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Commentationes Mathematicae Universitatis Carolinae

13,4 (1972)

ON GENERAL CONCEPT OF BASIC SUBGROUPS

Pavel JAMBOR, Jind¥ich BECVAR,Praha

O, Introduction. The notion of basic subgroups has
been introduced by Kulikov [5] and developed by Fuchs [3].
The purpose of this paper is to build up the general con-
cept of basic subgroups of abelian groups which can be ex-
tended to any Abelian category. In the section 1, there are
presented some fundamental properties of the basic subgroups,
in particular the proposition 1.7 shows the equivalence of
our definition with the Kulikov s one in reduced torsion
abelian groups and the corollary 1,12 describes the struc-
ture of alg. compact groups with respect to its basic sub-
groups. The section 2 develops the concept of basic decom-
positions with respect to the basic subgroups, i.e. there
is discussed the'question of an embedding of a given ab,
group into a direct product of its basic components.

Throughout the paper a group G always stands for an
abeliaq group. Concerning the terminology and notation, we
refer to [3], 282, Otherwise, if ¢ is a group then @, ,
Gp, 6y end G' are the torsion part, f -component of G ,
divisible part and the first Ulm’s subgroup of 6 respec-
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tively. Ve shall freguently use the following notation:
IN - natural numbers,

NMaimeN;m=>03,

P - the set of all prime numbers,

& - the Z-adic completion of G ,

(m,m) - the greztest common divisor of m and m

If §63; € A? is a farily of croups then‘.l‘lAG’“
stands for the direct sum and any subgroup H , vhere
16, € H e MG, is callad the interdirect sum of
TIA G, . By a superdecomposabla sroup we mean a group with
o«
no nonzero indecomposahble direct summand (see [1))., For a
K ¢ P, vc define that H is @ K-pure subgroup of 6 if
PReHAap™G , for YneK ,¥meN and 6 is K-di-
vigible if G mp@, for YpeX .

1, An outline of thc theory.

Definition l.1. %We shall say that B is a basic sub-
group of a group G if
(1)Ba({ G, ; e A¥> , vhere 0% G, 1is an indecompo-
sable subgroup of @ , for Y e A .

(i1) <(i64; = eKi):-‘l‘.LKG" end ll 6 is a direct sum-
mand of 6 for each finite X e A .

(iii) The family {Ggx; « € A} ismaximal with respect to
the conditions (i) and (ii).
The family { @3 « e A} is celled the besie system of

G corresponding to B .



Remark 1,2. The condition 1.1 (ii) implies that B
is a pure subgroup of & and B '«.‘E‘A Gx «In the following
we shall write B, -‘.L.LA’G,‘ and BR';,"&I'A“G“ ywhere A, =
= {xe€/A; G is torsion-freet and Ag mfx € Ay G is
reduced} . Similarly we shall use the symbols Ay, A, and
A:D for By, 3, and By respectively.

Propogition 1.3. Every group contains a basic sub-

group.

Proof. Let us denote the set of all ths fomilies
{Gc;x e A satisfying 1.1 (i) and (ii) in a group € by
D(G). Obviously D(G) % £ ., 1Let iDyp; 6T} c D(F)
be a chain with respect to the inclusion and C -flif' Dy -
If G‘q ooy Gy, € C  then there is a yel such that
G"1 yeery Ox, €Dy . Hence C & D(G) and the Zorn's
lemma immediately implies the existence of B . g.e.d.

Proposition 1.4, Let B be a basic subgroup of G .
Then
(1) If 6=H @®W, Bc¥ , then H is a superdecomposab-
le group.

(ii) G/B contains no nonzero cylic direct summand.
(1ii) B, is a basic subgroup of G .

(iv) G6/By 1is a splitting group, vhere (G/Byly = G,/ B,
is a divisible group.

(v) G/B is a splitting group, where (G/B), =(G. +B)/B
is a divisible group.

Proof, Let £G4 3 € A} be a basic system of G

corresponding to B .
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(i) I£ H’ 4is an indecomposable direct summand of H +then
the family {H'} U {1G.; x ¢ A} obviously satisfies

1,1 (ii) and the maximality of {Gg ; x € A ¥ implies
H=0 .

(11) 1£ G/B = (G,/B) ® (G,/B) , where G,/B is
a cylic group then G, =B & G} since B 1s a pure sub-
group of G, , Hence GwG;® G, ,where B c G, and (1)
yields G] = 0 .

