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OF A THERMOELASTIC SYSTEM
UNDER NONCONTINUOUS HEATING REGIMES
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Summary. The continuity and boundedness of the stress to the solution of the thermoelastic
system is studied first for the linear case on a strip and then for the twodimensional model in-
volving nonlinearities, noncontinuous heating regimes and isolated boundary nonsmoothnesses
of the heated body.

Keywords: Nonlinear heat equation, Lamé system, noncontinuous heating regime, isolated
boundary nonsmoothness, boundedness and continuity of the stresses, Sobolev spaces, Fourier
transformation.

AMS Classification: 73U05 (35MO05, 35R05).

The research in the field indicated by the title was encouraged by the machine
industry. Its aim is to heat a large body up to a prescribed temperature without
damage caused possibly by thermoelastic stresses. As the fulfilment of the compati-
bility condition (i.e. the initial temperature satisfies the boundary value condition)
can be hardly required, it is reasonable to study the influence of jumping temperature
regimes in the furnace to the heated body e.g. when the body is quickly inserted
into the furnace. The aim of the paper is to find sufficient conditions for continuity
(thus also boundedness) of the stresses in the body. To reach the aim, a thorough
investigation of the regularity of solutions both of the heat equation and of the
Lamé system is necessary.

In the sequel, the heat equation is considered in the form

ﬂ(u)%:Au on Q=(0,7)x%xQ,

) 2_: = JT) = f(Au) on S=(0,7) x 0@,

u(0,x) =u, on Q,
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where 2 = R" is a domain with a sufficiently smooth boundary Q. T: S — R! is
the heating regime in the furnace, f, A: R! - R! are given positive functions, A
has a positive derivative. The model for ¢ is e.g. g: y—> oy + osy* with o, > 0,
os = 0 constants. v denotes the outer normal vector. Throughout the paper, all
gradients and Laplacians are meant to be in the space variables only. The Lamé
system is considered as follows:

(1 — 20)Av + grad divo = (2 + 20) grad y(u) on Q,
(2) (1- 20)( + ((v, grad; v), )) + 20vdivo = (2 + 26) y(u)v on S,

where y is a function with a positive first derivative, ae(O, %) is a constant (the
Poisson ratio). The stress tensor is defined as

T = E <%+a_vf+5 20 Zavk>,

2 4 20 \0x; 0x; 1— 20k 1 0x,
where E > 0 is the Young modulus of elasticity, possibly temperature-dependent,
6;; = <(1) P+ ] . For details of the technical formulation of the problem and deriva-

tion of the system cf. [4].

In Section 1, a survey of some necessary facts about anisotropic Sobolev spaces will
be made. In Sec. 2, the simplest case of a strip-form body and linear heating process
will be treated. In Sec. 3, more general results for two-dimensional Q2 will be obtained.
In Sec. 4, the case of Q with isolated boundary nonsmoothnesses is mentioned.

1. ANISOTROPIC SOBOLEV SPACES OF HILBERT TYPE
WITH FRACTIONAL DERIVATIVES

The theory is dealt with e.g. in [2], [5], [7]. For handling Hilbert-type spaces
on R", the use of the Fourier transformation is advantageous. For a multiindex
ae R’} (R, = <0, +)) we introduce

HY(Q) = {ue L,(Q); |u[y0 < +0},
™
ox%i

i

) lulze = [ulixe + [ulie = [ulZ@ + Z Aoy (@) ||

L2(R2)
otail 2

+(1—x,v(a>>f j S‘e'a w0 g a

| ]n/1+(a,)

0,x¢ M.

In (3) ||*[ Loy denotes the norm in Ly(R), xa: X —><1 1S the characteristic

function of a set M, N is the set of all natural numbers. For qe R‘, [q] denotes its
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integer part (the greatest integer less than or equal to q), {q} its fractional part,
ie. {q} =q —[q]. For a function f:R"— R™ n,meN, we write 4;f(x)=

"Z()( )/ f(x + (m — j)h), ke N, he R".

For f: R" - R" we denote by f its Fourier transform.

h 2
Lemma 1. Let I ,(f) Ej J (A,J(x)) dhdx for a function f:R*— RY,
R JRA

lhln/2+a
keN,0 < a < k. Then

(4) Ik,a(f) = Cn,k(a) jR"
sin?* ¢
. j e

ds
and @) =1 for n=1, )= —_—
( ( ) J‘Rn—l (1 + lsl2)11;2+a

TIP|EP*de, where ¢, (o) = cp(o) 2% 727

for n=2.
712 1 _ i8] 2k
Proof. I, (f) = Lx L" %IET—L dh d¢ =
i(h,5n/2 __ o—i(h,8)n/2]2k 2k 2k
=j j e = | dhdc—f J pEsind S»(;];—c)/z)dld“
R"J R® lhl RnJ Rn 1”

To calculate

2 = 2% sin?* ((h, &),/2) dh
i) = |

we use a rotation @ with its center at the origin. For a couple of functions g, g,:
R' > R' we have [gagi((x,¢),) g2(]x]?) dx = [rn g,((x, 0E),) g2(|x]?) =

= frn 91((0%x, &),) 92(|0*x|?) dx. Taking 0 such that & = |¢|[1,0,...,0], y = O*x,
we can see that

2k o342k 12k
Joa(®) =J 27 st Wafelj2) "gi|€]/2) dy = 2%~ )¢ I T ZL gz = e, (@) |2
R® |YI R IZ‘
provided we use the substitutions z = 4[] y and t = z;, 5; = z; [z, i = L, ...
.on—1.
Using Lemma 1 we obtain for @ = R"

O el = el (U B ()

if we define ¢, 4(0) = 1. Thus the norm (g |@]? (1 + |£]>*)) d&)"/ is an equivalent
norm in H*(R"). Hence, the dual space H *(R") can be introduced as H *%R") =

= {1 ] a pn< + 00}, where [u]2s ge = e ] (1 +i:zl(ci)2«f)~' daz.

428



For a Hilbert space o and a, € (0, 1) we define the space H*(«, £, #’) by means
of the norm

O Wl [ IO e+ f V- ]ffilll”’ tds.

Let M be a closed subset of R". By CO(M) we denote the space of all continuous
functions on M having the zero limit at infinity if M is unbounded. The space is
equipped with the usual norm. The following two theorems are well-known — cf.

[2]. [9]. [12]-

Theorem 1. If oy > %, then H™(a,¢; #) si continuously imbedded into
Co(a, ﬂ; Jf).

Theorem 2. If Q has a sufficiently regular boundary and o € R, is a multi-
index satisfying 1Y 1Ja; < 1, then H*(Q) is continuously imbedded into Co(%Q).
Ci=1

Of course, @ = @ U 0Q. We remark that for Q = R" Theorem 2 is an easy
consequence of Theorem 1.

For a function f of the form Ky, . + KaXcosy» —0 < a <e¢<£ < +00,
the seminorm |+|/{,,-, (.., defined in (3) and an arbitrary ¢ < (0, 1) we have

(7) “f”l/z el = J%J\&de dy = ] 2 — kllzg—ﬁf

. |x — y|?~% 1—2)

[C = Z>2 i (2 - Z)Z - lj] < ki — ko (C(6 = a,8))?,
o 55

For a nondecreasing and piecewise constant function f on («, £) we obtain from (7)
(®) 1fir2-caier £ 1(6) = £(a)| C(¢ = s 2).

