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Commentationes Mathematicae Universitatis Carolinae
10,2 (1969)
A NOTZ ON UNIFORM BOUNDEDNESS PRINCIPLE FOR NONLINEAR
OPERATORS
Josef KOLOMf, Prsha

Introduction. The uniform boundedness principle for
operators is one of the powerful tools of Functional Ana-
lysis. This principle concerning linear operators was fir-
stly introduced into Banach spaces by T.H. Hildebrandt [1]
snd has been extended by Banach and Steinhaus [2,p.53]1for
some further extensions to topological spaces, see for in-
stance [3]. I.S. G4l [4] has generalized the uniform boun-
dedness principle for a class of nonlinear operators. He
has considered the operators U, (m=41,2...) in Banach
space X  satisfying the following two conditions: (a)
U, (m=1,2,...) are bounded and "homogeneous",i.e. the-
re exist positive constants M, (m=1,2,...) such that
U, (u)ll &€ M, el and I U, (Al =

=AW, ()l for every 4 € X, Tedl A and m
(ﬂ‘L = 4, 2,... ) 4

)

(b) U, are asymptotically subadditive, i.e.
I, i+l € U, (wdl+ 00U, Il l)

uniformly in 4, v € X and
wmf (WU (w+) I+ 10, ()=, ) 200U, 1)

Nwhhga



for every 4 € X , but not necesssrily uniformly in
where U | = sup U, W)l .
X ? n Nlehz1 i

I.S. G41 (4] has established the following result: If the
mappings W, (m =1,2,...) gatisfy the conditions (a),
(b) and if

@ I, (= L(w) < + oo

for every M € X , then I1U, | £ C < + 00  for
every m (m =1,2,...) .

Another assertion concerning the uniform boundedness
principle for nonlinear functionals has been proved by S.
B. Stedkin [5]. His main result is as follows: Let the func-
tionals f, () (m =1,2,...) be defined on the
closed ball D, (0) ={ww € X: fwwll £ 13  and be
such that the following conditions are satisfied: (1)

e, w+)l & KU, @)+ 1€, @)), (m=1,2,...)

for each w, VvV, M + V¥ € D,, ca) P} where & con-
stant K  does not depend on m (m = 1, 2,...) ;

(2) For any m (m =1,2,...) there exists a number

d”:>0 so that |f, (u)l &€ M for each «t € X

with fuwh & o, ( M does not depend on m );

(3)uc])(0)=>w¢bl-¢ W)l =L)< +00 .
M.,,

Then

s 1€, (w)l< +00 -

M= 4,2,'-4
& D, 0




The purpose of this note is to establish some fur-
ther results concerning the uniform boundedness princip-
le (Sect.ion 1) and the principle of condensation of sin-
gularities (Section 2) both for certain classes of nonli-
near operators. The proofs of these assertions are based
upon a category argument of Baire which was originally in-
troduced into this domain of research by S. Saks. We
point out there that the principle of condensation of
singularities for nonlinear operators satisfying (a),(b)
has been established by I.S. G4l [61].

1. The terminology and notation of Section 2 [7] is
used. We prove the following

Theorem 1. Let X, Y be linear normed spaces,
M c X @ subset of the second category in X , F

: X—>Y (m=1,2,...) mappings of X inmto Y
such that
(a) VE, (u- ) & flmax (e, flr A max CAE Cu M, N6, Gr)L)

for every s, € X, m (m=4,2,...) , where the function

f(n) 1s defined in J = < 0,00), 1s bounded and
positive on each subinterval <0, @ % of J;
(b)u,c,M=;>ba4vﬂ (u.)l!<+ao. If either
leluye X, we X gL =» Il F, (u)ﬂé&mlF(a,.)lnd?, P

or (°2) there exists a functional ¢ on M having
the Baire property in M  and is such that g («) &
£1g@)| for each « € M, where g («u) =
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.m?m' IFy, €4« )l | then the sequence {F, (w)§
is uniformly bounded on any closed ball DR (0)={fu € X:
:lawll &€ R 3 of X , i.e.
NE, (u)l < + co

m%, ,,,.I T (A

w6 D (0)
for arbitrary (but fixed) R > O .