(111) Obviously {6, ; < € Ay ¥ satisfies 1.1 (i) and (ii)
in G . If {HI U {Gg; x &8 Ay } satisfies the con-
ditions 1,1 (i) and (ii) in G then {HI U {Ggej; x e A}
satisfies 1,1 (i) and (ii) in G, PFor, if Xy € Ay and
Xy € Ap are finite then € -‘{LK'Q‘OW and obviously
Gy € W . Since “*thG,,_ ® H is a direct sum of a divi-
sible and a bounded group and it is a pure subgroup of W ,
we can write G -u%LKgG"‘ 9‘..&“ Ge ®H ® W’ . Hence it
contradicts the maximality of the family {Gx; << € A3 .
(iv) By (iii) and (ii) 6 7/ By is divisible and conse-
quently G/B, = (G, /By) ® (G'/B,) , wvhere (G'/:B*) =
® (6/@,) is torsion-free.

(v) (G +BY/BXG /(BNG) = G, By and by (iv)
G/B=((G,+B)/BYB®(G/B). If g’€ G’ and mg e B
"then mg/= m@ for some ¥&B since B 1is pure in G’.

Hence (¢’~ &) 6 Gy i.e. ¢ € (G,+B)NnG'mB and con-
sequently G’/3 is torsion-free. g.e.d,

Proposition 1.5. B = :B) ® By is a basic subgroup
of a group G iff h, = G’ and BI. is a basic subgroup
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of some direct complement of G’D .
Proof. (i) Let B be a basic subgroup of a group G
and {G‘; xe Al be a corresponding basic system of G .

Then Bg N Gy = 0. For, if g & Bg n Gp then ¢ &
‘a\-oN*m'B“ -‘.PAR(M/'AMMQ‘) since Bg is pure in G , On the

other hand @y 1is either reduced torsion-free or torsion
cyclic for Y« e Ag . Hence (\ mGgm0, for Yc ¢ Ag -
Since GD is an absolute direct summand there is a direct
complement R of @ containing Bg and by 1.4 (i),
By = G . Now, it is sufficient to show that { Gy j x € Agl
is a basic system of R , For, the conditions 1.1 (i),(ii)
are obvious and 1,1 (iii) immediately follows from the ma-
ximality of {Gx 3y < € A} in G and from the decomposi-
tion G mBp@ R .
(i1) Conversely, let @ = Gp ® R, By be a basic sub-
group of R and {Gg; &x ¢ Ag 3 be the corresponding ba-
sic system of R, Since Gp is a direct sum of nonzero
indecomposable subgroups, say G, 'd"A,G“ then the fa-
mily { Gxj<& Apu Ag} obviously satisfies the condi-
tions 1.1 (i),(ii) in @, Let {63 x €Ay UARIU{IHE be
a family of subgroups satisfying 1.1 (i),(ii) in @ then
H is obviously a reduced subgroup and since GD is an
absclute direct summand of G there is a direct comple-
ment R’ of Gp , containing Bg ®@H . If e R’ then
r'=(dl+nr)e Gp@R and the map @!/R/— R is an iso-
Ki——y K
morphism R’ onto R which is the identity on Br , Hence
P(Be@H) =By @ @(H) 2nd {G;x€Ng} v L (H)}
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satisfies the conditions 1.1 (1),(ii) in R , which contra-

dicts the maximality of {Gy; > € Ag ¥ in R . g.e.d.

be either cotorsion or a

Propogition 1,6. Let &

group, vhere the only indecomposable direct summands are

either divisible or torsion cyclic and B c G be a sub-

group satisfying 1,1 (i),(ii) in @ . Then B is basic

inG iff 6=H®W,BecW implies that X is super-

decomposable,
Proof. With respect to 1.4 (i) we shall prove only the

sufficient condition. Let {Gyx ; «« € A} be a family cor-

responding to B ., If there is a larger family M} u

v{G ;xeA} satisfying 1.1 (i),(ii) in @ then by the hy-

pothesis ¥ is alg., compact. By 1.2 H@® B 1is pure in G
and consequently (H@®B)/B is pure in G/B . Hence
G/B=((H®B)/B)@(G/B) and consequently G = H® G’ , vhe-

re Bec G/, So, H being superdecomposable yields a con-

tradiction, g.e.d.
Propogition 1.7. Let B be a subgroup of a reduced
torsion group ¢, Then B is bagic in G iff

(i) B 1is a direct sum of cyclic subgroups of prime power

orders,
(ii) B is a pure subgroup,

(iii) G6/3B is divisible,
Proof., If B 1is a basic subgroup then by 1,1 (i),1.2

and 1.4 (iv) the conditions (i),(ii) and (iii) are satis-
fied., Conversely, (i) implies 1.1 (i) and since every fi-

nite direct sum of groups of a prime power orders is boun-
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ded and by (ii) is pure in G , 1.1 (ii) is satisfied. If
G=HoW,6 BcW then G/BE H®(W./B) and (iii)
implies that H = 0 . Hence by 1.6, B is a basic sub-
group of @ . q.e.d .