For each nondecreasing function f on («, £) there is a sequence of nondecreasing,
piecewise constant functions {f,,} tending uniformly to f. Using the Fatou lemma
we verify the validity of the inequality (8) for each monotonic function on {«, £).
Therefore for each function f having a bounded variation on <{«, #> we have

) 1 15/2=caiey S 2C(6 = @y 6) varg, 4 f -

Hence the following lemma holds:

Lemma 2. Let f:{a,6) - R' have a bounded variation on {a,£y. Then
fen H* ¥(a, 6).

£>0
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2. PRELIMINARY RESULTS

In this section Q is considered to be a strip, i.e. @ = R" x (O, r), n=1,2. For
the sake of simplicity we choose r = 1. The simplest linear heat equation du[dt =
= Au will be treated and y(u) = u will be supposed in the Lamé system. For the
heat equation, we shall study two types of the boundary value condition, namely
the Newton-Neumann type

(10) M_0 on R {0}, P ou T on RUx (1},
dv ov

and the Dirichlet type

(11) u=0 on R"™'x {0}, u=T on R x {1}.

The first case corresponds to the heating of a symmetric strip with the axis at R"*1 x
X {0} without radiation. The boundary value conditions for the Lamé system will
be of the type (2) on R"*' x {1} and v = 0 on R"** x {0} both for (10) and (11).
Such a modified problem (2) will be denoted by (2).

Theorem 3. For n = 2, Q described above, the linear system, the homogeneous
initial condition and the boundary value condition (10), let Te () H'>~**¥R3),
>0

k > 1. Let E and y be constants. Then the corresponding stresses belong to Co(R* x
x Q; R®).For n = 1 the situation is analogous, the sufficient condition is k = 1.

Remark. It scems that such results cannot be obtained for the case (11) for any k.
For details cf. the remark at the end of this section.

To prove Theorem 3 we shall first prove the following proposition concerning
the heat equation:

Proposition 1. Under the assumptions of Theorem 3 let k > 1 — ¢, se(O, 1),
and let us consider the boundary value condition (10). Then for n = 1, 2 the solution
u of the heat equation belongs to

() HS/4-o2 043125125 RU 5 Q) () HS/4=e/2k+3/2k4 312,522 (R1 ) |
e>0 >0
respectively. Considering the case (11) we obtain
we) YATEFUZIRY x Q), () HY4ekF12ZKHUZLRL Q)

>0 >0
respectively, for k = 1.
We remark that, in general, the results of Prop. 1 in time and in tangential directions
can not be improved.
To prove Prop. 1 we shall use the partial Fourier transformation

(12) #(t, &, Xy y) = (20) "D [ u(t, x) e EO qrdi, 0= 1,2,

where for a vector x =[xy, X5, ..., X,, X,+1] € R""! we define ¥eR" X =
= [x4, x5, ..., X,]. With the help of (12) we rewrite the problem with the boundary
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value condition (10) into the form

2~
(13) g_g =d* on Q=R'xQ with « = \/(iro + [¢]?) =
X3

= 2 (G ) + L6 + i sien w0 /(G + (69 - [P

—a_‘ﬁ_ (T"Oa f> 1) = T(TO’ 6) - 17(‘50, 6’ 1) ’
0x3

'a—u(TOa 69 0) = 0, [To, f]GR"J'l .
x5

The solution of (13), which is the partial Fourier transform of the solution of the
heat equation with the boundary value condition (10) and the homogeneous initial

condition at — oo, has the form
. Tch(dx,, 1)
14 , &x, = —— T
( ) u(TO ¢ H) dshd + chd

and we shall estimate [[u]/24,148,1.0 OF [[u]1/24n148,1+8,1,0 fOr 7, § = 0. From
(3), (5) and taking the equivalent norm (putting ¢, ((a) = 1,n = 1,2, ...,k = 0,1, ...
..., € (0, k)) we obtain (denoting the norm by | ||1/24n,1 481,00 # = 1, 2)

(15) ”“”12/2+n,(1+s>,.,1,g =
! |T[2 1+2n 2+29 2
- J i. [7/ sh.« + ch a,/lz [(]TOI + ]él + 1) lCh(dxlﬁl)l +
Rn+1go0 |[@ 4

+ |)? |sh (&xs1)?] dxpyy drodE, n=1,2.

Now we calculate |[#]? = \/(c3 + |¢]*), [ch (<x,+1)]* = $ch (2 Re /x,,,) +
+ 3 cos (21m &X,41), [sh (Zx,4,)]* = 3(ch (2Re X, ;) — cos (21m X, )).
As|d shd + ch d|* = e (|«¢]* + 2Red + 1) + e (|<|" = 2Re & +
+ 1] + 3[(1 = |#]*) cos (21m ) — 21m  sin (2 Im )] has a positive infimum as
a function of «/ and
(16) §6 (ol 27 + €2 2% + 1) [eh (x4 0)|* + [«] [sh (&, 41)|* dps g =
B (eZRed _ e~2Red) (|T0|l+2n + |6|2+28 + \/(T(Z) + Iél4) + 1)
42w + [E*) + [E*)
L (rol 2 2720+ 1 = (w5 + [¢]9) sin (V2 V(w5 + [E[*) = [¢]°)
2/ 2w + ¢ = [¢]*)

we can easily derive, inserting these results into (15), that there exist finite positive
constants k, k, independent of T such that the inequality

+

(17) kluT”~1/4+n,(—1/2+-9).1,R"+1 = ”u”1/z+n,(1+3)"1,g =

= k'ZHT”-I/4+n,(—1/2+9),,,Rn+1 , R = %, 9 > % N
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holds, because the resulting coefficient of |T]2 is bounded in a neighbourhood of
0eR""'. Thus for Te N H'>"*¥R?), N H'>*"***(R?) we get the solution u of
>0 >0
(13) in () H47ek*320(Q), ) H3/478k+312k+312.1(0) respectively. We reniark
>0 >0
that the restriction n = 1 or 2 is only formal.
To obtain the regularity in the normal direction we shall calculate for ¢ e (0, 1)

i i\
ol e @)
(18) 1) = 1 f J j net O ) grodedydz =
CJrr+tJodo |J’ - Zl ¢

_ Y0 TP ]«* [ch(&y) — ch (m)]zdr0 dcdyd- —
riridodo | shd + chd|? |y — 2272

[ IPleftande
oot | shd + ch d|

Using the decomposition « = || ¢ we obtain
121 pl] _ 2
J3(u) = —1—2 [ J‘ [ch (<) :]jz(ez)l dydz.
[|* o Jo ly — 2>~
As <0, ||y x <0, ||y = My UM, UM, where M, = (1, |Z]) x <0,y — 1),

M, =<0, || = 1> x v+ L[]y, My=<0,|d]y x {y =1,y + 1), and we
can estimate
_ .7)|2 32
(19) J‘ |ch (ey) (;lig(z)’ dydz < 4f ﬂ(‘«‘% dydz <
MiuM, ly =z~ s, [v = 27
B[ eh () o
< -y =
‘1‘—28.[0 eh ()f* dy

= 2 1 sh(2Rea,/)+——1—sin(21ma,’) .
1 —2¢| Ree Im ¢

We need to estimate

(20) JMJ"“ [eh (ey) = ch () ;. =f'”r“Mdy dz s

2-2¢ 2-2¢
S T . -1

< ‘[MJ""HFH [sh () ds 4 g, §Jl"l;1r“ |sh (es)[? ds dy <

-1 Iy _ le—ls

y—1

0 y—1 0 y—1
< 1 e?fe — e~2Rw(e2Red — em2Red)|
4e| (2Reo)?
P |cos (21m «(|| + 1)) — cos (21m «(|<| — 1))|.

