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CONTROLLABLE SYSTEMS
OF PARTIAL DIFFERENTIAL EQUATIONS
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Summary. In the paper definitions of various kinds of stability and boundedness of solutions
of linear controllable systems of partial differential equations are introduced and their inter-
connections are derived. By means of Ljapunov’s functions theorems are proved which give
necessary and sufficient conditions for particular kinds of stability and boundedness of the soiu-
tions.

Keywords. Controllable system, Ljapunov’s function, stability, asymptotic stability, uniform
stability, uniform asymptotic stability, boundedness, asymptotic boundedness, uniform bounded-
nes, uniform asymptotic boundedness.

Notation. In the paper we study the properties of stability and of boundedness
of a controllable system of linear partial differential equations. Before introducing
the fundamental definitions, we introduce the notation which will be used throughout
the text. By the symbol R" we denote the real n-dimensional Euclidean space of
column vectors with the zero vector o, with the norm || ||; by R* we denote the set
of all positive numbers. If I, I, ..., I,, are open and unbounded from above intervals
in R!, then an interval in R™ will be denoted by

I=1 xI,x..x1I, and o= {(o,a)eR" x Iacl}.

For a = (ay, a,,...,a,) €l let us define a half-closed interval {a, ) =
= {ay, + ) x {a,, +®) x ... x {a,, +©) and let the symbol a — co denote
ay > +ooforeachh = 1,2,...,m.Fort = (t;, 15, ..., t,) e La=(a,, as, ..., a,) €1,
where t; > a,, t, > a,,..., t,, > a, we introduce the notation ¢ > a. By the
symbol t > a wedenotet > aort = a; the sets D, R} are defined by the rule D =
={(t,x,a)eI x R" x I: t 2 a}, R} = {teR™:t > o}. The set of all real matrices
of the type (n, n) will be denoted by the symbol £,,.

If A(t) = {"A(t):te I, h = 1,2,..., m} is a system of continuous matrix functions

from £, such that for each ¢ € I the equality
h b

(H,) TA_TA wywg_wyny =0; hi=12..,m; h+h,
o, ot
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holds, the symbol F 4 (+, a, x): {te I: t = a} - R" we denote such a solution of the
system of partial differential equations

Z_F =AW F, h=1,2..,m,

Ly
for which F4(a, a, x) = x (see [1]).

In this paper we shall generalize the concept of the solution of a system of partial
differential equations also for the case when the system of matrices A(t) is not conti-
nuous and differentiable in the interval I. We shall suppose that the system of matrix
functions A(t) = {"A(t): te I, h = 1,2, ..., m} has the property

(H,) There exists a sequence of vectors {Ja:j =0,1,2,..} =« L% <'a<... <

<Ja < ..., such that for each h=1,2,..., m the matrix functions "A(7) are

+ o
continuous on the set /# = | ({Ya, ) — (/*'a, o)), for each te.# they
j=0
satisfy the relations (H,) and for each be {Ya, ©) —(Ya. ), j=0,1,2, ...
there are
o , , o . o4
lim  "A(r) ="A(b)e £, , lim "A(t)ea,, lim —e4,,
t—b,te(Ja, o) t=b,té(Ja, o) t=b,te(Ja,») 5t,,'
o4 ,
lim —e%,, h,h=12,....,m.

t—b,t¢(Ja, ) 6[,,,
Definition. The solution of the system of partial differential equations

(0) gg:"A‘\t)F, h=12,...,m,

h

where the system of matrix functions A[f) = {"A(t):te L h = 1,2,..., m} fulfils
(H,), is a mapping F,(+, a, x): {te I: t = a} — R" which satisfies the relations (0)
in the regions (a, ) — (*'a, ), j = 0, 1,2, ..., is continuous in the vectors ‘a
and for each be (Ya, ) — (‘a, 0) we have lim  Fyt, a,x) = Fyb, a, x),
Fy(a, a, x) = x. t=b,te(fa,0)

From the paper [1] it follows that for each a € I there exists a matrix function
F(t, a) e &, defined in the interval I such that  lim  F,(t, a) = F4(b, a) for

t—b,te(Ja, o)

each b e I — (a, o) and for each t > a and for each column vector x € R" the relation
(0,) F(t,a,x) = Fyt,a)x
holds.

