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CONSTRUCTION BY TRANSFINITE INDUCTION

Olga STEPANKOVAK, Praha

In an attempt to formulate the minimal set theory suf-
ficient to deduce some elementary properties of real num-
bers we became interested in so called continual theory éf
sets (CTS), proposed for this purpose by Fraenkel [1] . By
CTS we understand a set theory without the power set axiom.
An often encountered problem in CTS is an iteration for a
Gédelian term without set image property x) (for example
when constructing Ker). The iteration called our attention
to two properties of Godelian terms, which we shall name
locality and invertibility. The Godelian term J(X) is
local iff it is provable in CTS, that

VX(TX) = ) T

The term J3°(X) 1is invertible with inverse term %(y)
iff the next formulae are provable in CTS:

1y Tx) > Py X,
2) 4= TPy & MLy .

x) Throughout the text the notation of [2] is used.
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The term of power $ with the sum (U as its inverse term
can serve as an example of a local and invertible Godelian
term.

This paper presents the following generalization of the
meta-theorems on iteration (see (2, Theorem 2145]):

Metatheorem 1. Let J be local term, then

CTS + M1 +— VX3ATLD(T) =0n & T"403 = X& (Y € Om )

(Th {443 = T(T" 1) &

& (¢ € O’m.I —> T"{«ct= T"«N1,
where D4 is the axiom
YRIRL(RY &M (DR — I M (n) &r e R A D(w)=
=DRMI .

Metatheorem 2, If J° is a local and invertible term,
then the claim of Metatheorem 1 is provable in CTS (without
D4 ). The following property of CTS extended by S -axiom
Yx (M(x) — x =~ &,) and D3 -axiom of V=Kex can
be proved by the application of the above metatheorem.

Theorem 3. CTS+S+D3 —E2 = 3F(Jea,(F) &

&@(F)=5’(co°) & W(F) g 0n) where E2 is
the class axiom of choice and %ce 2 stands for one-one
function.

We should like to stress that similar metatheorems in
the theory of semisets (TSS) could be demonstrated by simple
modification of the above statements. More precisely, the con-
dition of semisets-image property of Godelian term is not
necessary for iteration even in TSS (compare [2, Theorem

42281). -
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§ 1. Demonstration of the metatheorem 1

The principle of the proof is based on slight modifica-
tion of the standard method. When handling the Godelian term
T (x) with class image property it is necessary to cover
the iteration process by set relations (not by functions)
which have on the ordinalas ot + 1 the property
i+l S T(n fxt) .

For the more detailed proof let us define classes R, T
neR=RLRIEMRI& D(R) s On &n*{0} g X (Voce DN

[(x e O;nr—-b Wit e T -13)) & ( eO’mr——) W}~ ,

T=UR , icee 4eT=3n(neR&yen) .

The assumption that T has not the required properties leads
to contradiction. Let o¢c be the minimal ordinal number for
which T does not satisfy the conditions of Metatheorem 1.
The ordinal « can acquire the following 3 types of values:

(1) oc =0 which contradicts the definition of T ,

(ii) « = B3 4+ 4 . We shall show that
TR +143 = (T 4p33)
The inclusion T*{@+43 £ F(T"{p33) is the conse-
quence of locality of 5 and the déi’inition of T .
Conversely, let x e 7 (T"{p3) , then there exists
such o4 = T"{(33 that x € J(4). Let us seek a relation
2 which belongs to the system R and satisfies the con~
dition 4 € 2" {B% . If such a relation exists we can de-
fine the relation A = Apr(B+4A) vz, B+1> .
According to the definition of A A eR & z e »* 1p+4%,
then =« & T* {3 +43} . Relation 2~ can be found thanks to
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Axiom D/ . Consider @ ={{p, v d:wveqy & peR& e p'i3i}.
According to D4, g, can be chosen in such a way that
g = Q@&M(g) & D(g) = D) = o
If we define x = UW(g) then £eR and
4 € {43 . This case leads to contradiction.
(iii) « € Ongy . The inclusion T"{«} = "
is obvious. Let x € T , i.e. (Iyex) (x € T"y),
Choose such a relation 2, € R  that x € n:,‘{gr} and de-
fine 2 as follows:
duw,o>en =
=( #zd& <u,d>en,)v
viy<dea &delny & wern"(qy+1))
It is apparent that 2 € R, x € A {1 and then X e

e T"{«}.This is a contradiction.

§ 2. Demonstration of Metatheorem 2

The anaiysis of the above proof shows that D1 is nee-
ded only in the search for relation x R which for some
fixed B e On , 4 & TV} has the property 4 <
N AR N K (see § 1 Case ii). In this paragraph we shall
describe the construction which allows to avoid the applica-
tion of D4 in case ii) of the demonstration of Metatheo-
rem 1 for an invertible Gédelian term.

Metadefinition and metalemma. Let ¥ be the Gddelian

term wit‘.h set-image property inverse to the local G6édelian

term ¥, R, x constants such that

CTS — Re£ (R)& D(R) = w, KR40} =
=-x &(Vme &) (R"ima+4} = S(R"{n 3N
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Define in CTS $-universe of a set x by equation F-umiv(x)=

= R"w, . The following claims can be demonstrated:

1) M (S - wumiv (x)) .

2) $(F~wmiv (%)) & F-umiv (x) .