4e(1m ¢)?
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By virtue of (19) and (20), the seminorm I(u) can be estimated by means of
[Tl x=ep2.01 - nes m = 1,2,6€(0, 1), and therefore for k = 1 the assertion of
Prop. 1 for the case (10) is verified.

In the case of the boundary value condition (11) we use the same technique.
Applying the partial Fourier transformation, we obtain the problem

A2~

o u

=d% on Q, d = \//(ifo + lélz) =

(21)

X
+ 27 G )+ [P + sien o V(1) — 1P
o, E,0) =0, d(teé, 1) = T(1o, &), [10,E]eR™, n =12,

with the solution

(22) (To, g, x,,H) TjSh (//\,,+ I)
sh «
We calculate
(23) T2 0.c1490,1.0 = j |T]>.
Rn+l

[ (,Toluzn + ]é|2+28 +1 _I_\/(,_L_Olz + !614))(1 _ e—4Re({)
V2V + 1) + [P+ e = 267 cos (im )

(\/ o] + |¢ I“) —-1- — [¢]2*2%)e™ 2R /2 sin (2 Im (/)].
VG + € (1 + e7*Re — 2e7 2R cos (21Im &)

Jdrydé, 7,920,

and thus there exist positive constants k;, k, independent of T such that for n = 0,
320

(24) k;”T”1/4+'I~(1+9).I,R”“ ” “1/2+n(1+9) 1,0 = k7 T”1/4+'l(1+9) JRntdoe

Proposition 1 is proved.

Remark. For k = 1 it is possible to prove the normal regularity of u of the
3 — & — type by means of a slight modification of (18)—(20). The result is that for
Te H'?7o@n(R 1) g e0,4), k > 1, u belongs to H>/*~5**H1/2m32=25(R1 Q).

Proposition 2. Let ue Co(R'; H(Q)), o = [o;]e RV oy, ity = 04 = 0.
Let y = 1, let the Poisson ratio ¢ € (0, %) and the Young modulus of elasticity be

constants independent of u. Then the stress tensor to the solution of (2') satisfies
n+1

T Co(RY; H(Q; R™ V%), Particularly, for oy, ..., 0, = a,, =0 and y %; Tt<2
we have te Co(R" x Q; R"+17), ‘ =1
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Proof. Let us define #" := {we H'(2; R"*'); w = 0 on R" x {0}}. The varia-
tional formulation of the problem (2) has for y = 1 the following form: Look for
v € # such that

n+1

(25) Ja (L = 20) Y (grad v;, grad w;),4 1 + divodivw — (2 + 20) u divw.
i=1

.dx=0, i=1,...,n+ 1, forevery we# , teR'.

Let us denote by (25)_,, the equality

n+1

(25)_4, fa(l = 20)'Zl(grad (v:)-n, grad (w;)_p )psq + divo_,, divw_, —
-2+ 20)u_y divw_,,, i=1,...n+1, ke{l,...,n},

where for a function f we write f_, = f(x + h,), and h, = %e,, %€ R" and (e );%]
[ae] +1

is the canonical basis of R"*!, Summing up Z (26)_ [“k]j+ ! (=1)’ with

Jh
=

W= Wop = o = Wopttag = dia+10, v solves (25), multiplying the resulting
sum by |4| ™! 7*"™ and integrating it over R' in the variable /%, we obtain by means
of the Korn inequality, carrying out the process for k = 1, ..., n,

ov; ..
(26) — < const [[uf, o, i,j=1,..,n+1, teR'.

0% jlla,,....an,0,2

As Aju could be inserted for u, where ¢ is an arbitrary shift in time, we finally obtain

(27) Zie Co(RY; H 0 (Q; R™ 1Y), i,j=1,...n+ 1.
X

J

We rewrite the equation (2) into the form

0%v; " 0%,
(28) 1 -20)—*+ -—(2+20)——(1—20‘)Z—2——-d1vv
ax:+ Xi Xj 0x;

i=1,...,n,

@2 - 20) 0t (24 2a)
0Xp 41 0%y
o & oy

J

b
0Xy11 i=1 0x;

and we have to prove the normal regularity (in the direction e, ). First, let us
suppose o, ; to be an integer. If o+, = 1, (28) immediately yields that 0%v,[0x], | €
€ Co(RY; Ly(Q)), i=1,...,n + 1. Suppose that 8'%ly,[ox" e Co(R'; Ly(Q)), i =
=1,..,n+ 1 for 1 + a,.,; > k€N, where § is an arbitrary (n + 1)-dimensional
multiindex of the rank |/?] < o,,, + 1 such that §,.; = k. We shall prove that the
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same assertion is true for such § with f,,, = k + 1. Let us apply an arbitrary
differential operator D?” to (28) with B7] £ oy — 1, Boi = k — 1. By the
induction hypothesis and the supposition put on u, the right-hand side of (28) belongs
to Co(R'; L,(Q)). Thus the same holds for the left hand side. Thus the proposition
is proved for «,,; an integer. For a,,,; non-integer, we obtain the result using an
appropriate interpolation theorem — cf. e.g. [12], Thms. 5.1 and 9.6.

Proof of Theorem 3. As the space H'/2**(R'; H(R"*")) for » > 0 and a € R%*!
has ||+ || as its norm, where

(29) llull® = Jrns

and because the Ho6lder inequality

i

n+1
S [rof ) (U X [67) d dro,

0l1+2x § 1 +-2K

(30) &> |« ol + Zje e, i=1,..,n+1
o

holds for x 20, ; >0, i=0,....,n+1,a;,20,i=1,...,n + 1, satisfying the
equality (1 + 2x)/209 + a;/a; = 1, we can prove the implication

(31) Uen H5/4—3/2,(k+3/2),,,5/2—E(Rn+2) = .f=>
£>0
Ue C Rl;H(B,/5k+O,9—e),,,3/2—£ Rn+l = #, .
~venal (k1) = o,

If @ Z R™, it is possible to extend u e () H'/>**(R'; H/475(+3/2m312=2¢())

£>0
to U e # by means of the construction described e.g. in [12]. Then U € #, and
= Ulgixg €N Co(R}; HOPHHO=0m3275(g)) If p=2,k=1lorn=1k21,
£>0

then the necessary conditions of Prop. 2 are satisfied so that 7 € Co(R' x Q; R"*1?),

Remark. For € = R? a sufficient condition for stresses to be continuous is
Te H'/A4+e0:1/2%200(S) ¢ > 0 arbitrary small, and in such a way we are able to improve
Theorem 3. For the boundary value condition (10) and Q = R? or R3, from

the assumption u € () H>*7®H1/2n3272(0) we  obtain only ue() Co(R';
>0 >0

H/3k+ U6n1/2=2(Q)) which does not satisfy the sufficient condition of Prop. 2.

