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IN SEMICONDUCTOR DEVICES

KONRAD GROGER

(Received September 2, 1985)

Summary. The author proves the existence of solution of Van Roosbroeck’s system of partial
differential equations from the theory of semiconductors. His results generalize thsoe of Mock,
Gajewski and Seidman.
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INTRODUCTION

In 1950 Van Roosbroeck [12] proposed a system of partial differential equations
as a model for the transport of mobile charge carriers in semiconductor devices.
The existence of steady-state solutions to Van Roosbroeck’s equations (supplemented
by reasonable boundary conditions) has been proved under different assumptions
by Mock [8, 9] and by Gajewski [4]. A similar result has been obtained by Seidman
[10] who dealt with steady-state solutions to diffusion-reaction systems with electro-
static convection. In this paper we shall prove an existence result which generalizes
the results of Mock and Gajewski as follows:

1. Van Roosbroeck’s equations include (implicitly) a relation between carrier
densities and chemical potentials based on Boltzmann statistics. Instead of this
we shall use a more general relation special cases of which are the standard relation
and a relation based on Fermi-Dirac statistics (cf. Remark 1 below).

2. Carrier mobilities are allowed to depend not only on the electrical field but also
on the gradient of the corresponding electrochemical potential. A dependence of this
type seems to be quite natural (see, e.g., Selberherr [11], Sect. 4.1).

3. We shall treat boundary conditions allowing the surface charges at insulating
gates to depend on the local value of the electrostatic potential.

4. We shall show that one can completely avoid an unpleasant assumption made
in the papers quoted above. This assumption reads as follows:

(%) Vp 2 1: Bve I(G) = ve W»?(G),
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where G is the domain occupied by the semiconductor device and B is the second
order differential operator with mixed boundary conditions defined below (cf.
Section 2). From results of Grisvard [7] it follows that the assumption (*) can be
considered as a restriction imposed on the shape of G in connection with the type
of the boundary conditions.

Our method of proof is similar to that of the authors mentioned above: A-priori
estimates are obtained by means of maximum principle arguments, and the existence
of a solution is proved via Schauder’s Fixed Point Theorem. In general, steady-state
carrier distributions in semiconductor devices are not unique. If, however, the
boundary conditions are compatible with vanishing flows then there is a unique
solution, the so called thermodynamic equilibrium. This has also been shown by
Mock [9] and by Gajewski [4]. In the last section of this paper we shall prove an
analogous result under our somewhat more general assumptions. For the sake of
simplicity we shall restrict all our considerations to spatially homogeneous semi-
conductor devices.

1. PROVISIONAL FORMULATION OF THE PROBLEM

Let G be the domain occupied by the semiconductor device. We are looking for
functions u = (uy, u,), v = (o, v, v,) defined on G and sytisfying the following
system of equations:

— div (D{|grad v|, |grad v,|) u; grad v;)
(1) = k(u) (1 — exp (vy + v,)), u; = efv; —qu,), i=12,
—div(egradvy) = f + u; — uy;

here

u,, u, represent the densities of holes and electrons,

v, represents the electrostatic potential,

vy, v, represent the electrochemical potentials of holes and electrons,

D{(|grad vo|, |grad v}]), i = 1, 2, are the mobilities of holes and electrons,

¢ is the dielectric permittivity of the semiconductor material

f is the net density of charges of ionized impurities,

k(u) is the rate of generation of holes and electrons,

q, = 1, g, = —1 represent the charges of holes and electrons,

ey, e, are functions describing the dependence of the carrier densities u,, u, on
the corresponding chemical potentials.

