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Summary. We will discuss Kellogg’s iterations in eigenvalue problems for normal operators.
A certain generalisation of the convergence theorem is shown.
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A certain variant of the iterative process of Kellogg’s type for solving the eigenvalue
problem is investigated. We will search a solution of the equation

1) Tx = ix

in a complex Hilbert space X for a normal operator. The previous results of Kolomy
[3] and Marek [4] are used. It is shown that the convergence of a certain iterative
process, which includes those studied earlier, is guaranteed under more general
assumption on the properties of the operator. Some terms of the theory of spectral
representation for normal operators are used [1].

Let (-, ) denote the scalar product in X, the norm being defined as usual,
[+lix = (-, *)"/%. Let [X] be the space of linear bounded operators on X, |T]x =
= supjx|x=1 |Tx||. If there is no danger of misunderstanding the indices will be
omitted. Similarly, the braces {-} denote sequences as well as sets. Let IT be the
open complex plane, we denote the spectrum of the operator T'e [X] by o(T); the
spectral radius of T is denoted by r(T). Let the spectral radius circle be the set of
A€ I for which |2| = #(T). We will denote it by the letter w. Further, for the operator
T e [X] we define its adjoint operator T* for which (Tx, y) = (x, T*p) holds for every
x, y € X. The operator T is said to be self-adjoint if T = T*, and normal if T*T =
= TT*. Let G(S) be the set of functions which consists of all limits of uniformly
convergent sequences of finite linear combinations of characteristic functions of
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Borelian sets in S e IT such that their essential supremums are finite. Then for
feG(s)
&) f(T) = Jsf(2) E(d2)
holds, where E is the spectral measure of the normal operator T [1].

Iterations are constructed similarly as in [4] by Marek:
="
k,

(3) D = Iy, =

= 505
r
(x(n)’ zn)

where x® € X, the sequences {y,}, {z,} of elements of X and the number sequence
{k,} are such that the denominators in (3) are not equal to zero and

(4) limy, =limz, =y

n—oo n—o0

where y e X. The following theorem describes the behaviour of the sequences (3).
Note that no assumptions about the neighbourhood of the spectral radius circle
are made.

Theorem. Let T e [X] be a normal operator and x® € X a fixed vector such that
(E(w) x, y) = (E({o}) ¥, y) + 0,

where yy € @ 0 o(T) and E is the spectral measure generated by T. Let (4) hold for
Y 2y and y € X. Further, let k, be such that

(5) lim ﬁuok,jl=/54:0, |B] < 0.

n—oo i=1

We denote xo = B E({1o}) x®. Then

N

(6) limpu, = gy and limx, = x,,

n—ow n—oo
where x, is the eigenvector of T corresponding to the eigenvalue .

Proof. We begin with the proof of the convergence of y,. Because x**1) = Tx®
we have

(x™, y,) = (T"x*, 3,)
due to (2) and by virtue of (3),
(x™, ,) = [s 2(E(d2) x, y,) = ug [s (Apo)” (E(d2) x©, y,)
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holds, where S is such that ¢(T) < S. Further, we have
Is (Afwo)" (E(d2) ¥V, 3,) = [0 (Afmo)" (E(d2) x©, y,) +
(7) + [s-0 (A1o)" (E(d2) £, y,) = (E({uo}) x, ) +
+ fo- oy (A1) (B(d2) x©, 3,) + [s-, (Af1o)" (E(dA) x©, 3,) .

The last but one term in (7) converges to zero, because I(A/uo)"l <1 and
(E(w — {po}) 9, y,) converges to (E(w — {uo}) x*°, y), which equals zero, too.
The last term in (7) converges to zero due to the inequality |(/1/,u0)"| < 1. The
Lebesgue dominant convergence theorem has been used in both cases [1] Hence

tim OO0 _ i Elo}) 2, 32)

o (27 3) e (E({0}) ¥ 32)

where the last equality is obvious owing to the assumption that (E({go}) x(®, y) + 0.
To show the convergence of x,, we have by its definition

= Ho >

Tnx(O) Tnx(O) n

x, = x"k, = k;.
/ k... k, Lo '1:[1#0/

Similarly as in the first part of this proof

Ln® = o G B(d2) £©
Ho

and using f of the assumptions, we obtain that

lim x, = lim B {5 (Aug )" E(d4) x© = BE({no}) ' = x,

n—w n—oo
due to the Lebesgue dominant convergence theorem again. Finally, we show that y,
is an eigenvalue with the corresponding eigenvector x,. We have

(T — pol) xo = B(T — pol) E({po}) x© =
= Blim [ (Aug )" (2 — po) E(d2) x©

and as (Aug )" (A — uo) is bounded and tends to zero if n tends to infinity, Tx, =
= UoX, and the assertion of the theorem has been proved.

Finally, we list some concluding remarks. If the assumption (E(w)x{?,y) =
= (E({po}) x, y) is not satisfied, the iterative process defined by (3) need not con-
verge. We have investigated eigenvalue problems for normal operators and obtained
nearly the same qualitative results as in [3], where self-adjoint operators were
considered. We have not assumed that the points of the spectrum lying on the
spectral radius circle are isolated as in [4] or [2], but our results are similar to those
there.
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Souhrn

ITERACNI RESENI PROBLEMU VLASTNICH CISEL
PRO NORMALNI OPERATORY

ToMAS KoJECKY

V praci je feSen problém vlastnich &isel rovnice Tx = Ax iteranimi procesy typu Kellogga
pro normalni operatory v Hilbertové prostoru. Iteraéni proces je definovan podobng jako v [4].
Je ukazano, Ze kdyZ na spektralni kruZnici se nachazi pravé jeden bod spektra, jehoZ ,,vaha'*
je v&t§i neZ ostatnich, tj. (E(w) x@, x(®) (EQuo ) x'9, x(9) = 0, pak posloupnosti (3) kon-
verguji k vlastnimu &islu a jemu odpovidajicimu vlastnimu vektoru.

Pesome

UTEPALIMOHHOE PEMIEHUE ITPOBJIEMBI COBCBEHHBIX 3HAYEHUN UIA
HOPMAIJIbHBIX OITEPATOPOB

ToMAS KoJECKY

B paboTe ntepauuonHpiM npoueccom tuna Kestora pemaercs npo6nema cCoOCTBEHHbIX 3HAYEHHI
ypaBHeHUst Tx = Ax IUIs HOPMallbHbIX ONEPAaTOpPOB B mpocTpancre ['minbepra. MTepauimOHHbIH
npouecc NMocTpoeH kak B [4]. IToka3aHo, YTO €C/iM HA CIEKTPaJbHOM OKPYXHOCTHM OnepaTtopa Ha-
XOAMTCS TOJIBKO OJIHA TOYKa €ro CrexkTpa, ,,Bec’* KoTopoii 60oabiue ,,Beca‘ octanbHbiX, (E(w) x(o).
x(o)) = (E({/xo}) x(@) x(o)) == 0, TO MOCJIe10BAaTEILHOCTH (3) CXOAATCS K COOCTBEHHOMY 3HAYEHUIO
M COOTBETCTBYIOUIEMY COOCTBEHHOMY BEKTODY.
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