Definition. We say that a non-empty class of systems of matrix function A(f) =
= {"4(t): tel, h =1,2,...,m} is the set of regulators of </, if and only if for
each system A(f)e o/ there exists a sequence of vectors {‘a:j =0,1,2,...} = I,
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% < 'a < ... <’a < .., with the property (H,) and this class satisfies the condition
(H3) (b,x,a)e D, Aest, (c, Fy(b, a) x, b)e D, Be o = there exists C e o such that

Felt a)xz/FA(t,a)x for 1e<a, w) — <{b, o),
v \FB(t, b) Fy(b,a)x for te b, ) — {c, ©),
Felc,a) x = Fylc, b) Fy(b, a) x .

Throughout the paper we suppose that a controllable system of partial differential
equations

(1) oF _ "AF, A(t)={"A(t):teLh=1,2,...,m}e o
o, )
is given, where A is the set of regulators.

Definition. We say that a partial mapping v: R" x I — R* is a Ljapunov function
of the controllable system of equations (1) if and only if the following holds:

(2 y =Fyb,a)x, Ae o, (x,a)edomainv,
(y, b) e domain v = vy, b) < v(x, a).

Definition. We say that the set o is stable with respect to the controllable system
of equations (1) if and only if there exists a mapping z,: I x R* — R* such that
the following implication holds:

(3) (t,x,a)e D, “x“ < zy(a,r), Aeod = [[FA(t, a)x| £ r.

We say that the controllable system of equations (1) is bounded with respect to the
set o if and only il there exists a mapping z,: I x R™ — R* such that the following
implication holds:

(4) (,x,a)eD, |x| sr, Aed = |F (t,a)x| £ z,(a,r).

Theorem 1. The set o is stable with respect to the controllable system of equations
(1) if and only if the controllable system of equations (1) is bounded with respect
to the set o.

Proof. Let the set o be stable. Define the mapping z, from(4) by putting z,(a, r) =
= r?[zy(a, r), where z, is the mapping from (3). Let (t,x,a)e D, |x| S r, Ae o/
be given. Then |z,(a, r) x/r| < z,(a, r) and (3) implies |F(t, a) zy(a, r) x|r|| < r
and thus |[Fy(t, a) x| £ #*|z4(a, r) = z,(a, r). Hence the controllable system of
equations (1) is bounded with respect to the set o.

Let the controllable system of equations (1) be bounded with respect to the set o.
Define the mapping z, from (3) by putting z,(a, r) = r?/z,(a, r), where z, is the
mapping from (4). Let (1, x,a) e D, ||x| £ z,(a, r) = r?[z,(a, r), A€ o be given.
Then ”zz(a, r)x[r| < r and (4) implies |[F(t, a) z,(a, r) x[r| £ z,(a, r) and thus
”F A(t, a) x“ < r. Hence the set o is stable with respect to the controllable system
of equations (1).
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Theorem 2. The controllable system of equations (1) is bounded with respect
to the set o if and only if there exist a constant k€ R*, a partial mapping v: R" x
x I - R™,a partial increasing mapping f: R* — R™, f(r) > 4+ o0 forr - + o0,
and a partial mapping zyo: I x RT — R* with the following properties:

(i) v is a Ljapunov function of the controllable system of equations (1) with
domain v = {(x, a)eR" x I |x|| = k},

(i) (x, @) € domain v = f{||x[) < v(x, a),

(iii) (x, a) e domain v, ||x| £ r = v(x, a) £ z(a, r).