Remark 1. If Boltzmann’s statistics can be used to model the behaviour of the
semiconductor device then

er) =uoexp(r), i=12,
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where u, is the intrinsic carrier density. If the Fermi-Dirac statistics is necessary
to describe the semiconductor then

er) = NFyp(r—c), i=12,
where N; and ¢; are given constants (depending on the bandgap and on the densities
of states in the conduction band and the valence band), and %, is one of the so
called Fermi integrals:

0

2
F1o(r) 1= \7 J J) (1 + exp(s — r))"ds.
TJo
It is easy to see that & ,,(r) increases as r*? provided r — + oo and behaves like
exp (r) as r > —oo. The assumptions on e; used below are stated in such a way
that both examples for e; mentioned here are admissible. For a detailed physical
discussion of these examples we refer to Bon&-Bruevich/Kalagnikov [2].

The equations (1) are to be supplemented by boundary conditions. We assume that
the boundary 4G is the union of two disjoint parts I" and I' and that

~ 0
(2) u=ﬁonF,%+g(-,vo)=a—v-1=6—02=00nf.
v v av

Here v denotes the outward unit normal at a point of I, and & = (B, 3y, #,) and g
are functions describing the interaction of the semiconductor device with its en-
vironment. The dot indicates that g may depend on the space variables.

Remark 2. The part I' of the boundary represents the so called ohmic and
Schottky contacts whereas I' represents the insulating parts of the boundary, the
insulating gates, and (possibly) the symmetry planes. The function g allows to take
into account the surface densities of charges depending on the electrostatic potential.
Concrete examples of such functions can be found in Blue-Wilson [1].

2. PRECISE FORMULATION OF THE PROBLEM

With respect to the data of the problem we assume that

(A1) G < RN is a bounded Lipschitzian domain,
0G=TuTI, I'nlr =0, I'is of positive surface measure;

(A2) D;e C(R%), 0 < my(5 — 5) < D{r,5)§ — D{r,s)s, my >0,
Dfr,s)<my, for r=0,52s20,i=1,2;

(A?’) ke C(R; R.);
(A4) feL”(G), ¢ > 0 is constant;

(AS5) e;e C(R; R.) is strictly increasing, lim ef{r) = +o0, i = 1, 2;

r—=o
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g: T x R—>R,VreR: g(+,r)e L*(I'), Vx e I': g(x, *) € C(R) is increasing,
g(x, ro) 2 0, g(x, —ry) = 0 for some ry > 0;

(A6) {

(A7) e H'(G; R’) n L(G; R®).
The last assumption means that the function & appearing in (2) can be extended to
a function ¥ € H'(G; R®) n L*(G; R?).

Let V:={we H'(G): w|I =0}, let |w]y := ([ |grad w|* dx)"/?, and let V*
denote the space dual to V. We define operators A: L*(G; R*) x H'(G; R*) —»
= V* x V* F: L*(G; R®) - V* x V*, B: H(G) n L*(G) —» V* as follows:

2
CA(u, v), by 1= j Y Dy|grad v|, |grad v;|) u; grad v, . grad h; dx ,

Gi=1

(F(u, y), by :=J k(u) (1 — exp (y)) (hy + hy)dx,

G

{(Bw, hyy 1= J

¢ grad w . grad h, dx +J g(+, w) hy do ,
G

r
where u e L*(G; R*), ve H'(G; R®), ye L*(G), we H(G)n L*(G), h;eV, i=
=0,1,2, h = (hy, h,). By E; we denote the Nemyckij operator associated with the -
function e;, considered as a mapping from L*(G) into itself, i = 1, 2.
We are now able to give a precise formulation of the problem stated in Section 1.

We are looking for functions u = (uy, u,), v = (v,, vy, v,) such that

ue L*(G;R*), v, — 5, VnL*(G), i=0,12,
(I) <A(u,v) = Flu,v, + v,), Bvg=f+u; —u,,

u; = Efv, — qp), i=12.

It is easy to check that for smooth data, sufficiently smooth functions u, v are a solu-
tion to Problem (I) if and only if they satisfy (1) and (2). The main result of this
paper is

Theorem 1. If the assumptions (A1) —(A7) are satisfied then there exisis a solution
to Problem (I).

The proof of this theorem will be given in Section 4.