Proposition 1,8. A subgroup B -ﬂ.l..L' By, of a torsion
group @ 1is basic in G iff B4 1is a basic subgroup of
Gp for YpeP .

Proof. If B is 2 basic subgroup of € then By ob-
viously satisfies 1.1 (i),(ii) in G, , Let G =H@ W ,
By, €Wy then G=HGW¢;¢'H,'¢¢4;GQ ,BCWO‘R“UF'%*”G; and

1.6 implies that ¥ = 0 and Bn 1is a basic subgroup of
Gp + Conversely, B obviously satisfies 1.1 (i) and since
G‘«»JA'PG"’ and each By satisfies 1,1 (ii) in G, , B sa-
tisfies 1.1 (ii) in @ , toos If G=HO W, Bc W then
G1'L'H41.9 W, , vhere B, cW,ﬂ_ and 1.6 implies that H,ﬁ_= 0,
for YpeP, i.e. H=0 and B is a basic subgroup of
G . geeads

Proposition 1,9. If G is either alg. compact or an

adjusted group and B =& basic subgroup of 6 , then G/3B

’
is divisible,

froof. (i) Let @ be alg. compact. By 1.5, By = Gy
and there is a subgroup G’ c G such that G=G’@ Gy
2nd Bg 1is e basic subgroup of @7 . Obviously G~/B =
= @/Bg and @ is the reduced alg. compsct group. lence
by [3], 39.1, 153 , G’ is complete in the Z -adic topo-
logy and since Bg is purs in G', G’=HO(“Q'“(B'+MG'J)
by [3], ex.2, 166 . On the other hand 1.4 (i) and [31],
40.4, 169 imply H = 0. Hence G'= Bg+m@’, for Ym € N*.
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(i1) Let @ ©be an adjusted group. By (3], 55.1,237 ,
GG, 1is divisible, Since By = B, 1.4 (iv) implies thet
G,/B 1is divisible, Hence G/B=H & (G, ~B) ,  vhere
H&XG/6G, . qee.d.

Corollary 1,10, If G 1is a cotorsion group than the-
re exists a basic subgroup B ¢ G  such that 6B is
divisible,

Proof. By [3], 55.5, 238 , # =A@ C@ @y , vhere C
ig the adjusted part and A is a2lg. compact. If B4 and
Bc are basic subgroups of A cnd C res;pf:ctively then
B, @ B, ® Gy satisfies 1.1 (i),(ii) in 6 and there is
a basic subgroup B of G =such that B, ®Bs & Gp € B .
By 1.9, G/(B,@B @Gp) = (A/BaY@ (C/Be) is divig®~
ble hence G~B is divisible, too. gq.e.d.

Theorem 1,11, Let B be a basic subgroup of a group
G,If =0 and @/B is divisible then G can bs
embedded as a pure subgroup in ﬁ . Horeover, if G is tor-
sion-free then B & Ext (6/Z2,B) .

Proof, Consider the following map ¢: 6 —> B . since
@/B is divisible, there is a sequence { &, 3mzq foOT
Yo € G , such that (g -Lp)em!G ond &,€B , for
Ym & N* | therefore g s m{lyinyq in 2 -adic topology
of G . Now, let @(g)miim {bn 1.4 € B . Since @
is Hausdorff in Z -adic topology, 3  is Hausdorff by [41,
29, 27 and B is pure in G, @ 1is a well-defined homo-
morphism, If &im {pin.4 = g €6 and

U § R Yes = 0 @ ) then g € mB ror Ym e N*



YR =2m . By [41, 30, 28 , B is pure in $  nence X ¢
emBe m6 and consequeatly ¢ = o . Therefore, ¢ is an
embedding and without loss of ~enerality we cm;x assume that
¢cB. Let gem® , where g € 6 and & €3 . The ai-
visibility of GB  implies thet g = &Y+ mé , for some
eB,neCG . Therefore &rem (&r-Mm)amkb’ for some &'e
e B , since B is pure in 3 , Hence %sm(b’+h) .
iloreover, if ¢ is torsion-freze then S is torsion-free,
complete in the - Z ~adic topology ([41, 29, 27) and r?duced.
Hence by [31, 39.1, 163 % is cotorsion and 3/3 is
torsion-free, divisible by [41, 30, 28 . The following ex-

act sequance

0=Kom (6,/Z,3/B)-»Ext (8/Z,B)-+Ext (8/Z,8)2 B-Ext (8/Z,8/8)=0

immediately implies the desired rosult . gee.d.

