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1. INTRODUCTION

B. Palczevski [4] has proved the convergence of Picard’s successive
approximations in the Darboux problem for the equations of the type
uzy = f(x, 9, w) under the conditions of the Krasnosielski and Krein
type. These conditions for uniqueness had been generalized together
with other conditions for uniqueness by J. S. W. WoNa in the paper [7].
J. S. W. Wong has proved in his further paper [6] under these conditions
not only the uniqueness of solutions but also the convergence of successive
approximations in the Darboux problem for the equations of the type
uzy = f(x, ¥, u). In the present paper we want to show that the conditions
of the Krasnosielski-Krein and Nagumo-Perron-van Kampen [1] type
generalized in a certain sense are making it possible to prove the uni-
queness of solutions and convergence of successive approximations in
the Darboux problem for the differential equations of the type u;y =
= f(x, ¥, w, 4z, uy). For the proof of following theorems we shall use
the results from the paper W. A. J. Luxemburg [3].

2. A THEOREM ON CONTRACTION

First of all we shall define the idea of the generalized metric space.

Let X be a non-void set; and let d(x, y) be a non-negative real valued -
function 0 < d(z, y) £ + oo defined on the Cartezian product X X X.
Let the function d(z, y) be satisfying for arbitrary elements (z, y, 2) € X
the following conditions:

a) d(z, y) = 0ifand only if x = y,
¢) d(x, y) < d(=, 2) + d(z, y),
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d) If the sequence {za};’ of elements x, € X is a d-Cauchy sequence,
i.e. lim d(zy, 2m) = 0, then there exists an element x € X such, that

m,n-»w

lim d(z, zz) = 0.
n —» 00

An abstract set X on which a distance is defined in this way is called
generalized complete metric space. It differs from the usual concept of
complete metric space by the fact that not every pair of elements
(%, y) € X necessarily has a finite distance d(z, y).

Theorem 1 (Luxemburg [3]). Let X be a generalized complete metric
space and T a mapping of X into itself satisfying the following conditions:

1°. There exists a constant A, 0 < A < 1, such, that

d(Tz, Ty) £ Md(z, y)

Jor all (z, y) € X with the distance d(x, y) < +oo.

2°. For every sequence of successive approximations xp = Ty,
n =1, 2, ..., where xo is an arbitrary element of X, there exists an index
N(xo) such, that d(xy, xx+1) < +oo foralll =1, 2, ...

3°. If x and y are two fixed points of mapping T, i.e. Tx =z and
Ty =y, then d(z, y) < +00.

Then the equation Tx = x has one and only one solution, and every
sequence of successive approximations {x,}y converges in the distance
d(z, y) to this unique solution.

3. THE FORMULATION OF THE DARBOUX PROBLEM

Let us introduce the following denotations and assumptions:
1. Let D denote the rectangle 0 S z < a, 0 Sy < b, a,6 > 0 and
Di={X:0<2=2a0<y=b}

2. E=DX{—w<u< 40} X{—0<v< 40} X{—w0<w<
< +oo} and By = Dy X {—©0 < % < 40} X {—w < v < 400} X
X {—o < w < 40}

3. Let the function ¢(x)e C1(<0, a)), p(x)e C1(€0, b)) and @(0) =
= (0). ~

4. Let us denote the set of all functions z(z, y) € CY(D) satisfying the
conditions z(z, 0) = ¢(z) for x €<0, a), 2(0, y) = y(y) for y € <0, d> by
M(D).

5. Let f(x, ¥, u, v, w) be a continuous function on the domain E.
We shall understand by the solution of the Darboux problem

0%u

1) % oy

= f(z, ¥, u, uz, uy)
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2) w(, 0) = (), u(0,y) =vp(y), @0)=y0)

an arbitrary function u(z,y) € M(D) which has a continuous second
partial derivative uzy on D and identifies the equation (1).

Then the Darboux problem (1), (2) is equivalent to solving the integro-
differential equation
z y

@)  w@ y) = golx, y) + Of0 [ flo, 7, w(o, 7), us(a, 7), uy(o, 7)] do dr

where go(x, y) = @(x) + p(y) — @(0). With respect to (3), the sequence
of Picard’s successive approximations {u}y is defined by the equation

z Yy
(4) un(% ?/) = g(x! ?/) + 0_/;)] f[O', T, un—l(a’ T)’ un—lx(a’ T)’ un-—ly(g: T)]d(fd‘t'

and the sequences of the derivatives {un,(x, ¥)}7, {un,(, ¥)}; are deter-
minated, by:

Y
) 2ED oyt f ST s (7).t (@, T)s U1y, )]
0

(42) 9“%5;’-@=gy(x,y)+ f 110, tn1(0, ), tn1,(0, ), U1, (09) o
0

for n =1, 2, ... and (z,y) e D, where g(z, y), uo(z, y) are arbitrary
functions from the set M (D) such, that gzy == Oon D.