Proof. Suppose (a),(b),(c,) are fulfilled and denote
X = H F M)" é = ves
o= U € X k%““ % C m3 (m=1,2,...) .Then

o0
X, ereclosedand M £ U X, . Since M 1is

m =1

of the second category in X  at least one of X, ,say

Xmn, , must contain a closed ball. Hence there exist d>

> 0 and «, € X such that Du,,d ) =1f«u€X:

:“M-M," fidvf c Xn . Then MeD(uo7dv)#

:?lF‘*’(“)ﬂé’np;(’k’: 1,2,...) . Forany o € X

with Il I & o we have that v + «, € D(«,,d)

and

1F, ()} = AE, (Cr+au,)-w,)ll £
£ Kmar (I B (r+au ), I, (u) ) £
£ Km, , (m = 4,2,...))

where K 1g a constant from the boundedness of the func-
ction f(x)  on the interval <0, N, N + > .
Hence nﬂfif,” IV Fo ()l & K, for each v €
e X,llrfl & &°. Now we show that {F («)3 is uni-

formly bounded on any closed ball Dp (0) . Let R >0
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be fixed, we note that the hypothesis (a) implies the fol-
lowing inequality

(@) IF, (w+v)l & Cmae CIE, Cw)ll, I Fyy () D)
(m=41,2,...) , which is valid for each «, v € Dg (0),

“t+ e D CO) and where C  is some positive
constant.

In fact, consider 4, 7% € Dg (0) such that

M + UV € DR o) and denote N =¢‘A<u‘-){’bk>¢(/t) .

According to hypothesis (a) for any « € Dg (0) we
have that I F, (0Dl £ NIIF, (w)l and
IE,cu)ll 6 Nmax CIE, O, 15, (N & C, N F () Il
where C, = Nmac (N, 1) . thus for «, v € D (0),
a + v € Dg (0)  we obtain

VE, (u+ )l & Nomae (NF, ) I, NE, (2)0) £

Fo
£ Camac (NE, (), 1E, () 1),
where C = Nmac (C,, 1) . Furthermore, there ex-

- R
ists an integer m,  such that y & J° . Then for

eny «w € D (0) amd m (m=1,2,...) we have

I, ()l = na,c%%, m &
& Cmax (16, (B (m = AN MECE)D) &
... £ CIE (I E&CKn, ,

where C, 1is some positive constant. Thus { F, ()
is uniformly bounded™on Dy (0)  and the first part of
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our theorem is proved. Assume (a),(b),(c,) are fulfilled
and use the same arguments as in the proof of Th.9 [7];
we see that { £, (4 )} is uniformly bounded on some
neighbourhood W of O . Hence there exists d > 0
such that N« |l £ "= . € W . Employing the abo-
ve considerations we observe that { F, (w) ? is uni-
formly bounded on any closed ball DR (0) . Theorem is

proved.

Using the properties of Baire sets of the second ca-
tegory and category arguments one may prove the following

Theorem 2. Let X ,Y be linear normed spaces, X
of the second category in itself,F,: X > Y (m=1,2,...)
mappings from X into Y satisfying the condition (a)
of Theorem 1. Suppose the following assumptions are fulfil-
led: (1) For every m (m=1,2,...) there existsu, € X
and the open neighborhood V («, ) c¢ X of 4, such
that « € V(w,)=> IIF, (w)ll & N , wherea
positive number N does not depend on m. . (2) There
exists a subset M c X such that M is elsewhere
dense in X ; 1s not /of the first category in some open
ball BR. (0)=fuwuwe X:lull<R,} and e M=

=7”‘:..#9;”'i\f-;,,(a,)ll‘< + oo .
Then { F,, («) 3 is uniformly bounded on any

closed ball D (0) of X .