Proof. Let the controllable system of equations (1) be bounded with respect to the
set 0. Choose k€R* and define the partial mapping v:R" x I - R*:v(x, a) =
=sup {|Fy(t,a)x: Ae o, a S tel} for |x| 2k, frR" > R*: f(r) =1, zo: I X
x R* — R*: zo(a, r) = z,(a, r), where z, is the mapping from (4). Now we shall
prove that v, f, z, have the properties (i), (ii), (iii). Let (x, a) € domain v be given.
From (4) it follows that v is really defined by the described rule and that it has the
property (iii). Further, for y = F (b, a) x and for each u = Fy(t. b) y there exists
C e o/ such that u = F¢(t, a) x. This implies

v(y, b) = sup {||[F4(t, b) y|: Ae £, b S tel} £
Ssup {|Fut,a)x|: Ae o, a £ tel} = v(x,a)
and thus v is a Ljapunov function of the controllable system of equations (1). Evidently
| x| € {|Fa(t, @) x||: @ £ t eI} and thus x| < v{x, a). Let there exist partial map-
pings v, f, z, and a constant k € R* with the properties (i), (i), (iii). Define the map-
ping z,: I x R* > R* so that the inequality f(kz,(a, r)[r) = zo(a, k) might be
fulfilled and show that z, satisfies (4). Let (1, x, a) € D, 0 < ||x| < r, A € o be given.
Then for (F 4(t, a) kx/[r, t) € domain v we have
SUF At a) kx[r])) < F(|FA(t, @) kx[|x]| [) < o(F(t, a) kx][[x], 2) <
< ofkxl ], @) = zo(a, k) = Skl )

therefore ||F (1, a) x| £ zy(a, r). If |[Fu(t, a) kx[r|| < k. then |F4(t,a) x| < r <
< z,(a, r). Hence the controllable system of equations (1) is bounded with respect
to the set o.

Theorem 3. The controllable system of equations (1) is bounded with respect
to the set o if and only if there exists a mapping z5: I — R such that
(5) (tba,A)eI x I x of , tZa=|Ft,a)| £ z;(a),
where F 4(t, a) is the matrix from (0;).

Proof. Let the controllable system of equations (1) be bounded with respect
to the set 0. Define the mapping z; by putting z3(a) = z,(a, 1), where z, is the
mapping from (4). Then the implication
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(t,x,a)eD, |x| <1, Aed = |Fut, a)x| £ z,(a, 1) = z4(a)
holds and thus [|F(, a)| < z4(a).

For the matrix F (1, a) let the implication (5) be fulfilled. Define the mapping
z, by putting z,(a, r) = rzs(a). Then for any (1, x, a) € D, |x|| £ r, A€ o the ine-
quality [|F(t, a) x[r| < z3(a) holds, i.e. |F(, a) x| £ rzs(a) = z,(a, ). Thus the
theorem is proved.

Theorem 4. For each A€ o/ let the solutions of the system of equations (1) be
bounded with respect to the set o, i.e. let there exist a mapping z5: I x R* x
x o — R™ such that the following implication holds:

(t,x,a)e D, ||xH <r, Aed = |Ft,a)x| £ z5(a,r, A).

Then there exists s € I such that the controllable system of equations (1) is bounded
on R" x s, oo) with respect to the set o, i.e. the set o is stable on R" x s, oo) with
respect to the controllable system of equations (1).

Proof. Define the relation L: I - {R"} by putting
L(a) = {xeR"sup {|[F (t,a) x|: Ae o, a £t} < +00}
and show that this relation has the following properties:
(i) for each a € I the set L(a) is a vector space,

(i) ae Lbel a < b= dim L(a) < dim L(b),

(i) ce I beI,¢ 2 be{a:dim L(a) = max {dim L(1) : te I}},
x ¢ L(b), Ae o = F{c, b) x ¢ L(c),
(iv) if there exists s € I'such that L(s)=R", then the controllable system of equations
(1) is bounded on R" x (s, co) with respect to the set o.

Ad (i). The assertion is evident from the definition of the relation L.