4. THEOREMS ON THE EXISTENCE AND UNIQUENESS

In the following theorem we shall use the generalized conditions of
Krasnosielski and Krein.

Theorem 2. Let f(x, y, u, v, w) be defined continuous and bounded on E
and let it satisfy the conditions ,

B)  |Sfl,y, w, v, w) —flx,y, uz, vz, w2) | S

é—;&(lul—uﬂ—f—”l/—%‘lvl—vzl‘{—v%‘lwx—wzl), k>0

c

6) |f(x,y, w1, v1, wi) —f(x, y, uz, v2, w2) | S
<
= xﬂyﬁ

(|u1—uz|“+x°‘|v1—-vz|“+y°‘lw1-—-wz|°‘, C>0
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with0 < a < 1,8 < aand 9k(1 — «)2 < (1 — B)? for all (z, y, uj, U;,U ) e
€ By, j =1, 2. Then there exists one and only one solution u(x, y) of the
Darboux problem (1), (2) and moreover Picard’s sequence of successive
approximations, which is defined by the equation (4) for any function
uo(x, y) € M(D) and g(x, y) € M(D) such, that gzy = 0 on D, converges
uniformly on D to this unique solution.

Proof. For the proof of this theorem we shall apply Theorem 1.
In this way we must choose a suitable generalized complete metric
space X and an operator 7' mapping the space X into itself, and to show
that this operator fulfils the conditions 1°, 2°, 3°.

On the set M (D) let us define the distance

z ‘ Bz,(x y) azz(x, y) ‘

|21, y) — 22, y) | + 5=

(7) sup — oo
Dy <xy)PV'v
Y l oz(x,y)  Oz(z,y)
+ Yl ay(xy)p Vi Y

for an arbitrary pair of the elements 2, z; € M(D), where p satisfies the
inequalities p2k(1 — )2 < (1 — B)?, p2k > 1. Hence we immediately see,
by the hypothesis 9%(1 — a)2 < (1 — )2 that p e (3, 1/[/k(1 — B)/(1 —a)).
The function d(z;,2;) defined by relation (7) evidently fulfils the
properties of the metric a), b), ¢), which are given in the part 2. From
the inequality

- —VE+1p—2VE | g oz
o VE gy, | g ST ORI J OB 02
(8) mg,x {(ab) PVE |2y — 2 | + VE_ e Fw +
a—rVE p—pVE+1 | g 022 }
o <
V’? ay ay = d(zh 22)

follows that d-convergence of the sequence {zn(r, y)}; of the functions
zn(x, y) € M(D) for n = 1, 2, ... implies the convergence of the sequences

ente y) o, {azng;, ¥) }:" {621.5;;, y) }j

in the sense of the distance

(81) d(21,2;) = max |z —22|.
D

In addition we have the equalities

(82) lim z4(x, y) = Z(x, y) € M(D), lim
n—»o0 n—+o

Ozn(z, y)  0Z(x, y)
ox oz
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li == —

02(, y) _ 0Z(x, y)

Let the sequence {zn(%, NI be d-Cauchy now, i.e. lim d(zp, 2,) = 0.

m,n-» oo
Then the inequality
z Y
[2m —2n | + w=2m, — 2n, | + 57= | 2m, — 2n, |
V& Ve

d(z N = e
(zm > 2n) SBIP (xy)ka < &

holds for any ¢ > 0 and m, n > N(g), where N(x) > O is real valued
function. This implies that the sequences

___.12}00 E—x.—.——-—z R ?./. _____ *
{ ((L’y)pV_k— n . s {V]; (.’l?y)pVF ﬂz} {Vk p]/k v}

converge uniformly on the domain D; and from (8;) it follows that the
inequalities

1
- )pvk N2pn—2Z| <+ for » > Nye),
x €
W—lz”z——zzl <§~ for n>N2(e),
Y € .
lenv—z_y] <§ for n>N3(8)

are satisfied on D;. If we denote Ny(e) = max (N, N, N3) then we
have d(z4, Z) < ¢ for n > Ny(e), i.e. lim d(z,, Z) = 0. This ends the

n >0
proof of property d). Consequently the set M(D), on which the
distance is defined by the equality (7), is the required generalized com-
plete metric space X.