3) xeny —» $x) s $ly)

Proof. The correctness of 1) is obvious. According to
the definition

R'{m3 & $CP(RMMmI) = T(RMm +13) ,

Souminr(x)= U RMmit e U T(RMm413) & T (S~ umin(x)) .
m g, meEw,

That and the conditions of invertibility prove 2). The claim

3) follows from the inclusion x € g = F (¥ (g ))
Construction. We use the notation of § 1. 3 is the

last number for which the assumption of induction in § 1

holds, a4 is an arbitrary fixed subset of T"{B? . We

want to construct a relation &« € R such that 4 S

e 2"§B33 . Let us define the relation pn, D(p) =

= (3 + '1 ’

X=piylz=pEpaliy=0&x-= Sesrmin () N x’v(ore”nI&

& = - umiv (g) n Tlp" - 43 v (g € Ony & /M igrd= plly =201 .

Obviously, f2 is a set and f» € R . We shall show that fz
is the sought relation, i.e. o € p"ip} .

By induction on g £ 3 we show that p"{y ¥ =
= 9-wmiv (y)n T" 143 . If this is true, then p'iB} =
= F-univv () n TV I3 2 4 | g.e.d.
The induction assumption holds for ¢ = 0 (see the defini-

tion). Let it be true for all numbers smaller than 3, ,
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does it hold also for %o ? For 7; € (rmr the answer

follows from the equations

Y {3'79} = ,p" % :r:;’(s’-m(y)n T“{g'i)z Sf-,am'ar(ry_)n T"% .
a

Let g e O’nI . The left inclusion is obvious. To prove the
right one, choose w € J-univ (g) A T"{ g ? | i.e.
{or} e $-unwr () n T(T" L, - 13) .

The validity of the next inclusions is a consequence
of Metalemma 1 and of the induction assumption

U 1) & $(F-umiv (4)) n T g, -1} £ S-umiv () 0 T g~ 13=4"g;-13 .

The above inclusions lead to {v? s JF(FLHwi)) s
s T (pMiy,-13) . Because the set 2 was chosen from

S-umiv (4) , it holds v e p"iy?

§ 3. Proof of Theorem 3

Metatheorem 2 makes it possible to iterate the term of
vower P to construct the relation P  with the following

properties:
(Y € On ) (PY40% = .'P(co,) & PUMxc+13 =

= P(PMaxl) & (x & O'/run — PYx?=Plxd) ,

which correctly defines the class Ker in CTS.
Lemmg (CTS + S). Let there be 1-1 mapping F  between
P(,) and On . Then 1-1 mapping F of P(P(w,)) and

On can be constructed.

Corollary (CTS + S). The existence of 1l-1 mapping F,_
between P (On) and On follows from the existence of

1-1 mapping F, of P(w,) into On .
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Proof of the lemma. It is sufficient to find a regular
well ordering of P (P(w,)) , equivalent to the regular
well ordering of P(%%2) . First we shall define 1-1 func-

tion of P(“°2) into “°™ %92 ., fThanks to such rela-

tion the ordering of @e ¢ Do o

P(Pe2) .

can be transferred to

Let us define the relation R
<g,x>eR = xe P(°2) & q.em""w°2& Ag [Fee, (g)
% D)= wo &W(P) = x & (Vi, g e wodlg (<, 3d) =
= g (i) (§N1
Axiom 5 guarantees D(R) = P(%2) , It is easy to
prove that

(Vx,, x,€ PCP2NIRYx 7 & %20 & (x4 5, RUXIARYR 3= 0] .

Well ordering of o 2 @Do 9 makes it possible to define
the mapping X of ?(%°2) into “°*“?2  fromR in

this way:

(g,x>cR =g = min R"Mx3} .

Demonstration of Theorem 3. The implication from left
to right is obvious. The proof of inverse statement is ba-
sed on the construction of the mapping of sets into On
sfmultaneously with their construction in Xer , i.e. we
f£ind such a relation T that for each e On, T"{x}
there is 1-1 mapping of PY{ <} into Om . 1-1 mapping
M of Ker into Omnx Om can be easily derived from
T :

Cc,B,x>e M =xeP"BINP"B & a=T"{R}) .

Let P, F,, F, be classesas mentioned formerly, N the
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1-1 mapping of On x On into On ., The required relation
T could be constructed by iteration of the terms T,, on
isolated and ¥, on limited ordinals with T"f0}

.-_-F,’lxw} , Wwhere
T,X) = Ky, peddiq= U@DUN &
AvePDX"{yiN& w=F (X {g)(rN3 ,
5,00 = $ku, 9> = DDA &

&(3deg)(wePHIFINPHT & w =

= NX"$03 (), >3 .

In other words, the term ff,’t

X x4{y% , when X is a mapping of D(X) into Om ,

changes the class

into composition of i (conventionally derived mapping of

PCD(X)) into P(0On) ) and F, .

to the ordered system of mappings into On transforms

The term ¥, applied

the system in a similar way as described in the definition
of M from T . Both ({; , T;. are local and are not in-
vertible in a strict sense and therefore we cannot use them
directly for the construction of T (Metatheorem 2). Accor-
ding to the invertibility of the term %, which alone is
responsible for the loss of the set-image property, the use
of Axiom D4 in the iteration can be eliminated. If we
follow the method of construction of T from § 2, the proof
will differ only in the construction of the relation a for
some fixed 4 such that A"{3% 2 4 and has all other
properties enumerated in § 2. For the purpose of the itera-

tion of I .'i;_ the relation x can be found by the itera-

k]

~ ~
tion of the terms f{‘" s j; with
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A"$03= (F,;» Univ (x))x 103 , where
F(x) = L) Vix Univ (x) = On

4

%)= 5,00 Vx Univ (x) x O .

’

oA

The terms §: 9} have obviously the set-image proper-

1 9
ty and the relation constructed by their iteration has the

predicted features. The rest of the proof is obvious.
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