s
3. RESULTS FOR SMOOTH BODIES

In this section we shall study the regularity results for (1), (2) for a body Q = R?
which is bounded and has an at least C, ;-smooth boundary, i.e. the first derivatives
of functions locally describing the boundary are Lipschitz. The heating regimes are
supposed to be positive, non-decreasing and bounded. In the sequel, we shall suppose
uo =0, T(0,*) = 0 and extend T onto A :=(—00,47) x Q by T(t,x) = 0,
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t<0,xeQ, T(t, x) = T(ﬁ', x), telJ,47 ), x € Q. We shall exploit the following
variational formulation of the problem (1):

to to
(32) '[ B(u) du wdx dt + J. (grad u, grad w), dx dt +
: ot

—0Jd Q2 —0dJd 2

to to
+J~ [ (yvou)mvdxdt=J (yoT)wdxdt, to S 47.
o0

— 0. — 0 02

As a solution of (32) we shall consider every function u € & n Co(— 0, 47 ; L,(Q)),
where # = L,(— 0,47 ; H'(Q)), such that du/dt e #* and (32) holds for every
we Z. In [11] the existence of such a solution with the property u € <0, B) a.c.

in A is proved, where B = max A~ '(T(t, x)). Such result, however, does not suffice
[t,x]eQ
to prove the continuity of the stress tensor. Put B = max {1, B}.

Theorem 4. Let Q be a bounded domain in R* with a Cy -smooth boundary T
Let 4, A be non-negative functions with non-negative continuous first derivatives
on <0, + ) and such that g(0) = A(0) = 0. Moreover, let there be a constant
Ao > 0 such that A’ > A4 on {0, +00). Let B be an analytical function on {x € C;
Ix| < 2B}, where B = max {1, B}, let B’ be non-negative on <0, By and § = f, > 0
on the same interval, where B, is constant. Let T be left continuous at t = 7 and
nondecreasing in time for each x € 0Q, bounded on S by AB, having T(O) = 0 and
let it belong to L,(0, 75 HY(Q)), « € 0, 1>. Then there is a unique solution of (32)
belonging to () Co(0, 7 ; H' "*7%(Q)), where & = a(x) = (1 + 20)?/(14 + 12a).

£>0

Remark 1. The uniqueness of u is e.g. a consequence of essential boundedness
of all solutions of (32), cf. [11], [16], and of considerations similar to (39)—(43)
below. To prove it, we put uy, u, instead of u, u_, there, in the terms involving
time derivatives we take mollifiers which are arbitrarily close to B(u;) ou;/dt in the
L* norm.

2. For 8 = B, the condition of monotonicity of T in time can be replaced by the
condition of bounded variation in time uniformly with respect to x € dQ-cf. Pro-
position 3 below, where under such a linearity condition we can avoid the term whose
estimation depends on the non-negativity of du/ot.

We shall suppose that for t > 47 and # = T, u we have Z(t, x) = w(t) (47, x),
where w(47) = 1, w = 0 on (57, + w), '(t) £ 0 on {47, + ).

Proposition 3. Let Q@ = R? or R? be bounded, let 0Q be of the class C; ; and let
T: S — R! be a heating regime non-decreasing in time or with a bounded variation
in time uniformly with respect to x € 0Q, and such that T(O, ) =0. Let §, 4,4
fulfil the conditions of Theorem 4. For the non-monotonous case let, moreover,
B(u) = Bo > 0, u € R'. Then for the solution u of (1) we have du/dt € L,(Q). Extend-
ing T in the above described manner we obtain ouldte Ly((— o0, 47) x Q).
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Proof. Suppose T is non-decreasing. As ¢ is monotonic, G = »go T is also
non-decreasing in time on {0, 7 ) for every x € 0Q. Using the extension of T'and the
mollifier technique — cf. [14] — we construct a sequence of regular functions
{Gptmzm (Mo =2[F7 ']+ 2) tending to G ine.g. N HY?> (R x 4Q) and,

e>0
moreover, such that every G,, is monotonic on I'f x dQ and I} x 0Q, where

4 —
I:;:(_OO’T__%3‘>, I';:<4m 13—, +OO>, Gm:()

m m

on —oo,—l x 0Q and
m

’

G,(t,x) = G(7,x) on <

m+%g_ 4m—19_‘
m m

Of course, G,(1,x) < go A(B) = # for every [t,x] e R' x 0Q. Taking the vari-
ational formulation for G,,, denoting the corresponding solution by u,, and putting
w = éu,,[0t we obtain

(33) ., foB(u) (%)2 dx dr + 1 [q |grad u,(1o, x)|7 dx +

3
ekl dxdt =
ot

+ jg}) (y oA u,

fo G
= [20G thn(to, X) dx —J J "u,dxdt, tyeR', m=m,.
—nJon Ot
As g0 A(z) 2 g0z — ¢4 for z €0, B) and suitable constants g,, ¢; > 0, we have
{ﬁ(:) = jg g oA(S) ds = %yozz — ¢12, thus

(39 % Jon o M) S22 dx dt = iy 9() (1) dx 2

2 190 fon tn(to, X) dx — 74 foq tu(to, x) dx
fora.e. toeR' forall m = m,.

From the comparison and the trace theorems we conclude that u,, € <0, B) almost
everywherein R' x 8Q, m 2 my, and clearly |50 (G,, u,(to, x) dx| < & [a0 ul(to, x).
dx + (1)ey) fon Ga(to. x) dx, |[aq un(to, x) dx| = (1/e,) mes 0Q + &, [50 ul(to, x) dx,
where &, € (0, 1) will be taken sufficiently small. Thus we obtain the inequality

+o0 ¢+ 2
(35) ﬂof J (%') dtdx < A o(B* + A ) mes 0Q +
o\ Ot

-

+ o0
+ BJ f %;—’" dtdx, Ao, A > 0 independent of m.
e t
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As the last integral in (35) can be estimated by 2B mes 0Q, {]ou,,/ot]L,q} is
a bounded sequence and the same is clearly true for {|grad u,||,,qy}. Thus u, the
weak limit of {u,}, belongs to H'(2) and due to the compact imbedding theorem
and the uniform essential boundedness of u,,, we can carry out the limit procedure
in (32) and prove that u is the unique solution of (32) for G.

If G is not monotonic, we find a non-decreasing G such that G(t,x) = var__, .
.G(+,x) — G(t,x), te (=0, 37 ). Thus G,, = H,, — G,, on (— o0, 37), where H,,
is the mollifier of var_, ,, G and [ {27, [0G,/0t| dx df < mes 0Q2sup var .

xedR (— 0,9
.G(t,x),m = m,. Of course, [y [55 |0G,[0t| dt dx < B mesoQ and thé ﬁna:l
conclusion is the same as in the preceding case. O

As we have proved that f, = B(u) 0u/dt € L,(Q) and g, = 4(T) — g(Au) € L,(S)
(by virtue of the trace theorem u and g(Au) belong to L,(0, 7; H'/?(0Q))), u(t, *)
solves the problem

(36) Au=f, on Q, %uzgo on 0Q
v

for almost every ¢ € 0, 47 ). Due to the interpolation theorem (cf. e.g. [12]) u(z, *) €
€ H**(Q) for almost every t € €0, 7 ) and the inequality

(37) §o lu(t, s dt < const [5 [ £(t, *)|Z,m) + ll9(t: *)|Laom) dt

holds. Consequently ue L,(0,7; H¥*(Q)) and its trace on S belongs to
L,(0,47 ; H'~%0Q)) for every ¢ > 0 because of the usual trace theorem. If T is
in L,(0, 7 ; H(09)), a € <0, 1), and T satisfies all the other suppositions of Theorem 4,
then we can use the same arguments to prove u € L,(0,47; H*?**%(Q)), u[se
€ L,(0, 7; H'**(0Q)). Thus we have proved the following proposition:

Proposition 4. Under the suppositions of Theorem 4 the solution of (1) belongs
to H1’3/2+1'3/2+a(Q).