Ad (ii). Let a eI and let a basis {/x:j = 1,2, ..., k} of the vector space L(a) be
given. For any Ae o/, bel, a < b, the inclusion {F,(b,a)'x:j=1,2,...,k}
< L(b) evidently holds. Suppose that the set of vectors {F (b, a)/x:j =1,2,..., k}
is linearly dependent for some A € «/. Thus there exist constants

k
reR', j=1,2,...k, Y|r >0,
ji=1
such that
K
Y irFy(b,a)’x = o
i=1

and therefore

k
Fyb,a)Y irix =0.
j=1
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From this and from the unicity of the solution of the system of linear partial different-
ial equations we obtain the equality

k
ZJ,.JX =o0,
i=1

which contradicts the linear independence of the set of vectors {/x:j = 1,2, ..., k}.
Hence the vectors F(b,a)’x, j=1,2,...,k, are linearly independent, which
proves (ii).

Ad (iii). Let the assumptions from (iii) be fulfilled and let the set of vectors {/x: j =
= 1,2,..., k} be a basis of the vector space L{b). Then the set of vectors {F (¢, b) .
Jx:ij=1,2,..., k} forms a basis of the vector space L(c). Suppose that F (¢, b) x e
€ L(c); then

Fle,b)x =Y rF(c, b)x,
j=1
where /r € R'. This implies that for any b < t < ¢ the equality
K
Fu{t,b) x =3 r F(t, b)/x
i=
holds. In particular
k
x =3 rx,
ji=1

which is a contradiction with our assumption. Thus the property (iii) is proved.

Ad (iv). Let there exist s € I such that L(s) = R" and let (x, a)eR" x (s, ).
Denote by {/x:j =1,2,...,n} a basis of the vector space R" and put Z{a) =
= sup {|F 1, a)'x|: Ae s, t 2 a}, j=1,2,..., n Then

|,

where ¢ is a constant depending only on the basis of the vector space R". Then for
each 4 € &/ we have

[Pt )] = [P a) S o] £ 3P [ 0) ] S o] 2/0).

X = iirjx, JreRY, |f;~| < oflx
j=1

If we define the mapping z,: {s, ©) x R* — R* by putting

zla,r) = Qri z(a),
the preceding inequality yields .
(t,x,a)e D, (x,a)eR" x ¢5, ), |x]|=r,
Aed = |F t,a)x| < zy(a, 1),

which proves the property (iv).
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Now suppose that there exists no s € I such that R" = L(s). Then dim L(a) < n
for each ael. Denote ®ael, °ac {a:dim L(a) = max {dim L(t): teI}}. Then
there exist °x ¢ L(°a), x e R", a, ®ae I,a > °a, A, € o/ such that |F,('a, °a).
.°x| > 1. The property (iii) implies that 'x = F, ('a, °a) °x ¢ L('a). If we define
consecutively the sequences /x ¢ L{’a), |’x|| > j, 4, € o so that x = F,(%a,’ 'a).
7ix ¢ L{%a), j = 1,2,...,we obtain that for Ae .o/, where F,(t,9 'a)i !x =
=F,(t,77a)/" 'x for te{!"'a, 0) — {Ya, w), the solution F, is unbounded
with respect to the set o, which is a contradiction with the assumption of the theorem.
Thus the theorem is proved.

Definition. We say that the set o is uniformly stable with respect to the controllable
system of equations (1) if and only if there exists a mapping z;: R™ — R* such that
the following implication holds:

(6) (t,x,a)e D, ”x“ S zy(r), Aed = |Ft, a)x” <r.

We say that the controllable system of equations (1) is uniformly bounded with
respect to the set o if and only if there exists a mapping z,: R — R* such that the
following implication holds:

(7 (t,x,a)eD, |x| =r, Aed = |Ft,a)x| £ z,(r).

Theorem 5. The set o0 is uniformly stable with respect to the controllable system
of equations (1) if and only if the controllable system of equations (1) is uniformly
bounded with respect to the set o.

The proof follows from the proof of Theorem 1 and from the fact that the mappings
zy and z, in (6) and (7) do not depend on a.