The operator 7' defined by the relation

9)  Tuls,y) = glzy) + f f (o, 7, u(g, ), 2420 a“g;”’)dadr

for (v,y) e D maps the space X into itself. Moreover the following
relations

(91) (Tu)z = ;% Tu(z, y) = ga(2, y) +

Y
+ f f (a:, 7, u(z, 7), a“g‘: 7) ’ au(:c,t)) d
[}

dy
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0
(92) (Tw)y = 5 Tula,y) =

u(o, dul(o,
=9u(@y) + f f (G, Y, (o, y), u(;x v ug; y) ) do,
0

hold on D. Therefore, the problem to find the solution of the Darboux
problem (1), (2) or of the integro-differential equation (3) is transformed
to the problem of finding the fixed point of the mapping 7' on the set
M (D). The sequence of Picard’s approximations (4) is equivalent to the
sequence {un = Tup_1}7° and sequences of the derivatives (4;), (4;) are
equivalent to the sequences {un, = (Tun-1)z}y, {Un, = (Tun—1)y}y for
any function wuy(z, y) € M(D).

Proof of the property 1°. Let u;, u; be two arbitrary functions from
the space X with d(u,, u2) < +00. Then by the hypothesis (5) we have

z Y
]Tul—'_TuZI é ff |f(U,T,ul,u1m,u1y) -——f(o',‘r,uz,uzx,uzy)lda dT g
00

zy (v} T
flul—uz| + “"E—‘lulx—ule ’f‘T/k:Iuly"“zyl _
1 6 _ (or)V*1dgdr <
<k J (aT)r 1
00

< d(us, 1) "

for (z, y¥) € D;. Similarly we obtain in D; the following inequalities
x| 0 0
Vel T

Y x

T
| U —uz| + Vkllulx_ule +W|u1y—'uzy|

Tuz _._.<:

(x7)? Vi1 4y <

sz|k (zryp VE
0
< d(uy, up) (ay) V¥
P
y |9 0
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| — s | +“Vok: | w1, — w2, | + 1%[“1,*—“2,!

— _ Vi—1dg <
=y Vk (oy)P V¥ (oy)” do =

0

< dug, up) T
p

From the given inequalities it follows
d(Tul ’ T’llxz) é Zd(ul 5 uz) N

where 4 = 3/p.From there, the first condition of Theorem 1 is proved.

Now we shall use the boundedness of the function f(z, y, 4, v, w) on £
and the assumption (6) to prove condition 2°. We denote M =
=sup | f(x, ¥, u, v, w)|. Then by 4), (41), (42) for any function

E

uo(z, y) € X:
| ua(@, y) — wi(x, y) | £ 2May,
ouy(x, y)  Oui(z, y) Oua(x, y)  dw(z, y) <
(10) \ T om < 2My, | — X ™ < 2Mzx,

holds in the domain D. By relations (10) and (6) the estimations

l %3(%, y) - uZ(x’ ?/) ] =.<—

x oy
ff ‘f(o'r T, Uz, U2y, uly) _f(o" T, Uy, Uiy, uly) ldO'dT é
00

xr Yy
f | wr—ug |* 4 0% | Uy — Uz, |* + T | Uy — Uz, |* do dr <

obh

< 30 f f (2M),;' g“’“ do dr < 3CEM)* (zy)*? (zy),

for (z, y) € D,.
Similarly, it is possible to show that

6’“3(%, y) auz(z‘, ?/) o a—3
o)) Suln) | < sy eyr-ty,

Ous(x, y) _ Oua(x, y) ] < 3C2M)* (ay)—7 x
oy oy - ’
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in the domain D,. The following inequalities can be proved by the

mathematical induction for an arbitrary n = 0, 1, 2, ... and (2, ¥) € D,
| Un+3(2, Y) — Uns2(, y) |
(ll) g (30)1+a+...+a" (2M)n"” (xy)(u-/f)(l (X BN 15 (xy),
Ounis(@, y) O 12(, y) _
ox ox =

< (30)tta+vam (QM)e! (gy)(@-B) (1ot +am) Y,

Oup+s(z, y) aum»z(w, ) [

oy
< (30)t+o+ o (2]‘{)0‘"+l (zy)@=A(1+at.tam) g,

From the above mentioned relations (11) it follows that

(12) | up+s(@, y) —upsa(z, ¥) | + T/:f: | Un+3,(2, 4) — Un+2,(, y) | +
V_. | Un+3,(@, Y) — Unsz (T, y) | S

S (BC)rot e (2 M) (1 + T/‘?:) (zy)@=A) (4ot o)+,
k
The hypothesis p2k(1 — a)? < (1 — B)? guarantees the existence of the
number N(p) such that for n = N(p) we have

@—BQ+oad...+an)+1=0—p) A +a+...+an)+artl =

:H(l an+1)+an+l>p]/i.

