Archivum Mathematicum

Ladislav Skula

Prime elements in the semigroup of finite types of partially ordered sets in
cardinal multiplication

Archivum Mathematicum, Vol. 4 (1968), No. 2, 97--101

Persistent URL: http://dml.cz/dmlcz/104655

Terms of use:

© Masaryk University, 1968

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides
access to digitized documents strictly for personal use. Each copy of any part of this
document must contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech
Digital Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/104655
http://project.dml.cz

97

PRIME ELEMENTS IN THE SEMIGROUP
OF FINITE TYPES OF PARTIALLY ORDERED
SETS IN CARDINAL MULTIPLICATION

Ladislav Skula, Brno

Received January 5, 1968

1. INTRODUCTION

Let us denote ¥ a set of all types of finite non-empty partially ordered
sets with an operation of cardinal product (G. Birkhoff [1], [2]). The
 set & with this operation forms a commutative semigroup in which,
as M. Novotny has shown ([7], 4.6), the cancellation law holds. If &
is the set of all connected types of &, then ¥ forms with regards to
the operation of cardinal multiplication a sub-semigroup of the semi-
group ¢ and it follows from the theorem of Hashimoto [4] that & is
a semigroup with a unique decomposition into irreducible elements.!)
In the semigroup % evidently holds the minimum condition,?)
J. Hashimoto and T. Nakayama, however, have shown in [5], ¢ is not
a semigroup with a unique decomposition into irreducible elements.
The main result of this work is Theorem 3.2 which gives us all prime
elements of the semigroup %.%) The prime elements of the semi group ¢
are just all irreducible elements of a semigroup & and types of anti-
chains?) where the number of elements equals to the prime number.
In this paper there is being used the semigroup B of all polynomials
with countable set of variables, the coefficients of which are positive
integers with an operation of usual multiplication. The semigroups ¥
and® are isomorphic, both regarding further operation +-; the operation

1) An element g of a semigroup G is called an ¢rreducible element of the semigroup G
if the g is not a unity of G and it follows from the equation g = ab, a, b € @ that
a or b is a unity of G. A commutative semigroup G is called a semigroup with
a unique decomposition into the irreducible elements if it has a unity element and
no other units, and each element of @, different from the unity, may be uniquely
written (excepting the order of factors) as a product of irreducible elements of G.

%) Say, in the semigroup G holds the minimum condition if for each sequence
{9} %-1> 9 € Q, g,,4/g, for each positive integers n (symbol | denote a usual symbol
of divisibility) there exists such a positive integer m that g,./g,.;.

3) An element g of a semigroup G is called a prime element of the semigroup G
if g is not a unity of @ and from the relation g/g;g, (9, 9. € G) it follows g/g,
or gfg,.

%) f&n antichain is a partially ordered set, where each two different elements
are incomparable.
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+ on ¥ denotes a cardinal sum (Birkhoff [1], [2]) and onB the addition
in a usual sense (J. Hashimoto and T. Nakayama [5]).

By means of the semigroup B, it can be shown, a cancellation law
holds in % and the relation ¢,, g, €%, n a positive integer g% = g%
implies g, = g, (3.1).

‘2. THE SEMIGROUP OF POLYNOMIALS WITH POSITIVE
INTEGER COEFFICIENTS.

In this paper E is going to denote a set of all real numbers, £* a
Cartesian product of sets E, (s =1,2,...), where E; = E for each
i=1,2,..., then E° will be a set of all X = (2;,2,,...), ;€ E for
each ¢ = 1,2, .... The system of all mappings f of £« into E of the
form

n * ]
(1) JX)= Y a, IT &%

i=1 i1
where X = (z,, 2,, ...) € E®, n} are non-negative integers, a, are integers
and for. each 1 £ j £ n there is n{ = 0, with an eventual exception
of a finite number of 7, we shall denote .

If there is f(X) = a, where a is an integer, for each X € E* we shall
write f = a.

For f,g e put f+ g =h,, f.g=h,, where by(X) = f(X) + g(X),
ho(X) = f(X) . g(X) for each X € E*. There is hy, h, €A and A forms,
with regard to the operations + and ., a commutative ring with the
unity element 1, called the ring of polynomials with variables z;, z,, ...
and with integral coefficients which is known to be an integral domain.
(See e.g. [3] (IV, §1, 4, T1) Russian translation p. 18.)

Let us denote B (S) a system of all feA which can be written in
the form (1), where all a; are positive integers (» = a, = 1). For
X = (2,,2,,...) € E* put ¢,(X) = ;. Then ¢, € S and the system of
alle;, ¢t =1,2,... be denoted €. Evidently each s € S may be uniquely

0

written in the form s — II e;', where n; are non-negative integers
. i=1

which equal, with an eventual exception of a finite number, to 0 (by

the expression ¢ is mentioned 1). Each f€®B may be uniquely written

(excepting the order of summands) in the form

f: iglaifi’

where a,; are positive integers and f; are each other different elements
of €. This form will be called a canonical form of the element f.
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For f,g€B is holds true f+ geB and f.geB. The set B forms
with regard to the operation. a commutative semigroup with a unity
element 1. In this paragraph we shall understand by the semigroup 8
this semigroup (B..) and the relation of divisibility of elements in this
semigroup is being indicated | unless mentioned otherwise.

2.1. (a) f,9.heB, fh=gh =f=yg.
(b) f,9€B, f* = g, n positive integer = f=g.

