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A NOTE ON D I F F E R E N T I A L E Q U A T I O N S W I T H 
P E R I O D I C S O L U T I O N S 

F . N E U M A N , BRNO 

(R c iv d April 20, 1969) 

I, Problem. It is known [1, p. 136] for two differential equations 
y" =z q\(t)y and y" = q2(t)y, qi and q2 continuous on (—-oo, co), with 
the same basic central dispersion of the 1s t kind q>(t) (for the definition, 
see [Ij.'p. 105]), that the difference qi(t) — q2(t) vanishes at least four 
times pn any interval a S t < (p(a), a being an arbitrary number. 

Especially, fpr <p(t) = t + n and q2(t) = — 1 , the expression qt(t) + I 
vanishes at least four times on the interval 0 < t < n for every differen
tial equation y" = qx(t) y, qx continuous on (—oo, oo), every solution of 
which is half-periodic1) with period n and has exactly one zero on 
0 ^ t < TC, or in the other words, for every differential equation y" = 
= [X + qi(t)] y, q\ periodic with period n and continuous on (—oo, oo) 
for which the first interval of instability (X[, X'2) disappears, as X{ = X'2 = 0 
(see [1, p.11]). 

Another simple criterion of disappearance of the 1 s t interval of in-
stability can be found in [2]. 

In this paper we shall investigate the behaviour of q(t) for the differen
tial equation yn = [X + q(t)] y, q(t) continuous on (—oo, oo), for which 
an interval of instability disappears. 

For construction of all differential equations y" = [X + q(t)]y, for 
which one or two intervals of instability disappear, see [3]. 

II. Let C\ (n ^ 0, integer) denote the set of all continuous functions 
on J having here continuous derivatives up to and including the order n\ 
Cn (— oo, oo) == Cn. 

Consider differential equation 

(1) - f^q(t)y, qec\ ..... . _ . ... 

Let a(t) be a 1 s t phase of the equation (for the definition, see [1, p. 33]) 
and tp(t) its basic central dispersion of the 1 s t kind; further on, only 
phase and dispersion. 

In [3] there was proved (Theorem 1) that "Every solution of (1) is 
periodic or half-periodic of period n with exactly n zeros on 0 •:§ t < n iff 

(2) a(t + n) =<x(t) + m.agnx', 

-) y(t) is half-periodic with period d if y(t + d) =- —-y(t) tot all t. 
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for all t e (—oo, oo), or equivalently 

(3) <pW(t) = t + n, 

for all 16 (—oo, oo), 
where 

9M(t) = <p(t), <pln+H(t) = <p(<pm))" 

Let us choose a periodic function P(t) e O4 with period n such that 
P(t) ^ 0, | P'(t) | < 1 and P'(t) has no more than two (then exactly two) 
zeros h, t2 on 0 <£ t < n. Moreover, let P"(h). P"(t2) # 0. Then there 
exist neighbourhoods 0(h) and 0(t2) of h and t2, resp., such that 
I P'(t) | > Ci > 0 for all t e 0(h) U 0(t2) and | P'(t) | > c0 > 0 for all 
* e <0, ?r> — 0(*i) U 0(*2). E. g., P(t) = a sin 2*, | a | < 1/2, ^ == TT/4, 
t2 =- 3rc/4, O(*i) = (n/8, 3n/S), 0(t2) = (5^/8, 7rc/8), c0 = cx = a. 

For an arbitrary integer n, n > 1, put ai(0 = ft£ + ftP(J)> <*2(t) =~ 
= wi — nP(tf). Let ai(0 and a2(£) be phases of the differential equations 
(it is possible according to [1, p. 36]) 

(4i,a) y" = qi(t) y and y" = q2(t) y, 

resp. Since ai and a2 satisfy (2), every solution of any of the two 
differential equations (4i,2) is periodic or half-periodic of period n with n 
zeros on 0 g t < n. Let us note that both qx and q2 must be continuous 
and periodic with period n. 

Let <Xi(t)/n be a phase of the differential equation 

(5i) y"^ql(t)y, f = 1,2, 

Functions qi(t) and q*(t) are (cf. [1, p. 90]) in the relations 

(ft) qi(t) == ql(t) - (n* - 1) f^J, t = 1,2. 

Thus 

qiit) _ g2(o = [q\(t) _ , ;W ] _ („* _ i) «?<'>-«#(*) > 

or 
qi(t) - qz(t) = [q\(t) - g^)] - 4(n* - 1) P'(t). 

The function [q\(t) —• (feW] is continuous and periodic with period n, 
and has continuous derivative (cf. P(t) e C4). Thus [q\(t) — jj(*)] and 
[ji(*) — ql(t)]' are bounded. Since P(t) has the above properties, there 
exists a sufficently large n that qx(t) — q2(t) vanishes only twice on 
0 £ t < n. 