Repgrks. One may replace the condition (a) in Theo-
rems 1,2 by the following one:
I, (usar) £ £ (mac Clal, oy D) mae (NE, ) ll, | B Card) )
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(n=1,2,...),4,7 € X , where the function f(x) has
the same properties as in the assumption (a). However, we
must add that either (a,) FCw)=-F, ), (m =1, 2,...)
for every & € X ,or (@) NE, (A= IAI®NE, @) i

for every 4 € X and real A, where f2 is some positive
number. Moreover, in case of Th.2 one can require only the
satisfying of the condition (s, )} for each «w € V(«,),
(m=41,2,...) . Each demicontinuous map F, satisfies (c,).
Indeed, if 4, ~+ 4¢ in X, then demicontimuity of F, im-
plies the weak convergence of {f F, («g ) Z:::’ to £ ().

Hence _
IE wl & Lm [IF Cup)ll & Lim | Fo (tg ) I -

The assumption (1) of Theorem 2 is fulfilled for instance if
esch F, (m=1,2...) has at least one point of continmui-
ty in X . We point out that Theorems 1,2 are valid for li-
near metric spaces X ’ Y , where Y ie the space of the

second category in itself.

2. In this section we make some notes concerning the
principle of condensation of singularities for nonlinear ope=
ratora. This principle for linear case is well-known;see for
example Banach-Steinhaus [ 8], Yoshida (9]. W. Orlicz [10] .has
established this principle for double sequence of linear o-
perations depending on some parameter, meanwhile I.S. GA1[6]
has considered this one for nonlinear operators. We state the
following

Theorem 3. Let X, Y (f=1,2,...) be linear
normed spaces, X of the second category in itself,
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F : X — Y% (& =1,2,.) nappings of X in-

to % so that: (a) ﬂfi(u,-l-ar)fl £

£ Kmax (Il Gl I Fp () 1) for every 44, 7€

e X, (&&=1,2,...) ,where K 1s some positive con-

stant; (b) wy — A4, &, , w € X=>NF Cu)ll £

% J‘_.'f__'; I B Cpdll, Ch=1,2,...).

Furthermore, let one of the following conditions

be fulfilled: (1} R (-«) = - F (w) for eve-
ry we X, (h=41,2,...0; ) IR (Au)l=

= AR (w)l for every w € X, (k=
= 4,2,...) and A real ( 2 is some positive num-
ber).

Then the set M={u € X:kﬁ’_oi I P (ud)l<+ 00}
is either equal to X , or M is a set of the first
category in X .

From Theorem 3 we conclude

Theorem 4 (Principle of condensation of singulsri-
ties). Let X, Yy  have the same properties as in
Th.3, {Fp,, §, (m=4,2,...) asequence of non-
linear operators from X into Y satisfying the
assumptions of Th.3 for each fixed & (kR =4,2,...).
Suppose that for each & (f& = 1,2,...) there ex~
tsts a4, € X sothat Lm N, («4)) =+ co.

Then M={ueX:ﬁ%lE”(u)ll=+oa for
every M =1,2,...3 is the set of the second category
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in X

Recall that some related close theorems to Th.3,4 we-
re obtalned by A. Alexiewicz [1ll]. He has considered con-
tintous operations U, having some further properties
quite’ different than ourd. Now wemake the following note
(compare [10]). Let X  be a metric space of the second
category in itself, Y a linear normed space, I, : X —>
— Y, (m=1,2,...) mappings of X into Y so that

ye X, € X, by s = I )& fom ||y (atg )1

(m = 4,2,...) . TtueA=bmlE wl=+o0,

where A is some subset of X everywhere dense in X )
then M= {uwe X : tom IE,(u)l=+00 7 is the set of
the second category in X .
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