Theorem 6. The controllable system of equations (1) is uniformly bounded with
respect to the set o if and only if there exist a constant ke R*, a partial mapping
v:R" x I > R*, a partial increasing mapping f:R* - R*, fir)—> +o for
r— 400 and a partial mapping z,:R* — R* with the following properties:

(i) v is a Ljapunov function of the controllable system of equations (1) with
domain v = {(x, a)eR" x I |x|| = k},

(i) (x, a) e domain v = f(|[x|)) < v(x, a) £ z,([|x]).

The proof follows from the proof of Theorem 2 and from the fact that the map-

ping z, in (7) and the partial mapping z, in (ii) do not depend on a.

Theorem 7. The controllable system of equations (1) is uniformly bounded with
respect to the set o if and only if there exists a constant zy € R* such that the follow-
ing implication holds:

(8) (tba,AyeIx I x o, tza= |Fft,a) <z,
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where F 4(t, a) is the matrix from (0,).

The proof is straightforward, because Theorem 7 is the uniform modification
of Theorem 3.

Definition. We say that the set o is asymptotically stable with respect to the
controllable system of equations (1) if and only if it is stable with respect to the
system (1) and there exists a constant k; e R* and a mapping z,: I x R* - R}
such that the following implication holds:

(9) (tx,a)eD, |x| Sk;, t=a+z4ar), Aed = |Fyt,a)x| <r.

We say that the controllable system of equations (1) is asymptotically bounded
with respect to the set o if and only if the system (1) is bounded with respect to the set
o0 and there exist a constant k, € R* and a mapping zs: I x R* — R such that the
following implication holds:

(10) (tLx,a)eD, |x|£r, tZa+z4a,r),
Aecod = ||FA(t,a)x“ <k,.

Remark. If there exist a constant k, and a mapping z5 such that (10) holds,
then for each k, e R* there exists z5 depending on k, such that (10) holds.

Theorem 8. The set o is asymptotically stable with respect to the controllable
system of equations (1) if and only if the controllable system of equations (1) is
asymptotically bounded with respect to the set o.

Proof. Let the set o be asymptotically stable with respect to the controllable
system of equations (1). By Theorem 1, the system (1) is bounded with respect to the
set 0. Define the mapping z; and the constant k, € R* by putting z(a, r) = z4(a, ki[r),
k, = k,, where z, and k, are from (9). Let (1, x,a)e D, |[x| £ r, Ae o, 1 2 a +
+ z4(a, ki[r) be given. Then ||k x[r| < k, and (9) implies ||F 4(t, a) kyx/r|| < ki,
therefore |F(t, a) x| £ k, = k,. Hence the controllable system of equations (1)
is asymptotically bounded with respect to the set 0. By Theorem 1, the set o is stable
with respect to the system (1). If (t,x,a)e D, x| £ rt = a + z5(a, 1), Ae o,
then (10) implies ||F 4(t, a) x| < k, and therefore the linear mapping F,(t, a, *) =
= F,(t, a): R" > R" is bounded. If we denote its norm by the symbol ||F(t, a)||,
then for all t = a + zs(a, r) and for each A € o/ the following inequality holds:

(11) |FAt @) = ks

Put k,[r = ry, k, = 1 and define the mapping z, by putting z,{(a, r,) = z(a, k,[r,).
If (t,x,a)e D, |x| £1, Ae s, t = a + z4(a, kyfr,) are given, then (11) implies
[F(t, a) x| < ||Fu(t, a)| < r,. This proves the theorem.
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Theorem 9. Let there exist a constant k, € R* and a mapping zs: I x R* — R
such that for the controllable system of equations (1) the implication (10) holds
and for any (a, A) e I x o, sup {|F 1, a)||: te (a, ©) — (a + zs(a, 1), 0)} e R™.
Then there is s € Isuch that the controllable system of equations (1) is asymptotically
bounded on R" x {s, ) with respect to the set o.