To prove Theorem 4, we apply the shift technique to the time variable. Let g,
be a sufficiently smooth nonincreasing function on R' such that o/ _ o 25y = 1,
Qo/(37,+y) = 0. Taking the variational formulation (32), its shifted version
(32)—, with the time shift ¢ and putting w = w_, = ¢(u_, — u) into (32)_,—(32),
we obtain

(38) f j (ﬂ(u—t) Mt _ pu) %,) Q3u-, — u) +

ot

+ (grad (u_, — u), grad o5 (u_, — u)), dx dt +
+f'foo.f,m(yo/lou_,«—-yvou)Q(z,(u_l—u)dxdt=
=% fea0(goT-s — g0 T)(u-, —u)dxdr, t,eR', |7 < 7,
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where we use the above defined extensions of u, Tto R! x Q. For # € R! we obtain

()

Moreover,

(b)
(©

[°w [o (grad Afu, grad (3 4{u)), dx dr =

= [, fo (grad (4{(eou)), grad (4{(oou))), dx d +

+ [ fo(grad (u_,4{0,), grad (u-.4100))2 —

— 2(grad (u_ ,4{0,), grad (41(gou))), — (4{u)? |grad go|* dx dt .

[0 foedl(godou) = (goAou)](u_y —u)dxdt >0, /eR',
[ Jo 00 414(T) Afu dx dt =

= [°% Joo 41(20g(T)) 4i(0ou) dx dt + [%,, [0 (#(T) u)_, (4500)* —

— u_Af(eog(T)) 400 — (#(T))_, 4%(0ou) A%0o dx dt, ¢eR'.

The term containing the time derivatives will be estimated as follows: (For § constant,

it can be written as 0/0t[(4{(oou))? — 2u_ ,A50,4%(00u) + u* (4%00)*] — 2(45u)? .
. 00(00,/0t).) For the general case we use the equality

(39)

0 (ﬁ(u )t ) )(u =) =
:Qza(g W, _u)m>+

Ot \n o(n+2)‘

L (R (RER A (R
PEONIOR T

We prove it by means of mathematical induction. For m = 0 (39) can be easily
verified. Let (39) hold for m, = 0. The last term of (39) can be rewritten as

(40)

(mo+1)
Qo E.____(i) (au__ — ?ﬂ) (”—t _ u‘)mo+2 —

(mo +2)1\ ot ot
(I ey
ot\(moy +2)!  mg+3
L u_, B(mo+2)(u)

_ —u mo+3 +
® o (mo + 3)'( )
(mo+2)
n Qoﬂ (u) Ou_; (u = w3,
(mo + 3!\ ot ot

Adding the appropriate terms on the right-hand side of (40) to the corresponding
terms on the right-hand side of (39), we obtain (39) for my + 1.
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+ o0
Under the suppositions of Theorem 4 we have f(u + %) = Y. (B®(u)[k!) #*, u, u +
+ %€ <0, B). Let us define k=0

+ + \
0 B(n)u /))(n)(u) =) nﬁ(")(u) -
41 W8 =25 (-t = B ) o5 AR
“) #il) ,.Zo< n! ‘ (n + 1) ) n=1(n + 1)! '
s B(")(u) n+2
wA) =Y L g
WA =2

Since £,(0) = 4,(0) = #,(0) = 0, we can see (differentiating the series 4,) that
B(u+ %) = fi(#)|/ and (after the second order differentiation of 4,)4,(/) =
= B(u + #4). Thus, after the appropriate integration, we obtain

) Sy = [ B (u + ) de, 0(h) = [2(h — ) Blu + #) de .

Because of the non-negativity of ' and the strong positivity of f we obtain on
<0, B)
(43) /7)) 20, (%)= Bo3s* Yu,u + %€<0,B).

Using (39) and (43) for 4 = u_, — u, we obtain the following assertion:

Proposition 5. Under the supposition of Theorem 4, grad u €
€ m H(7+61)/(12+81)—8,0,0(Q; 1{2)~

>0

Proof. First, we suppose that the heating regime is sufficiently regular (e.g. it is
a mollifier of the original regime — cf. e.g. [14]). We put (a), (c) and (39) into (38),
multiply it by |#|7' 7%, a, €(0, 1), and integrate the resulting equality in ¢ over
(=7, 7). Using the Lipschitz continuity of g, 4, ¢y, the monotonicity of g, A
(cf. (b)) and (for the case of nonconstant f) also (43) and the nonnegativity of du/ot
(it holds due to the monotonicity of T in time — cf. [16]), and finally the obvious
inequality [ fi55 (440)2/1¢]1+2%) d2 dt < (4774%) [/ 2mrys /€ La(RY), we
obtain the inequality

m () (y
“ f Rli'/l_l_m,ff‘z’k;o (:f +(2))! (uy = u)*? (1o, x) dx d/ +

+ (1 - ")J‘Rll'/]_1_2’°JRlxﬂ(grad (4{(0ou)))? dt dx d/ +

] e -
R1 RIxXQ

-3, (lf(:)-(ul))l (u-y — u))(u_, — u)dtdxds <
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s(1+ n)j I%‘]‘l‘z“J (41(eos(T)) 45(cou) dr dx d7 +
R1 R

1x09

(m+1) Py o
+ Ifl_l—zao Qél} (u) ou_. — % (u—d _ u)m+2dtdx ds¢ +
. Rix© (m + 2)! ot ot

+ Ko([[u] oy [120]lcrcrrys B | #lcrco,amy | Tlzacays [ A crc0.5)) -
n > 0 arbitrarily small, m e N arbitrary, age (0, 1) .

As
(45) Jro [4]7177% [rixan 41(00g(T)) 41(eou) dt dx d# <

= K(|[g]cr0,48 [2ollercrsys [ Tlj2=e0.5) +
+ oo |4 772 [rixan (41(0ou))* dtdx d¢, &> 0 arbitrarily small,

and by Theorem 1 the last term in (45) can be estimated by [oouazso-1/2+c -
(0,477 H'?*%(Q)), 9 > 0 arbitrarily small, we can apply (considering the ex-
tension procedure from Q to R? — cf. [12]) Prop. 3 and Prop. 4 and the Holder
inequality '

(46) ‘T|(4+4a)/(3+2a)-?:(§)|£|1+§ < const (12 + l€|3+lz) , E(g) w0 for 0,

and we obtain for 4oy — 1 < (4+4a)/(3 + 24), i.e. for ay < (7 + 6a)/(12 + 8x) that

0ot || m2e0-1/2+ 20,45 mir2+ 5y S const ([u]|y,3/244,3/2+a + Ki(go)) for suitably small
e, 3 > 0. Moreover,

(m+1)
(47) J ]/[—I—ZMJ Qzﬂ (u)(auhl _ %)(Afu)mi-z dtdxds <

° (m + 2)1\ ot
2 m+ 1
< I G_u const B™*1 sup M;_(L)l .
19t .0, vec0.By (m + 2)!