Consequently d(uy+1, us) < + © for » = N(p) + 2. Then on the
basis of property c) and of distance (7) we conclude that condition 2°
is proved.

Proof of 3°. Let us suppose that u, v € X are two fixed points of the
mapping T',i.e. Tu = u, Tv = v. Using the method from the proof of
condition .2° we obtain for the difference of the functions %, v and
their derivatives u;, uy, vz, vy estimates (11) and inequality (12)
too. Hence it follows d(u,v) < +oco. Thereby, we have proved the
existence, the uniqueness of the solution of the integro-differential
equation (3) and the uniform convergence of successive approxima-
tions (4) to this solution for any function uo(z,y) € M(D). The proof
of Theorem 2 is given.

In the following two theorems we shall generalize the Nagumo-
Perron van Kampen’s assumption of paper [6] and use it to consider
the Darboux problem (1), (2).
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Let us assume that 7' is the operator defined by relation (9) and
TM(D)is the set of all the images of the set M (D) under the mapping 7'.
If we denote the complete metric space which was obtained by the
completion of the metric space [T M (D), d,] in the sense of the distance

O 0| | Oa  0m
o0x o0x oy dy |
by [M*(D), d,], then the following theorem holds:

Theorem 3. Let f(x, y, u, v, w) be a function defined and continuous on K
and let it fulfil the following conditions:

(13) dz(21,22) = m]a,x (izl —2 | +
)

(14) [f@,y, u,v,w)| < Axy)?,p 2 0,4 > 0
for (x, y, u, v, w)e k.
(15) L f(e, y, wi, v1, wi) — f(®, w2, v2, w2) | £
A (LT PR P

(xy)”
for (®, y, uj, v, wj) € By, j = 1,2, whereq 2 1,¢ > 0, q(1 4+ p) —r = p,

3C0(24)171(p + 1)2 < 1. Then there exists one and only one solution
u(z, y) € M*(D) of the Darboux problem (1), (2), and moreover the sequence of
Picard’s approximations defined by (4) for any functions g(x, y), uo(x, y)
€ M(D)with gzy = 0 in D, converges uniformly on D to this unigue solution.
Proof: The proof will be given similarly as that of Theorem 1. The
set M*(D) is a subset of the set M(D), by (13). On the set we can
define the distance
Ou(x, y)  Oz(z, y) |

or ox !

(zy)p+t
0u(@,y) 02 y)
Yoy 3y
(xy)r+t

The operator T by (9) mapps the set M*(D) into itself. From the ine-
qualities

|z1(2y) — 22(, y) | +
+

(16) d(z1, z2) = sup
D,

+

0 )
(17) max {(ab)—!"l |2y — 22| + a~Pb-p-1 % — ai; +
+ a7 (?;—; - %z; } < d(z1, 22)

property d) of the metric space X = [M*(D),d] follows:



232

The d-Cauchy convergence of the sequence {z4(Z, ¥)}¥ of the function
zn(2, y) € M*(D) implies the convergence of the sequence {zn(z,y)}?
a%zz@z_z)_}"” {%_(M) ?

and sequences {~ } in the sence of the distance
1

ox 1 ’ ay
(8)) and
lim z,(z, y) = Z(z, y)
o 0% o wow Oy %

for (z,y) € D. Hence we see that the sequence {z4(z,y)}?° converges
in distance (13) to the function Z(z, y) and Z(z, y) € X. Then we shall
show analogically to Theorem 2 that the lim d(z4, Z) = 0.

n-—>00
The proof of the condition 1°. Let z\(z, y), z2(x, y) be two arbitrary
elements of X with the distance d(z;, z;) < + co. Then from (13) and
(14) we obtain:

18) | 1) — 2o ) | S 2 P
zlafey) —a@y | s ey @),
e ) — e )| S 7 e

for (x, y) € D. Moreover, by (15) and (18) we have the following estimates
in the domain D;: .
| Tz, y) — Tz, y) | S

z

v
so [[la—zlieinrn iR —nl w0 s
0

(o7)"