Proof. The implication (10) implies that for any (#,x,a)e D, |x]| <1, t =
> a + z5(a, 1), Ae o, |Fy(t, a) x| £ k, holds and hence |[F(t, a)| < k,. If we
define z3(a, A) = max {sup {|F(t, a)|: t € <a, ©) — (a + z5(a, 1), ), k,} and a
mapping zj: I x R x o/ — R* by z)(a, r, A) = rz;{a, A), then for any (¢, x, a) € D,
]| [ sr, Aeo/ the inequality |[Fu(t,a)x[r| < z3(a, A), ie. [Fut,a)x| <
< rzy(a, A) = zj(a, r, A) holds. This and Theorem 4 imply theorem 9.

Theorems 1, 8 and 9 yield

Theorem 10. Let there exist a constant k; e R* and a mapping z,: I x R™ —
— R such that for the controllable system of equations (1) the implication (9)
holds and for any (a, A)elI x o, sup {|F4(t, a)|: te<a, ©) — (a + z4(a, k),
)} e R*. Then there is s € I such that the set o is asymptotically stable on R" x
x s, o0) with respect to the controllable system of equations (1).

Theorem 11. The controllable system of equations (1) is asymptotically bounded
with respect to the set o if and only if there exist a constant ke R*, a partial map-
ping v:R" x I —> R*, a partial increasing mapping f: R* - R*, f(r) = + o0 for
r — + o0, and a partial mapping zo: I x R™ — R* with the properties (i), (ii), (iii)
from Theorem 2, a constant ko€ R* and a mapping z¢: I x R™ — R with the
property
(iv) x| £7r, t2za+ z4a,7), Aeo,

(F4(t, a) x, t) € domain v = v(F 4(t, a) x, 1) < kg

Proof. Let the controllable system of equations (1) be asymptotically bounded
with respect to the set 0. Then Theorem 2 implies that there exist a constant ke R*
and partial mappings v, f, z, with the properties (i), (ii), (iii) from Theorem 2. Put
ko = k, and define the mapping z¢: I x R* — R} by putting z4(a, r) = zs(a, r),
where k, and z; are from (10). Then for any (t, x, a) e D, |x| < r,t = a + z4(a, r),
Ae o we have ||F (1, a) x| £ ko and from the definition of the mapping v in the
proof of Theorem 2 the inequality v(F (1, a) x, f) < k, follows. Hence the mapping
v has the property (iv).

Let there exist constants k e R, ko e R* and partial mappings v, f, z,, z¢ with
the properties (i), (ii), (iii), (iv). According to Theorem 2 the properties (i), (ii), (iii)
imply that the controllable system of equations (1) is bounded with respect to the set o.
Define the constant k, > k in such a way that the inequality f(k,) = k, might be
fulfilled and choose z, for z;. We shall show that k, and z; fulfil (10). Let (t, x, a) € D,
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x|l 7, t=a+ za,r), Ae o/ be given. Then for (F,(t, a)x, 1) € domain v
we have

S(IEA(t, @) x[)) < o(F 4(t, @) x, 1) < ko = f(kz)

and thus ||[F(t, a) x| < k,. Hence the controllable system of equations (1) is asymp-
totically bounded with respect to the set o.

Theorem 12. If the controllable system of equations (1) is uniformly bounded
with respect to the set 0 and if 1lim |F(t, a) x| = 0 for any (x, a, A)eR" + I x o,
t— o0

then the controllable system of equations (1) is asymptotically bounded with
respect to the set o, i.e. the set o is asymptotically stable with respect to the controll-
able system of equations (1).

Proof. Choose r e R* and define the relation L: I — {R"} by putting
L(a) = {x e R": lim sup sup {||F (¢, a) x||: Ae £} < r[2}
t—
and show that this relation has the following properties:
(i) aeLbel,a <b,xeL(a), Ae o = F (b, a) x e L{b);
(ii) for each a € I the set L(a) is closed;
(i) if K = R" is a compact set, then there exists a mapping Z,: I x R* — R
such that the following implication holds:
xeKnL(a), t2a+Za,n), Aed = |Fit,a)x| <r[2+n;
(iv) if F4(b, a) x € L(b) for each A € o, then x € L{a);
(v) aeI= L(a) = R"
Ad (i). The property (i) is evident from the definition of the relation L.
Ad (ii). Letasequence {/x: j = 1,2,...} = L(a)having limx = x and a number
j—o oo
Y € R™ be given. Then there exists a positive integer jofy) such that for all positive