(Fral 2|71 7*07° [raxa(di(0ou)* dt dx d£)'/? + K (||eol|cicrry> B) -

From the supposition concerning the convergence radius of the analytic function S,
it follows that (B"**/(m + 2)!) sup |B™*)(y)| tends to 0 for m — +o0. Due to the
ye(0.B)

regularity of T, the integral term at the right-hand side of (47) is also bounded, cf.
e.g. [2], [11]. For such regular T, we can put (45) and (47) into (44) and passing
with m to + o0, we get

(48) up 1B Jus 47177 Jo (41(0ou))” (to, ) dx d/ +
+ (1 = 2n) fra [4]71 72 [rixq (grad 4{(gou))? dt dx d¢ =

s K(”u”1,3/2+a,3/2+1,0’ lf’”cl(o,/w)’ “Qo”cl(xl) ”T” 1/2—:,0,(2) s

g < (7 + 62)/(12 + 8a), n > 0 arbitrarily small for sufficiently small ¢ > 0.
Passing to the limit irregular temperature regime T, we prove (48) also for such T.
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Prop. 5 is proved. Now we have for 7, £ > O:

(49) ,L.1+8€2+2&—5(11,8) < const (T(7+6a)/(4+4a)—n52 + é3+211) , 8(1’,, 9) ()

(1 + 20)?
14 + 120

(o) =

for 7,3\ 0,

B}
Ill

and Theorem 1 ylelds that u e ﬂ CO(O ; H'*%7%(Q)). Theorem 4 is proved. We
remark that &(0) = ;. and oc(l)

Theorem 5. Under the suppositions of Theorem 4, let dQ be of the class, Cy15»
7€ C,(0, B) and let E be a constant. Then the stress tensor satisfies te () Co .

>0
(0, 7; H'*#5(Q; R*)). Particularly, te Co(Q; R*). The last assertion is also
true for smoothly temperature-dependent E.

Proof. As grad (y(u_,) — y(u)) = y'(u_,) grad (u_, — u) + (y'(u_,) — y'()) -
.grad u for x, x + he Q, t €0, I ), we have

(50) ”V(“)”cc(o im0y = const (”}"“éo(o,n) ”“”éow,f;tz“"x(m) +

+ lly””CO(O’B)ref;,E;> foJo(grad u)? (1, x) |x — |27 2% (u(t, x) —

—u(t,y))>dxdy), o, =(0,d).

The first term on the right-hand side of (50) is bounded due to Theorem 4. To the
second term we apply the Holder inequality and the following theorem (cf. [2])
which is a generalization of Theorem 2:

Theorem 2'. Let Q be a domain in R" with a sufficiently smooth boundary 09Q.
Let a = [ay, ..., ay] e RY and o« = [ay,...,ay] e RY, let fe H(Q), pe(1, + ).

Then D°f e L,(Q) if Z(l/oc) 3 —-(1/p)+a) < 1.

As (2/(1 + @) (4 — 1/2p) + oy/(1 + &) < 1 for o €(0,&), p > 1/&, the Holder
inequality, Theorem 2" and Theorem 4 also yield the boundedness of the second
term of (50). Thus y(u) e ﬂ Co(0, 75 H'*27%(Q)).

Now, we are practlcally in the same situation as in Prop. 2. To prove the assertion
concerning t;;, i, j = 1, 2 it is necessary to follow its proof in combination with the
local straightening of the boundary for the appropriate variational inequality — cf.
our Sec. 4 or [5]. Such a procedure inflicts only small technical complexities. As the
idea is quite clear, we omit the proof. g
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4. RESULTS FOR BODIES WITH ISOLATED BOUNDARY NONSMOOTHNESSES

In this section we deal with the case when the bounded domain @ = R? has C, ;-
smooth boundary 0Q (¢ > 0 small) with the exception of a finite set M, < 02,
but 0Q is globally of the class C, ;. All the remaining assumptions of Thms. 4 and 5
will be satisfied. We remark that all proofs concerning the Lamé system were done
independently by the author, the close connections of some of them with the results
of [4], [17] were found only when the copies of these papers were obtained. Due
to the connections, some parts of the proofs concerning the Lamé system are given
without details.

Under the above mentioned assumptions, Prop. 3 remains valid. For further
considerations we need to use the localization technique. We denote 4,(y, r) 1=
1= {xeR"; |x — y] < r} for ye R" and due to the assumptions concerning 0Q
there exists a constant ¢, such that for every x, € dQ, xo = [Xo,1, Xo,2] there is
a function ¢: %,(0, ¢o) > R such that ¢(0) = xo, ¢(z) = [z + Xo,1, ¢4(2)] € 0Q
for z € #,(0, ¢o) and Q N B,(xo, o) = {x € B,(x0, Po); X2 > ¢1(x; — Xo,1)}. For
each x, € 0Q we can suppose Q shifted in such a way that x, = 0. Let there be a suffi-
ciently smooth (e.g. C,;,s) partition of unity on Q(denoted by £) such that diam
supp ¢ < @, for every ¢ € #, and for every x, € M, there is ¢ = ¢,, € # and a con-
stant §, > 0 such that ¢ = 1 on %,(x,, d,). Denote %, := {0e #;3Ix,e M, .
.(e = o,)}. For the sake of simplicity we make an additional assumption

(51) 360 €(0, 9oy VYxoe M, IveR' suchthat ¢(x) = [x,v|x|]

x € %0, 3),
for x, shifted into 0 and after a suitable rotation. Such a supposition is not necessary
(cf. e.g. [8]), but useful for exploiting the technique of [10]. Moreover, we suppose

Supp 0., < Zz(xm @0) X € M.
For ¢ € # we can easily see that

(52) 0= Q(Au — B(u) Z—u) = Agu — f, f=ulg + 2(grad u, grad 0), +
t

+ ¢ B(u) ? e L,(Q) forae. te<0,7)
t

6 d(ou
0=¢( = + g(4u) — 4(T) ) = Aew) _,
ov v
do . pu
g=u- - og(Au) + 04(T) forae. te<0, 7).
v
Evidently, the regularity of g depends on the regularity of T analogously to Sec. 3.
Using [3] or [4], we can prove ¢ u € H'¥%:3/%(Q) for every Te L,(S) satisfying the
suppositions of Thm. 4. Such a result does not depend onv € R'. If T is more regular
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in the space variables we obtain better spacial regularity of gu, but it depends also
on v. The above proved regularity of gou, however, is sufficient for the further con-
siderations. As for ¢ € #\ 2, the proof of regularity of gu is easy (as in Sec. 3),
we have proved u € H'+3/23/2(Q). Using the technique of the proof of Prop. 5 and
Thms. 4, 5 we prove that u and y(u) belong to C,(0, 7; H'*/'*~%(Q)) for every
ee(0, i—i) The -above mentioned technique includes the possibility to extend u
from H'3/232%(Q) to H'-3/23%(R%), which can be done as in Sec. 3 in time and
via [3] Thm. 1.4.3.1 in the space variable.

