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Commentationes Mathematicae Universitatis Carolinae 

5, 3 (1964) 
TKB EXISTENCE OP Á PCA - SET OP CARDINAL 70 x 

Petr VOPÉNKA and Leo BDKCVSKf , Praha 

The aim of thia notě ls to prove that the axiozos of set 
theory and the following theořem are consistent: There exista 
a projective (moreover PCA) subset of the Baire apace the car-
dinal of which is fC ̂  &nd 2 > X2 holda. 

We aaaume familiarity with £21 [33 má £5J • Throughout 

thia notě we use the notát ion Introduced in the pápera £2] and 
[5]# All our conaideration8 are in 8y8tem S.* of £2j (with 

the axióma of groupa A - E )• We denote by Pn the set of 

all aubsets of the Baire apace Ir (N a CJQ - {Oj ) of the 

projective clasa 1^ (aee [3] f p. 361). Thua, the elements of 

PQ are Borel sets, the elementa of P^ are analytlcal seta, 

the elementa of P^ are PCA-sets. We denote by P the sum tf 

all P • 
n 

Definition 1» Let A be a set, ot-p ••• ct^ are uncountable 

cardinals. We define 

%k(A; <*lf... «?ck) s ( Vx) (x«*& —> • f * ÍC0 v f • 

8 * ^ . M y f » < ) C k ) . 

Proofs of the following atatementa are given in the pa-

per f3]: 

^ ( P ^ 2 ^ ° ) , ^ ^ ; 2*°), ^ ( P 2 ; xlf **), X2(?3iXx, f°). 

Karatowski ( [3 ] , p.392) mentioned as an unsolved problém a ojaes-

tion, whether ^tP^J 2 °) holde. We shall prove that the aeaer-

- 125 -



tion "i o^íP-j 2 °) is valid in the model V with a sui-

table choise <y^, V (see £5J). 

Let L be the clasa of all constructible sets. It follows 

immediotely from CU : 

Lemma 1. L A NH c P3 

It remains to prove that the power of L A N is <V, 

(in the model V )• If Ji is a concept in the tieory S. > 

then we denote by JI the corresponding concept in A 

(see [2j, Ch.V.). 

Lemna 2. oú± » 6Jo€ 

Proof: The following concepts are absolute: On, • l , u (see 

[2], 11.4?, 11.45, ll.rO). Therefore Kx Is absolute (2, 7.42). 

The rest follows from 8.4. q«e.d» 

Lemma 3. ců0 e CJÍ€ i CÚ^ 

Proof: By lemma 2 CÚ0 € a>,ie • If cc é aj^ f then 
there exists f such that 

Un^ (f) & Rel^ a) &. H^ {*)*«> *W4 C4) * *>0€ 
By 10.21, 11.15, 11.12, 11.17 we háve 

Umgíf) ÍL Rel ( f ) & D(f) » 00 & W(f) = A>0 

therefore , 0)^ € CJ^€ cannot hold. q . e . d . 

Lemma 4. L n P( a ) 0 ) f i P " a ) 1 f 

Proof: In the model A 9 P^ (F€« a)ot ) Si ^'^e h o l d s * 

I t i s e a s i l y to prove that L A P( *> J & P . ( F ' * - A Í ^ ) • Ba-

cause F i s absolute , the lemma follows* q .e .d . 

Lemma ?. (Vec) 13/S ) £oc €OJ>4€ - ^ . < * # # # <i^c A ^ fi o)0 ř̂ 

& <*r) <r* * * i —+ F V + F'/S )J 
Proof i s more or l e s s a modif i ca t ion of the prooř a < 2 a by 

Cantor. Let oc « oJ^g be such that 

(1) IV/DUefl c a)1f A ř ^ f i ^ , - ^ (3T) W<*> * 
i 1 & F'r a F#/J )3 
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From ( l ) and lemma 4» wa háve 

(2) x € L & x s a > ů 4 - > a r ) ( r € * + U x s PY) 
From flC € <ui€ and the d e f i n i t i o n of F , we der ive F"ÚC€£ 

&c cc a a>0 # Therefore , t h e r e i s f tf L such t h a t 

(3) f Fn^ cu0 & W€ ( f) * F"oC i l 

We def ine a s e t d : (Vx) (x e d a . x e CJ0 & x £ f 'x) • 

We can deduce d « cú0 - D ( f n C n v ( E ) ) . Thus d e L and 

d S <y0 . By ( 2 ) , t he re i s tf* tf «C + 1 such t ha t d « 
a F ' y . For every x é <L>© the fol lowing i m p l i c a t i -

ons hold: 

x € d —» f ' x + d (as x £ f 'x) 

x ^ d — • ť x + d (as x € f ' x ) 

A con t r ad i c t i on with (3) can be deduced from these impl ica t ions 

and the f a c t t h a t d » p ' 7 " • q . e . d . 

T.pmmft fi- L n I r a a>1€ , ^«M!B«!===a. 

Proof: l n the model A ,we can prove L n NN s P^ (o>0) . The 

r e s u l t follows from lemma 5 and the fol lowing f a c t : 

—* a - b • q . e . d . 

řroa ( t 5 3 , P.42) i t follows 

Lemma 7» Let >> be a r e g u l a r ca rd ina l ^ ej^ } CJ^ m cj0 9 both 

in V • Then o^€ =» o^ . we can deduce from lemmas 1, 6 , 7 

the fol lowing theorems: 

Theorem 1» Let cú^ » 0 0 and y * a>a (or <i>3> . . • ^ + 1 > 

• • • } • Then t h e r e i s a PCA-subset A of the Baire space , sueh 

that A m lCn and 2 ° » íC^ (or > /C^, . . . /tf^ • ! > • • • > 

hold, everything i n model V • 

Theorem 2« I f the s e t theory JE (with the axioms of groupa 

A - D ) ia c o n s i s t e n t , then the sentences ^ i ( p 3 » 2 * * )f 

X | ( P j 2 / l t ) a re undecidable in 2 . 
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Luain mentioned in ( [4 j p. 323): M • • • l e domaine dea en

semble a pro jec t i f s eat un domaine ou l e t i e r s ezc lu ne s 'appl i~ 

que p lus .# ." • The theorem 2 f u l l y confirms the assumptione by 

Luain. 

The authors do not know,v*iether the fol lowing equivalences 

2*° • * , « ^ ( P 3 ; 2 1 * ) f 2 * * « X, « * , ( P ; Z** 

hold in the se t theory, 
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