integers j > jo() we have |'x — x| < z,(), where z, is the mapping from (6).
Then

limsup sup {|F4(t, a) x|: A€ o} < limsupsup {|F,{t, a) x — F4{t, a) ’x||: Ae o/} +
t— o t= o
lim sup sup {|F41, a)'x|: Ae 4} <y + r2.
t—= o0
As y e R™ is arbitrary, this implies the inequality
lim sup sup {||F,(t, a) x||: Ae £} < 1|2
t—> oo

and thus x € L{a). Thus the property (ii) is proved.

Ad (ili). Letae I, te I, t 2 a, A € o be given. If we denote the norm of the linear
mapping F4(, a, *): R" - R" by the symbol |[F(t, a)|, then |F,(1, a)| < z,(1),
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where z, is the mapping from (7). Choose 7 € R* and denote
S(a,n) = {se R inf {|s — x||: x e L(a)} < n/(22,(1))} .

Then for each s € S(a, ), A € o there exists x € L(a) such that

|Fa(t @) s| < [Fu(t @) (s = x)| + [Fa(t, @) x| < 22(1) n/(225(1)) + [Fu(t, @) x|,
and thus
(12) lim sup sup {|F4(t, a)s|: Ae o} < nf2 + r[2.

1

Let {G,: u e B} be such a system of open G, = R" that Kn L(a) = U G, and for

ueB

each u € B there exists a set {/s: j = 0, 1.2, ..., n} = S(a, n) such that
G,={xeR:x =Y 1rs Yy /r=%rl <1}.
j=0  j=o ji=o0

As Kn L(a) is a compact set, there exists a finite subset B, = B such that

KnL(a)=UG,.

uzBo

Let u € B, and let the corresponding sequences be {/s:j = 0, 1,2, ..., n} = S(a, ).
Then for each ’s according to (12) there exists a mapping “Z;: I x R* - R* such
that for all t, = a, + “Z;(a,n), h = 1,2, ..., m we have sup {||F,(1, a)’s|: Ae o} <
< r[2 +n. Put“Z(a,n) = max {*zZa,n):j =0,1,2,...,n}. Then for 1, = a, +
+ “Za,n), h=1,2,...,m, xeG,, Ae o, the inequality

|EA(t, a) x| = [Fu't, @)Y ir 5| < 3 Ir|Filt, a) s < r[2 + 7 holds .
j=0 j=0

If we define the mapping z,: I x R™ — R"} by putting
Zyp(a,n) = max {"Z(a,n):ue By}, h=12,...,m,

feos

Ad (iv). Let the assumption of (iv) be fulfilled. By K denote the closure of the set
{yeR" y = F,b,a)x for some Ae s/}. According to the property (ii) evidently
K = L(b) and sup {||y]: y e K} < z,(1) |x|, where z, is the mapping from (7).
Therefore the set K is compact and from the property (iii) we obtain

sup {|Ft,b) y|: Aest,ye K, t = b + zZ,(b,n)} <r[2+ 7.
Evidently, for each n € R* we have
sup {|Fult,a)x|: Aest,t = b+ Zy(b,n)} =
= sup {||F4(t, b) Fu(b,a) x||: Ae o, t = b + Z,(b,n)} <12+ 1,
therefore x € L(a). Thus the property (iv) is proved.
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Ad (v). Suppose that there exists °a € I such that L(°a) % R". Choose °x € R" —
— L(%a). The property (iv) implies that there exists an increasing sequence {~'a: j =
=1,2,...} = L asequence {4;:j =1,2,...} = & and a sequence {’x:j = 1,2, ...
..} € R" such that 'x = F,(‘a,’"'a) " 'x ¢ L(Ya) for each j = 1,2,.... If we
define A € .o/ in such a way that F (1,7 'a) 7™ 'x = F,(t,7"'a) 7" x for te (" a,
) — (’a, o), then limsup |F(t, °a) °x|| = z,(r|2), where z, is the mapping from

t— 00

(6). But this is a contradiction with the assumption of the theorem. Thus the property
(v) is proved.