The localization by means of £ will be used in the proof of regularity of solutions
of the Lamé system, too. For x,€ M,, the corresponding ¢ = o0, € %Z, and the
solution v of (2), gv solves the Lamé system on an infinite angle ¥ with the right
hand side

(53) (1 — 26)((2 grad o, grad v), + v Ag) + grad o divv +
+ grad ((v, grad 0),) + o(2 + 20) grad y(u) on Q

and the Neumann boundary condition (cf. (2)) with the right hand side

(54) (1 = 20) (v? + (v, v), grad Q) + 20v(v, grad 0), +
: v
+ (24 20)0y(u) on S.

The expression (53) clearly belongs at least to Cy(0, 77 L,()), the term in (54) to
Co(0, 7; H'*(0Q)). If we were able to prove better regularity of v — it depends
on the magnitude of the angle — say e.g. v e Co(0, 7; H*(£)), the right hand side
of (53), (54) would make it possible to prove, again in dependence on the angle,
7€ Co(Q; R*). Thus we can restrict ourselves to the problem of regularity of the
solution of the Lamé system on an infinite angle V = {[x,x,] e R* x, >

> |x,| (tg dwo) ™'}, In polar coordinates V= {[r, w]; re(0, + ), 0| < 1w},
w, € (0, 21), and the Lamé system has the following form for polar components of
v = [0, 1,], v(r, ®) = vy(r, ®) cos ® + v,(r, W) sin ©, v,(r, ®) = v,(r, ®) cos ® —
— vy(r, w) sin w:

v, lov, v (1 - 20) 0%
55 2 - 20) (L0 2 %) LT 200
(55) ( a)(ﬁr2 ror r2> rr dw?
1 *v, 3 — 4o v, _ (242 )6y(u)
r or 0w r
0*v, 1ov, v (2 — 20) 0%,
1—20) (L0 4 2P _Yo) (2T 20) 0 b0
( G)( r? * r or rz) rr dw?

2
+18v,>+3—4cgl_)_,=(2+2a)6y(u) on
" r 0w Or r ow r o

V.
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The boundary value conditions have the form

(56) (1—2a)<ﬁl’—“’—ﬂ’+~1§5’£)=0, 2"2"<%+v,>+
or r 0

r r 0w o

+20?=(2+20)y(u), re0, +o), o= i%’,
-

Using the usual transformation r = e’ and the Fourier transformation with respect
to the variable s (cf. [10]) and putting s = 3 — 40 we obtain the following system
of ordinary differential equations with the parameter n = il (/1 is the dual variable
in the Fourier sense), where the tilde denotes the corresponding Fourier transform

and g,(w) stands for the term (’))(NL’I)) (i(1 = n), w):

(57) (6= +{@+1)(n* - 1)# +2n—20)7, = (7—J)(n—1)q,,,}
G+ D)0, +(—=1)(n*=1)5, +2n+ ) =(7-29)q,,

we -2 %),
2 2

(s — 1) (5, +(n —1)5,) =0, (54 1) +5)+ (3 — o) ni, =
= (7 - J) qn > = tiw,
The homogeneous system corresponding to (57) has nontrivial solutions for every
solution of the equation

(58) nsin w, = + sin (nw,) -
If n does not fulfil (58), the system (57) has the following solution, where g,(w) =
= (5(w) (i(1 — n), 0):
(59) 5(—in, w) = P(n, ) + A, sin{(n+1) ) + A,(n — o) sin((n—1) ») +
+ Az cos((n + 1) @) + Au(s — n)cos((n — 1) w),
¥,(—in, w) = P,(n,®) + A, cos((n+1) o) + A,(s + n)cos((n—1) ®) —
— Aysin((n + 1) @) + Au(s + n)sin((n — 1) ),
P(n, @) = ¢ f3sin ((n + 1) (0 = {)) q.(0) dC,
Po(n, @) = ¢ g cos ((n + 1) (@ = 0)) q.(¢) 4L,
'r"’/z nsin (0, — (n + 1)¢) — sin (nw, — (n + 1)) .
o 2(sin (nw,) — nsin w,)
(2.(0) — a.(=0) dL,
m e[ 00640 000

0 2(sin (nwy) — n sin w,)

A =c¢
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Ay = ¢ /2 n cos (wo — (n + 1) () + cos (nwy — (n + I)C—)
3 . 2(sin (nwo) + n sin w,) '

(a0 + a-0) dL,
Ay = o rwwN@+nQ@m+q(gug T-4_l+o

o 2(sin (nw,) + n sin w,) “T1is 1-o0

Let us mention the general case with a general function 2F = 2[F,, F,,] on the right

hand side of (55) and 2K = 2[K,,K,] on the right hand side of (56). The Fourier
transform of the solution has in this case the same structure as in (59) with P, 4;,
i=1,2,3,4, defined as follows:

(60) P(n, w) =

(z )ImF((l*" C)[(n+a)sm((n+1)(w_c))+

+ (s — n)sin((n — 1) (0 — 0))] +
+ F(i(1 = n), ) [(n = 9) (cos ((n + 1) (0 — £)) —
—cos((n — 1) (w = O)]de,

Py(n,0) = ———— (2 I“F((l—n) O +9).

(cos ((n + 1) (w0 — C)) —cos((n — 1) (o = 0)))] + F (i1 — n), ).
(6 = n)sin((n + 1) (@ — ) + (s + n)sin((n — 1) (0 — )] dC,
A, = (n+ 1)(Z, + Z,)sin((n — 1) o) + (n — 1) (Z5 — Z,) cos ((n — 1) 3wp) ,
2(n sin w, — sin (nw,))
A, = —(Z, + Z,)sin((n + 1) 30,) + (Z, — Z3) cos ((n + 1) wo)
2(n sin w, — sin (nwy))
A, = (n + 1)(Z, — Z,)cos((n — 1) 3w,) — (n — 1)(Z5 + Z,)sin((n — 1) %wo)
2(n sin wy + sin (nw,))
A, = (Zy — Zy))cos((n + 1) 3wo) — (Z3 + Z,)sin((n + 1) v}wo)
2(n sin w,y + sin (nw,))

Z,,= (‘ (o(n, £ 3o) — K,(i(1 — n), £1w)),

n(al— ) (eo(n, £ 1wo) — K, (i(1 — n), + 1a,)),

23,4 =

o, @) = —— [3 F(i(1 = n). ) [(n + ) os (1 + 1) 0 = 0) -

—(n = 1)cos((n — 1) (w — £))] + F(i(1 = n),0).
[ = n)sin((n + 1) (@ = Q) + (n = Vsin((n = 1) (0 - )] dC,
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. i TG =), 0 [=(n + sin (0 + D) (0 = 1) +
+ (n+ sin((n — 1) (0 = )] + F,(i(1 = n),0).
(o = n)cos((n + 1) (0 = 0)) + (n + 1) cos((n — 1) (0 — ¢))] dC.
For n, solving (58) the Green operators corresponding to (59) or (60) have poles.