Corollary 1.12, Let B be a basic subgroup of a group
¢, vhere 7= 0, Then @ is alg. compact iff G & B .

Proof, Let € be alg. compact. According to 1.9, G/B
is divisible ané hence it is sufficient to show that the
embedding @ 6 — 3 from 1.11 is onto., If &€ B then
.@-M{b‘“?:" in B for some {4 ;meN*Sc B , Sin-
ce {hp¥¥eq4 1is a Cauchy-secouence in B i.e, in @ and
by [31, 39.1, 163 € is complete in the Z-adic topolo-
gy i.e. there is a g € G such that @ (g) = & . The con-
verge of the corollary immediately follows from [3], 39.1,
163 . q.e.d,

Troposition 1.,13. There are neither nonzero cotorsion,
slender nor nonzero cotocrsion, X4 ~free groups.

Proof., If @ % 0 is a cctorsion, slender sroup then
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by (4], 154, 111 ¢ is torsion-free, reduced and there
is no copy of p -adic integers in @ . Hence by [3],.54.5,
235 G 1is alg. compact and([3], 40.4, 169) implies a
contradiction,

If G 0 is a cotorsion, &, -free group then G is tor-
sion-free, reduced and consequently G is alg. compact.
Hence by [3], 40.4, 169 G  contains a copy of £ -adic in-
tegers Jp and since 0'41 c Jn ,1it contradicts the hypo-
thesis . gq.e.d.

2, On basic decompositions.

Definition 2.1. Let B be a subgroup of @ satisfy-

ing 1.1 (1),(ii). Then the intersection of all the direct
complements Of.:'y'x Gx , where X runs through the fini-
te subsets of A , is called the B -residual subgroup of G,
denoted by Rg .

Proposition 2,2, Let B be a subgroup of 6 satisfy-
ing 1.1 (1),(ii). Then .E: is the greatest fully invari-
ant subgroup disjoint with B .

Proof. Denote by Wy  the intersection of all the di-
rect complements of‘%l.“ 6« , for a finite X € A . By [3],
9.6, 48 , WK is fully invariant subgroup and ]lg as an
intersection of fully invariant subgroups is fully invari-
ant, too, and obviously .R% ABw=0 . IfA isa fully
invariant subgroup such that AAnB =0 and @ =
= (“.LJ.K Gl W a direct decomposition for a finite
KeA ,then by [3), 9.3, 47 Ac W. Hence A c Rls, .
g.eede




The proof of the following proposition is straight-
forward and hence omitted.

Proposition 2.3. Let G be a group. Then the follo-
wing are equivalent:
(1) 0 is a basic subgroup,
(i1) 6 is superdecomposable,
(iii) 0 4is the unigue basic subgroup,
(iv) if B is a basic subgroup, then RG. =G,

(v) there is a basic subgroup B such that RGD =@ .

Lemma 2.,4. Let D and M  be subgroups of a group G
such that M is D -high in G. If gp « G\DAM =and
Moy eM , for some A € N*  then there exists a m € N*
such that {<m < f, m|k and myeDO@M M . 1In
particular, & is not a prime.

Broof. Since DA <M,y > =% 0 , consider a d =
=m+Ay ,where d €D, k0, meM and LeN¥. Let
ma(l, ) hakm and L= 'm" Since ul'+wh'=1 , for
some 4,V € Z we get o = 4m + my -y and hence
my e M®D  and consequently m >4, Ifmy &M then
obviously ue = 0, i.e. o'(d,)lw . Purthermore, #'d =
m +2'hy 50 Kol m 0 and o(d)|s’. Hence o(d) = 1
implies a contradiction and meg € M , m «< A follows im-
mediately. q.e.d.