3. A MODIFIED PROBLEM

Let K := max |[#;]| =) We fix M = max {||o] =) Fo} (cf. (A6)) such that
i=1,2

e(K — M) —eM—-K)+ f=0,
e(M —K) —e)(K— M)+ f=0.

In view of the assumptions (A4), (A5) this is possible. For R > 0 and any real-valued
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function w we define
—R if w(x) £ —R,
(Prw) (x) 1= <w(x) if —R = w(x) <R,
R if w(x)=R,

for every x from the domain of definition of w. We introduce B,: H'(G) —» V*
setting

{(ByW, hoy := J'

e grad w. grad h, dx + J g(+, Pyw) ho do
G

r
for we H'(G), ho € V. In addition to (I) we consider the following “regularized”
problem:
uel*(G;R*), v—D0eVxVxV,
(I1) < A(u,v) = F(u, Pgo; + Pgvy), Byvo = f+ uy — u,,
u; = E(Pxv; — q;Pypo), i=12.

Lemma 1. Let u, v be a solution to Problem (I1). Then u, v is a solution to Problem
(I) as well.

Proof. We shall prove the assertion showing that o]« < K, i = 1,2, and
[vo]| oy < M. If w is any real-valued function we denote by w*, w™ its positive
and its negative part, respectively.

1. Let h;:= (v; — K)*, i =1,2. Then h;e V and grad v, . grad h; = |grad h,|*
(see, e.g., Gilbarg-Trudinger [6], Sect. 7.4). Therefore A(u, v) = F(u, Pxv; + Pgv,)
yields

2
Y | {Dd|grad vo, |grad v;|) uj|grad hy|* — k(u) (1 — exp (Pxv; + Pxv,)) h;} dx =0.
i=1 )¢

The choice of h; implies that (1 — exp (Pxv; + Pgv,)) h; < 0. Moreover (cf.

(A2), (A9)),

D{(|grad vo|, |grad vy) u; = mge(—K — M) > 0.
Hence 2
; moe(—K — M) ||n;]|; < 0.

Consequently, h; = 0,i.e.,v; < K, i = 1, 2. By meauns of the test functions (v; + K)",
i = 1,2, one obtains analogously that v; = —K,i =1, 2.

2. Let now ho:= (vy — M)*. Then hoe V and grad v, . grad h, = |grad h|.
Therefore By, = f + u; — u, implies that

j (elgrad ho|? — (f + Ey(vs — Pyvo) — Ea(vs + Payvo)) ho) dx +
G

+fg(',PMvo) hydo = 0.
r
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Because of the choice of hy and M we have g(+, Pyw,) hy = 0 and

(f + Eq(vy — Ppvo) — Ex(v; + Pywy)) hg £
S(f+e(K—M)—e—K+ M))hy<0.

Hence

eholly = j elgrad ho|* dx £ 0.
¢

This shows that hy = 0, i.e., v, < M. Using the test function (vo + M)~ one obtains
analogously that v, = — M. This completes the proof.

4. PROOF OF THEOREM 1

We start this section by transforming Problem (II) into a fixed point problem.
Subsequently we solve this fixed point problem by means of Schauder’s Fixed Point
Theorem. Let H := I*(G; R®), and let € H be given. We define u = (uy, u,) €
€ L(G; R*) by u; := E{(Pgd; — q;Pyi,), i = 1,2. Then we determine v, as the
solution to

Byvo =f+uy —u,, voeV+ . .

This is possible since B,, is easily seen to be strongly monotone and continuous
on V + #,. After that we determine d = (vy, v,) as the solution to

A(u, vy, 0) = F(u, Pty + Pgd,), v;eV+7D, i=12.

This is possible since > A(u, vy, D) is strongly monotone and continuous on
(V+ #,) x (V+ #,) (cf. [5], Ch. IIT). We define now Q: H — H setting

Qb := v = (v, vy, V) .
Obviously, u, v is a solution to Problem (II) if v is a fixed point of Q and u; =
= E{(Pxv; — q;Pyvy), i = 1,2.
Lemma 2. The mapping Q: H — H is continuous. Its range is contained in
a convex compact subset of H.