The eigenfunction corresponding to a single pole has the following form (in the
Cartesian components):

ow(n, a)) =

(61) vy = 1"[(ng cos @ — c0s (new,) + ) sin (ngw) — ny sin ((ny — 2) w),
(ng cos wy — cos (ngwy) — 4) cos (new) — ng cos ((ny — 2) w)], or
vo = 1"[(cos (ngwo) + no cos wy + ) cos (new) — ng cos ((ny — 2) w),
(6 — cos (ngwo) — ng cos wp) sin (new) + ng sin ((ny — 2) )],

where the first expression corresponds to the plus, the second one to the minus

sign in (58). There are only single or double poles. The double poles must fulfil
the conditions

(62) () npe R', (i) cos npwo = + 20

for ng+0 or ny,=0,
0

o, 1 1
(i) nowy = tg now,y , [ie. ny = — -1,

sin? w, g

where the sign in (58) and (62) (ii) must be the same. The first eigenfunction for double
poles has the same form as for the single ones. The second eigenfunction for ny + 0
has the form ™ In rw, , where «,, is a solution of the system (57) with the right
hand side of the equation equal to 2r™"[ng(s + 1) v,y + vny.w Ho(d — 1) 2400 +
+ vy,,..] and the right hand side of the boundary condition r™"[(s — 1) v,, . (3 — 9).
Vuo.r]> Where v, ., v, , are the polar components of the first eigenfunction. For ny = 0
both eigenfunctions correspond to (61) and have the form [0, 1], [1, 0] in the Cartesian
components (i.e. they are shifts). For ny = 1 (which cannot be a double pole if
®, * tg w,) the corresponding eigenfunction has the form [x,, x,] = [x;, —x,]
(the rotation).
Now we introduce the weighted Sobolev space on V in such a way that H}(V)
is the space of all functions for which the norm |- |, ., is finite, where

6 Wler = 1DV iy + 5 1P Baarcr

”)/HO,J,V = ”rl/”Lz(V) , {€R',

and the part of the norm corresponding to the noninteger part of «, i.e. a — [cx]
is defined as in (3) with the weight r*. As grad y(u) € Co(0, 7; H"(V; R?)) for an’
n € (0, 1) and due to the Hardy inequality (cf. [3], Thm 1.4.4.4), we have grad y(u) e
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€ Co(0, 7 ; HY(V; R?)). To have the right hand side of the boundary value conditicn
H

in Co(0, 75 Hy**"(V)), n € (0, 1%), we define an auxiliary displacement v°
(64) 02 =0, v¥=0v)(r) on V, v)(0)=0,
0
adu' = (2 + 20) 70,

be. o2(r) == (L4 o) fho(rt) 07 L

where 7, is a sufficiently smooth function depending only on r and the parameter ¢,
having a bounded support and fulfilling y,(0) = y(u) (¢, 0). v° fulfils (56) with the
right hand side (2 + 20) K,, where K, , = ((1/o) — 1) f5 3vo(r) + Lyo(r0)) C”" d¢,
Ko, = 0, and (56) with the right hand side (2 + 26) [0, 75]. Then for v — v° the
right hand side of (55) is in H3(V; R?) and the right hand side of (56) is in Hy/*>*"(V; R?)
for every t € <0, 7y and n € (0, ;5).

We concentrate a little more on the weighted spaces with fractional derivatives
for o € (0, 1). We restrict ourselves to w, € (0, ©). We use again the polar coordinates
and transform r = ¢e°. After some calculation, it is possible to prove that the seminorm
[+ [e.¢.v is equivalent to the seminorm :

(65) ((w” “a ¢ V)z a, z 1% 2)1/2 > w”/”;’z: v =
:J. me/z J‘wO/z (/(s wl) _/(S wZ))Z (2 2at2)s dw d(l)z dS

1+2a
—w0/2J —wo/2 w; —w I

%y —J jmJ (2= 20420 ;.(/(s + hy o) — /s, w))z

( 1)1+2a

.dw dh ds,
cf. [7]. For ¢ < 1 or defining ”/’”,’, v = |€%/]er (cf. (3)), we can replace | /|,y by

o Ihll+21

—wo/2
So(s, @) = f(s, @) e 7O

Due to the imbedding Hj(V) < H;Z4, je (0, a + 1), which is a consequence of the
Fourier transformation, we can use the same calculations as in Lemma 1. (These
calculations yield e.g. the trace theorems etc.) Particularly they allow us to use the
theory of Kondratév (cf. [8], [10] Secs. 7—10) for the weighted spaces with fractional
derivatives.

As we restrict ourselves to the case w, € (0, ), the only solutions of (58) with
real parts in (—1, 1) are 0 and 1 (cf. [13]), with the eigenfunctions being either
shifts or rotations. Using the technique of [8] (cf. [17]) we prove ¢,(v — vy) € H 4, -
.(V; R?), where g, € C5(R'; <0, 1)) is a “cut of” function (ie. ¢,/%,(0,1) = 1,
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01/R*\ #,(0,2) = 0), 1, > 0 suitably small, and the existence of a solution v, €
€ HX(V; R?), £ €(0, 1), of the problem (53), (54) for ¢ = ¢,. Via the shift and inter-
polation technique of the previous sections we find (1 — g¢) (v — v°) € H*(V; R*) n
A Hy(V; R?). Using Thms. 7.3 and 10.2 of [10] based on the Cauchy residuum
theorem, we obtain v — v° = cjug 1 + w0, + C3vy + vy + (1 — 04) (v — o),
vo.» i = 1,2 and vy from (61). Due to the well-known properties of the weak solution
of the Neumann boundary value problem, we can suppose c¢; =0, i = 1,2, 3.
Thus v — v° € H*"%(V; R?), £ € (0, 1). Using (53), (54), and the “Cauchy residuum”
technique again, we can show that v — v® € H*"(V; R?) for some small # > 0
(dependent on w, such that there are no solutions n, of (58) having Re nyin (1,1 +
+ 21)). Therefore v — v° € H>*"(V; R?) for every t€<0, 7). As ¢° is smooth and
due to the possibility of choosing y, = (yo), such that ||y, [co, 730y <
< [9(@)lcoco, 71+ marns o € (0. 7g). we have [[o(t, )|z agyirzy < [7(w) oo, +nryy
for all 1€ (0, 7). Due to the continuity of ¢ — v(t, -)in H'(V; R?) we have ve
€ Co (0, 7; H**"~%(V; R?)) for every ¢ € (0, 7).

As the regularity of the solution along the regular parts of the boundary is proved
(cf. Sec. 3), we have proved the following theorem:

Theorem 6. Let all assumptions of Thms. 4 and 5 be satisfied with the exception
of the regularity of 09Q. Let 0Q be of the class C,,(¢ > 0 arbitrarily small) except
for a finite set My, where (51) holds with v > 0 (i.e. the angle w, € (0, m)). Then
the corresponding stress satisfies © € Co(Q; R*).

5. CONCLUSION

For the nonlinear twodimensional model we have proved that the jumpes in time
and even discontinuities in the space variable of the heating regime and isolated
nonsmoothnesses of the boundary having the convex character give a continuous
stress on Q. Therefore for such cases the thermoelastic model is reasonable for the
technical practice. However, if the isolated singularity of the boundary has not the
convex character there is little hope to obtain such a regularity (cf. Thm. 12.5 of [ 10]).
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Souhrn

REGULARITA RESENi TERMOELASTICKEHO SYSTEMU S NESPOJITYMI
REZIMY OHREVU

JIkf JARUSEK

Omezenost a spojitost napéti prisluSného k feSeni termoelastického systému se zkouma
zpolatku pro linedrni systém na pase a pak pro systém s nelinearni rovnici vedeni tepla, ne-
linearnimi okrajovymi podminkami a nespojitym reZimem ohfevu pro dvourozmérny model
télesa s izolovanymi nehladkostmi hranice.
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