Ty
24 \ot
<0|l—=— or)@+D(g-1)-r+p+1 ¥
o) [ e

00

0

y 21— 22| 4 0|21, — 22, | +lely—zzyld0dTS
(a--r)p-H -

(24)2-1

=0 rin d(z1, ) (xy)PHL,

4

9 0
P Tz, y) — M T2, y) l =
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y
< Oz Izl—-zzlq+quzlz—zleq‘!-‘fq|Z|yf'zzy|qd <
= (x7)" ooar=
0
(24)2!
L 0 ———d(2:2;) (xy)Pt,
= (p + 1) (2122) (wy)
iTz( j—Tz(x1)|<
Yy ay lx?y)—ay 207, Y =
’ |21—22 19 + 09 |21, — 22, 19 + Y7 1 2, — 25, |9
=% f Towr do=
0
(24)21
< C———d(zy, 23) (xy)Pt1.
< 02y e ) @)
. a1
From the last inequalities it follows that d(1'z;, 1'z;) < 3(%(—2_51—)1—)—(1— d(zy, 22)

Thus condition 1° is proved.

Condition 2° follows directly from (18) because hence we have

64
p+1
condition 3° too.

Remark 1. The assuption (14) of Theorem 3 guarantees the
boundedness of the function f(x, y, u, v, w) in E. In the following theorem
we shall show that this assumption is not necessary.

d(uy, Up+1) = < 4+ o0 for a n =1, 2,... From (18) we obtain

Theorem 4. Let the function f(x, y, u, v, w) be continuous in E and let
it satisfy the following conditions:

(19) | f@ 9, w, v, w) | £ A, y)(ey)?, —1 <p <0

Jorall (z,y, w, v, w) € E,. The function A(x, y) is integrable in the domain D,
tn the interval (0, a) with respect to the vartable x, in {0, b) with respect
to y and it satisfies the inequalities 0 < A(z, y) S Ao, A(z, y) S Aoz P,
A, y) £ Aoy~P for Ao = 0 in D. Let further, the inequality

(20) [ f(x, 4, w1, 01, wi) — f(x, Y, Uz, v2, w3) | S

O,
= SV — a0 — 210D [y — v ¢ 4 gD 10— 0,

forall (x,y, ws, vj, ws)€Ey,j = 1,2, whereq = 1and q(p + 1) —r = p,

Co 24, a-1 . .,
Tl AT < 1 hold. The function C(x, y) ts integrable
in the domain D, in the interval 0, a) and <0, b) with respect to the variable
z and y, and furthermore the inequalities 0 < C(x, y) < O, Clx, y) =
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< Cx?, Clz, y) £ Cyy», Oy = C; + C; + C3 hold in D, where C|,
C3, C; are suitable positive constants. Then there exists one and only one
solution of the Darboux problem (1), (2), and moreover the sequence of
Picard’s approximations defined by (4) for arbitrary functions g(x, y),
w(z, y) € M(D) with gzy = 0 in D, converges uniformly on D to this
unique solution.

. Proof. The operator T is defined by therelation (9) as in the preceding
theorems. Analogically to Theorem 3 it can also be shown that the
set M*(D) with distance

| z1(z, y) — 22(x, ) | + 2Pt1

| O21(@, y)  Oz(x,y) |
ox ox

h 1 — .
(21) d(z1,2) Sup (ay)pi +
yoh Ozi(zy) Oz, y)
i oy oy

(zy)P+t
is a complete generalized metric space. Let us denote it by X. From (13)
and (19) it follows that

(22) |zy—2z2| £ 2 ff A(o, T)(g7)? do dr £ 24, ((xy)P;;z R

Y

yp+l
|21,—22,| £ 2 Of Az, T)(xT)?dr = 2Aom ’
T 2P+l
o, — s, < 2 f Ao, y)(oy)? do < 240 "y

0

in D, for any pair of functions z;, z; € M*(D). From inequalities (22)
and assumption (20) we obtain the estimates

Ty
| T2y — T2, | é ff {C(U, T)(|21 — 22|9 40P+ |21, — 2,,]9) +

(a7)

C(o, T) T2+ |2, — 2, |4

(@0 }dodr§

< [_2_‘4"_* ]qﬂ d(z1, 22) f 7y0(g’ 7)(oT)@t)(@-D)-r+pt1 dg dr £
=l +1r )
0 0

+
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| aa = ?Qy‘ ol 5 [ G de o G P
for (z, y) € D;. Hence we have the inequality
e e T Tk

Condition 1° of Theorem 1 is proved. The proof of the properties
2°, 3° we get from the inequalities (22).
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