Proof. 1. The continuity of Q: H — H can easily be proved by means of the well
known continuity properties of Nemyckij operators.

2. With the notation introduced before we have
8””0 - 170"%/ < (Byo — Bydip, vg — Bop =
=<f+uy —uy — Byby, 0o — o) <

= o[ fluew + ex(K + M) + ex(K + M) + [[Budio[y*) [0 = Fo]lv -
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Similarly,

2
T moe( =K = M) [o; = 5} < <A(u, 0) — A(u, vo, 51, ), (01, v2) = (51, 5)> =
= <F(u’ PKﬁl + PKEZ) - A(u’ Vo, ﬁb 172): (171, 02) - (51’ 52)> é

2
< k(rq, .
< cognésggﬁm (rim) (1 + exp (ZK))E1 [v; — ]y +
i 2

=1,

2
+.:/:1 medK + M) || asce) [o: — Billv -

These results show that o] zieR® is bounded independently of #. Thus Q maps
all of H into a closed ball in H'(G; R3), i.e., into a convex compact subset of H.

Proof of Theorem 1. Lemma 2 shows that there exists a nonempty convex
compact subset C of H which is mapped by Q continuously into itself. Thus, Q has
a fixed point v by Schauder’s Fixed Point Theorem. As mentioned above this implies
the existence of a solution to Problem (II). Lemma 1 completes the proof.

5. THERMODYNAMIC EQUILIBRIUM

In general, one cannot expect the solution to Problem (I) to be unique. Special
cases in which there exists more than one solution are discussed by Bon¢-Bruevich
et al. [3]. There is, however, the following simple uniqueness result:

Theorem 2. Let the assumptions (A1)—(A7) be satisfied, and let
(A8) grad 3, = grad ¥, =0, ¥, +3,=0.
Then Problem (I) has a unique solution u,v. This solution has the property that

vi=6i, i=1,2.

Remark 3. The additional assumption (A8) means that the driving forces for
flows vanish at the boundary. The theorem shows that then the flows vanish through-
out the device for the unique steady-state solution.

Proof of Theorem 2. Let u, v be a solution to (I). Then
0 = {A(u, v) — F(u, vy + v,), (vy, v;) — (35, 7)) =
2
= J‘ {Y Dy|grad v,
G i=1

— k(u) (1 — exp (vy + vy)) (vy + v5)} dx.

Since both parts of the integrand are nonnegative this implies that gradv; = 0
and therefore v; = #;, i = 1, 2. Furthermore,

lerad o) ufgrad o —

Bvo=f+E1(ﬁl wvo)_Ez(ﬁz"l'vo), Uo€V+ 50.
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Because vo > Bvy — Eq(3; — vo) + E,(¥, + v) is strongly monotone on V + #,
the function v, is uniquely determined by the last equation. Finally, the relations
u; = E(v; — qi), i = 1,2, show that u = (uy, u,) is uniquely determined as well.
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Souhrn
O USTALENEM ROZDELEN{ NOSICU V POLOVODICOVYCH PRISTROJICH
KONRAD GROGER

Autor dokazuje existenci feSeni Van Roosbroeckova systému parcialnich diferencialnich rovnic
z teorie polovodicu. Jeho vysledky zobeciiuji vysledky, kterych dosdhl Mock, Gajewski a Seidman.
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B ITOJIVITIPOBOOHHMKOBBIX ITPUBOPAX
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ABTOp [10Ka3pIBaeT CYIIECTBOBaHME PEIIEHMs CHCTeMBb! ypaBHeHuil ¢aH PocOpyka B 4acTHBIX

NPOM3BOAHBIX M3 TEOPHH IONYNpOBOAHMKOB. Ero pesynpraTsl 0600maror pesyasTaTsl Moka,
Taesckoro u Ceifvena.
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