Thus, we have proved 
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Theorem 1: There exist an integer n and two differential equations 

y" = <?i(0 y, y" = qJf) y, ? i ^ ° , g2 e o°, 

which admit only periodic or half-periodic solutions of period n with n 
zeros onO ^ t < n (n even or odd, resp.) such that the difference q\(t) — q2(t) 
vanishes only twice on 0 g t < n. 

If oii(t) is nt + nP(t) again, but oc2(t) = nt, we have 

qi(t) + n2 = [q\(t) + 1] - (w* - 1) (2F(t) + P'*(*)). 

The function [q\(t) + 1] and its derivative are bounded again. The 
function [2P'(0 + P'2(t)] = P'(t) [2 + P'(t)] vanishes on 0 £ t < n only 
at h and t2, as 2 + P'(*) £ 1. Further | 2P'(|) + P'2(t) | fc | P'(t) | and 
[2P'(0 + Pf2(t)]f = 2P"(t) [1 + P'(t)] £ P"(J) . y, where 0 < y = 
= min [1 + P'(t)]. Thus, according to the selection of P(t), for suffi-

< 0 , T t > 

cently large n, the value of qx(t) + n2 vanishes only twice on 0 % t < n. 
Then we can state 

Theorem 1': There exists a differential equation 

y" = q{t)y, <?ec° 

every solution of which is periodic or half-periodic of period n with n zeros 
onO S t < n (n even or odd, resp.) such that q(t) + n2 vanishes only twice 
on 0 S t < 7t. 

III. We have dealt with periodic solutions only. Now we are going 
to show how the above considerations can be extended to the general 
case. 

Let a function <p(t) be given on an interval (a, b)1!, <p e Cfa>b), <p(t) > t, 
<p'(t) > 0. Let fi(t) be chosen such that fi(t) e Cz

(a<p(b)), ?(t) =£ 0, and 

(7) 0(f(t)) = J5(t) + 71 

holds for all t e (a, b). According to [1, p. 124], it is always possible. 
Let oti(t) = nt + nP(t) and ot2(t) — nt — nP(t), where a function P(t) 

satisfies the conditions in Sec. II , and n is an integer, n *> 2. Put 
Pi(t) d-f; a ^ ) andj82(*) deJ- oc2p(t) for all t for which 0 is defined. Then 

(8) $i(<p(t)) -= onp(<p(t)) = oa(P(t) + n) = onP(t) + nn sgn a : , 
= Pi(t) + nn sgn p\ for all t e (a, b). 

Let ^ be a phase of the differential equation y" = Qi(t) yt i = 1,2. 
If <pt(t) denotes the dispersion of the differential equation y" = Qi(t) y, 
% = 1,2, then, with respect to (8), 

9 > H ' ) = <P(*) = <pln](*l 
i) a -- —oo and b = oo are not excluded. 
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That means that the distributions of the n-th zeros of the solutions of 
the both differential equations are the same. 

In general, if a, ft, a/? = <x(f}(t)) are phases of differential equations 
it* = PS) V> V* = Pfii*). V> V* = P*P(*) V> r e sP> t h e n t h e relation 

p^^vm + [pm)): + ^p^)-
holds for all t for which the functions are defined, see [1, p. 6 (1.7) or 188]. 
Thus we can write 

(9) Qi(t)-Q2(t) = \3iW)) -"qziPmPi*)-
Because the function f)(t) is defined on (a, q)(b)), the functions Qt(t) are 
defined on the same interval. Thus, according to (7), we can consider 
an interval <c, <p(c)) cz (a, (p(b)) which is transformed by /? onto </J(c), 
ft(c);+7i). And, with respect to (9) and Theorem 1 of Sec. II. , the 
difference Qi(t)—Q2(t) vanishes only twice on every such interval 
<c,tp(c)). 

Thus we can state 

Thoerem 2: There exist two differential equations 

y" = Qi(t) y and y' = Q2{t) y, QieC\, Q2eC\, 

with the dispersions <p\(t) and (p2(t), resp., satisfying the relation 

<p[V(t) = <P1VV) 

everywhere, where they are defined, such that the difference Qi(t)—^Q2(t) 
vanishes only twice on every interval <c, <p[ri](c)) <=• I. 

IV. The differences qx(t) — q2(t) in Sec. I I or Qx(t) —Q2(t) in Sec. I I I . 
must vanish at least twice on considered intervals, because the relations 
qi(t) — q2(t) > 0, or qi{t) — q2(t) < 0, or Qt(t}i— Q2{t) > 0, or Qi(t) — 
— Qi(t) < 0 on these intervals together with the Separation Theorem 
lead to the contradiction with the supposition on distributions of zeros. 

Thus, the above considerations do not give any criterion, but they 
show the nonexistence of such criterion. On* the other side, we could 
demonstrate the ability of Prof. 0 . Boruvka's theory of phases and 
dipsersions to solve problems of this sort. 
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