l
is the phase velocity sought for. From the transcendental equation (4.8), we obtain
an infinite number of roots of /. To each of these roots there corresponds a definite
form of vibrations. For 2 = y and K — 0, the equation (4.8) corresponds exactly
to the same equation obtained by [4]. Also for a — 0 (which corresponds to the
classical theory of elasticity) the equation (4.8) reduces to

(49) tgh (Ih/(1 — ¢*[¢})) _ (2 — c?[23)?
tgh (Ih/(1 — ¢2[e3))  4y((1 = ¢2[e)) (1 — 2[&3))’

. 3u 1/2 . i 1/2
€ = (_l— » G = é’ >
\ ¢ Q

which is the same equation for Lamb’s waves [9] for 4 = p. Hence ¢, = \/(3)é,.

Let us now consider two particular cases. We assume first that the wave length
is small compared with the thickness of the plate 2i. Then the quantities 6'h, A,h
and A,h are large such that it is plausible to assume the ratio of hyperbolic tangents
as equal to one. Then

ajK, adK, 21K + 2u4) 64y

(4.10) -
K, - K, K,-K, (362 = I7)

The above equation coincides with the dispersional equation for the surface wave
in a micropolar medium [3] for 2 = g and K = 0. For « - 0, K — 0, we obtain
from (4.9) the equation

(4.11) (2 - a7 = 4. (1~ A (1 ~ ),

which is the same characteristic equation for Rayleigh waves [10] for 2 = . For
waves which are long compared with the thickness 2h, the quantities 6'h, A,h, A h
are small and the hyperbolic tangents in (4.8) may be replaced by their arguments.

We have
(4.12) 2P(K + 2p) 0K, — K,) = (8% = I*)(aiK, — asK,).
In the particular case @ - 0 and A = y, K — 0, the result is

c=2.2( = &),
¢
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b) Antisymmetric vibrations

Let us now consider the particular case where the displacement and the stresses
011, 05, and H3 are antisymmetric with respect to the plane y = 0. Then we have
to put in the expressions (4.5),

B=C=E=C=E =0 and D =K,D, F =K,F.

Making use of the boundary conditions (3.1), we arrive at the transcendental
equation

4 ! 2 , _
(4.13) f,LKrZiZ_ — axKy2y tgh (5/11) - 21K + 2p) & Ai2o(K, Ki)’
tgh (/11/1) tgh (,12]1) (35/2 _ 12)

which helps to determine the successive values of the parameter [. Fora — 0, K — 0,
the equation (4.13) reduces to

tgh (Ih /(1 — ¢*|¢2)) (2 - ¢*fez)?

The equation (4.14) is exactly the same equation as obtained in [10] for A = s

(4.14) tgh (Ih /(1 = &[2})) _ 4 ((1 = &Jed) (1 = [23))

If the wave length is large compared with the thickness of the plate 2h, then ex-
panding the hyperbolic tangents into a series and retaining only first two terms, we
obtain the equation

(4.15) aiK, B a3K, R\ _2P(K + 21 (K, — Ky)
52 (1 z%zﬂ) 52 (1 A%;ﬁ) 3 302 - 12
1 - T 2 -
3 3

The equation (4.15) permits to determine the phase velocity ¢ = w/l of the flexural
wave.
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Souhrn

SIRENf MONOCHROMATICKYCH VLN V PREDPJATE
NEKONECNE MIKROPOLARNI PRUZNE DESCE

R. K. BErA

V ¢lanku se vySetfuje Sifeni monochromatickych vin v predpjaté nekonecné
mikropolarni pruzné desce. Predpjeti je uvaZovano ve smyslu Cauchyho teorie.
Problém Sifeni vin je redukovan na feSeni symetrickych a antisymetrickych oscilaci.
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