Now choose k; e R* and denote K = {x e R": ||x|| < k,}. The set K is evidently
compact in R". Define the mapping z,: I x R* — R’} by putting z,(a, r) = Z,(a, r2),
where Z, is the mapping from (iii). Then according to (iii) and (v), we have |[F(t, a) .
.x|| £ rforeach (t,x,a)e D, |x| £ ky,t = a + z4(a, r), Ae . Thus the theorem
is proved.

Definition. We say that the set o is uniformly asymptotically stable with respect
to the controllable system of equations (1) if and only if it is uniformly stable with
respect to the controllable system of equations (1) and there exists a constant k, e R*
and a mapping z,: R* — R} such that the following implication holds:

(13) (t,x,a)eD, |x | S ks 12 a+ z4r), Aed = |Ft,a)x| =

We say that the controllable system of equations (1) is uniformly asympiotically
bounded with respect to the set o if and only if the controllable system of equations (1)
is uniformly bounded with respect to the set o and there exists a constant k, e R*
and a mapping z5: R* — R} such that the following implication holds:

(14) (Lx,a)eD, |x| =rtza+z5r), Aesd > ”FA(I, a) x| £k,

Theorem 13. The set o uniformly asymptotically stable with respect to the controll-
able system of equations (1) if and only if the controllable system of equations (1)
is uniformly asymptotically bounded with respect to the set o.

The proof follows from the proof of Theorem 8 and from the fact that the map-

pings z, and z; in (13) and (14) do not depend on a.

Theerem 14. The controllable system of equations (1) is uniformly asymptotically
bounded with respect to the set o if and only if there exist a constant k e R*, a partial
mapping v: R* x I > R*, a partial increasing mapping f:R* — R, f(r) - +
for r > +o0 and a partial mapping z,: R* — R* with the properties (i), (ii) from
Theorem 6, a constant ky € R* and a mapping z4: R* — R with the property:
(iii) x| = rt=a+zr), Aest,, (Fut a)x,1)edomainv=

= v(F(t,a) x, 1) <

The proof is evident, because Theorem 14 is a uniform modification of Theorem 11.
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Souhrn
REGULOVATELNE SOUSTAVY PARCIALNICH DIFERENCIALNICH ROVNIC

FRANTISEK TUMAJER

V &lanku jsou definovany rizné druhy stability a omezenosti feSeni linearnich regulovatelnych
soustav parcialnich diferencialnich rovnic a jsou odvozeny vztahy mezi nimi. Pomoci ljapunov-
skych funkci jsou formulovany nutné a postadujici podminky pro specidlni druhy stability a
omezenosti feSeni.

Pe3mome

PET'YJIMPYEMBIE CUCTEMBI JU®®EPEHIIMAJILHBIX YPABHEHUI
B YACTHBIX ITPOU3BOAHBIX

FRANTISEK TUMAJER

B craTtbe OaHBI ONpEAENCHHsI PA3JIMYHBIX THIIOB YCTOWYMBOCTH M OrPAHHYEHHOCTH PELICHHH
JIMHEMHBIX PEryMpyeMbIX CHCTeM IUGOEPCHIHANBHBIX YPAaBHEHH B YaCTHBIX HPOH3BOJHBIX

" ¥ HallleHBI COOTHOWIEHNS MEXAy HUMH. [IpH OMOLIM JISANYHOBCKHX QYHKINIA TOKa3aHbl TEOPEMBI,
KOTOpBIE HAIOT HEOOXOOMMBlEe W JOCTATOYHBIE YCIIOBHS [JIsl TMX TMIIOB YCTOWYMBOCTM M OrpPaHH-

YCHHOCTU PELUICHHH.
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