Proof. The assertion (a) follows from the fact 2 being an integral
domain and it may be possible to cancel by non-zero element in every
integral domain.

From [3] (IV, §1, 5, exercise 3, Russian translation p.40) follows
that for h, ke, M(X) = k(X) for each X = (z,, 25, ...) € E®, where
x; > 0 for each s = 1,2, ..., h = k holds. And hence, the statement (b)
easily follows.

2.2, Let p be a prime number. Then p 1S @ prime element in B.

Proof. Let p/fy, f, 9B, f= Z a;f;, 9= Z bg; be canonical

forms of elements f, g. Then there exwts hEQ) so that f- g—h P
If ptf, ptg, we can suppose there exist 1 S g <n, 1 =7, < m

S0 that pfay, ..o igs BT Gigt1s - By Plby, oo bjos BT Bjgits +oos bd)
n—u —70

Put b, = Zoaiﬁ,uf,-ﬁ,u, hy = Z bj,+v9j,+v- Then there exists hy € B
u=1 v=1
so that
(2) h.p=hy.p+ hh,.

If it is supposed the members f; ;. of the polynomial A, and the members
Jis+v Of the polynomial %, are lexicographically ordered, we get from (2)
pl@i, 11 - bj+1,%) which is a contradiction.

2.3. Let feB — © be a prime element of a semigroup B. Then f = p,
where p being a prime number.

Proof. If there is f = m, where m = u. v, u, v positive integers > 1,
then flu.v, ffu, f{ v, which is a contradiction.

If there is not f = m, where m is a positive integer, then there exist
fie ©—{1} and f, € B so that f = f; + f,. There exists e e € so that
elf,. If it were e/f,, then it would be e/f, what is not possible as f being
a prime element. There exist thus g, » € B so that f =g + h, efg, e T h;,

n
for each ¢ =1,...,n, where h = ) a;h, is a canonical form of the
polynomial k. =1

5) The symbol | is here related to the multiplicative semigroup of positive
integers.
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There exists a positive integer ¢ so that e‘/g, e*1fg. Let ¢ — Z big

be a canonical form of the polynomial g. Then e?/g; for each j = 1 ...m
and there exists j, (1 < j, £ m) so that e°*{g;,. Then

(1) e*/g,g; foreach 7,5 = 1,...,m
(2) e*'th,g;, and e[h,g;,
(3) eth;h; for each 4,5 =1,...,n

m
Since g2 = Z Z bbgg; gh = Z Z abhig;, h* = Zl Za,a}h,h,,
=1 5= e=17=1 t 7=1
it follows from (1)—(3) than in polynomial ¢g® — gh +h? there is at
least one member with a negative coefficient and hence ¢2 —gh +
+ h2¢®B. Since in the ring A there is (g + k) (92 —gh + h2) =
=¢® + h® and in A it may be possible to cancel by each non-zero
element, it holds f = (g + &) { (g% + &?).

n

Ifh? = (g + k) k, where k € B, then z Z a,ahh Z

Ji
1,17— -1

M-

lbjclgjk, +
,

Z Z a;c;hk,, where Z ¢k, being a canonical form of the poly-

B 1=
nomial k Slnce e/g; for each j = 1, ..., m and (3) holds we get a contra-
diction. From this we get (g + ) { h® and hence (g + k) T glg + h) + k%
There is (g + k) (g* + g%h2 + h%) = (g3 + h?) (g + gh + h?), then
Sfl(g® + k%) . (g* + gh + B?) and f1 (g° + A®%), 1 (9* + gh + h?), which
is a contradiction.

The assertion is then proved.

2.4. Theorem. feB is a prime element of a semigroup B if and only if
fe € or f=p, where p is a prime number.

Proof. Tt follows from 2.2 and 2.3 and from that f € € being a prime
element in B just when fe €.

3. APPLICATION ON FINITE TYPES OF PARTIALLY
ORDERED SETS.

Let %,.% and B have the same meaning as in the preceding part of
this paper. The semigroup & evidently has a countable set of irreducible

elements and let they be denoted s,,s,,.... Let I denote the type

of one-element partially ordered set. Put F(I) =1 and for se4,
7y ny . . . eps .

§ =8;!...8;, where 1, ..., i, My, ... 0y (j 2 1) are positive integers,

put F(s) =e7 ...e% . Let g€ ¥. Then g may be uniquely written
(excepting the order of summands) in the form g =g¢, 4+ ... +¢,,
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where ¢4, ..., g, €%, n = 1 (the operation 4 denotes a cardinal sum)
Put F(g) = F(g1) + ... + F(g,). Then F is a one-to-one mapping of ¥
on B preserving the operations + and . (J. Hashimoto and T. Na-
kayama [5]). Hence and from 2.1 the following assertion follows:

3.1. (a) If there is g1, 92, 9 €Y, 919 = 9.9, then g, =g,.

(b) If there is g;,9, €Y, n positive integer, gt = g%, then g, = g,.

Without the help of the semigroup B, the assertion (a) has been
proved by M. Novotny in [7] and the assertion (b) for » =2 by
S. Mikol4s in [6].

The following theorem follows from 2.4:

3.2. Main Theorem. The element €9 is a prime element of the
semigroup 9 if and only if 7 is an irreducible element of the semigroup &
or a type of an antichain?) whose number of elements equals to a prime
number.
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