Next we shall use the following notation, If B .-c’li"AG‘"
where each G.‘, is a nonzero reduced indecomposable torsion

th tands f where A {xeA;
group then By , stands or“‘*”m(;‘ , pm = Ay

G & Z(p™)} . Consider Kgwine PyB, -b‘O‘i in the
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notural order. In cuse that Kg = fqr4se 9 e 3, take fiy =
=4 fo cach s > A4 . Dsfine the following sequence
from N* by fSepm A and Sy, = Rm My e fmyeq 20d the

correstond ing sequeice of subgroups PY Ba =0, Bm.-o"i =
med ) . B
s Ther. obviousl
-i‘.l-.L“ 3,‘_,_',,”&_4_ , for ezch m ¢« N , Then o y =

-m‘k\"‘ By and ke, B Ca.l,lnb,;_

Thooren 2.5, Let 6 be a creup, B = G a reduced
torcion subgroup satisfying 1.1 (i),(ii) in 6 =nd Fe G
be a K -oure torsion-frse subgroup, vhere KB ckKecP,
Then
1) For Ym &« N , there is a subgroup Wn € G such that

(i) 6=3,®...2B,®@W, ,

(i1) Wp = Bneq @ Wy

(1i1) Wm44q is 2 Bp,, -high subgroup of Wn con-
taining (AL = By +F 4 Jepy, Gy .

>mei

2) There is a homomorphism : i vhose
) i ? G ——._)@eltgh""""'
m EiN*

imoge is an interdirect sum of M Bp,m 2nd -
4 me (4 =
(1) 6 =“f‘\“41. G-m/"\uhchB,t:Mga-ﬂf.\an ,
meN
(ii)mfe\“(?-t-hﬂG) C“Q'(P+4»”‘G) chr g .
meN

3) If G/BOF ie K -divigible then
lwpg>=“f"\(r‘+4w"‘5) = N (F+h,G) znd

meN

@(6) is K -pure in TBhp,m -

In particular, if G/B is K -divisible then
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R:nmqu N ™6 .
ek
meWN

Proof., 1) B, N QJ}MB¢+F+ RpG) =0, for
Ym e N, For, let &= t'+f + ko, g, vhere ¥« B, , &'s
’ N o«
eil,LnB.-_,st,qeG and w (=& )-m.,thez. m = Tp*,
where each gz € Ky, Since P is Kg-pure there is a
£€e F ouch that -mf = mh, g = mi, £, licnce
== £, - s Ry (g.-42'):./'e,,,‘b"e:‘.I’.l.mB‘-L since B  is pure
in 6 and consequently & =0 .
For m = 0, define Wo = G end W, as & By -high sub-

group of W, containing (__LLqB;_ + P+ Ay G) . Covious-
>

1y W, o W1v0 By end since f,q € Wy , for every g€
€W, , 2.4 implies W, = B,® Wy . Suppose thot the
theorem holds for an m =4 2 0, Hence Wy 2 By, y @
@é;l.l;vMB,L*P-I-hnMG).Dcnote by Wn4q the By,q -high
subgroup of W, containing &;ILM434+F+k”‘1G).I,et
FEW,\Bryq @Wp,, , then obviously Rpes@ € Wayq
By 2.4, let 1, be the greatest noturel number such that
4‘ "l,' < l*lm,.‘.,‘ ' M‘l’“‘n’»j ond ,b,'? EB,',_+,‘ O'WA“\W,,,,M .

Then 49 = ﬁ'-‘-mr, vhere A € Bpis, we wnu-»i and thers
is en 4 e4{4,...,m+1% such thet f;4,Q € Wn,4q . lHen-
ce fyr,G - prw=fr,lr € Wn a4 and ccnsecuently

Arulb' =0 y lecs Ur e ’ﬂ.ﬂ#ﬂ.-‘fv and A= 41";"1-%17’ N

for
some &6 By, maygoi o+ Lt Ky = piny , vhere (ky,pr)=
=1 ythen @ 2 m4+4-4 , Obviously ' = /p,’, o , whers

" mai-4
& eBﬂng_& JHence frmfry My ' = ny Yy o,



9‘"&, ¢BMOV,,H‘4 and x,’(q—b:',.”‘w“04 'By
the repeated use of 2.4 we get finite sequences &,..,4%

and hm_“ L TR VTR TR 4 , vhere x, & P, such that

(G=A3-0.~4) & By @Wnsa and %y (g-25-...-2p)e

€ Wn4q ,which contradicts 2.4.

2) Consider the feollowing map

9:6 ——— TBp,m

¢ “"4;4,4 i'z’ffr,,.z ,1;,,2‘, i 1"421,37 '2"41,,2 ’ bfﬂ,ﬁ yeeed

where lr,” are the direct components of ¢  in the de-

4 @
compositions G = Bp 4 ®...@ ( J.I.th,m.m-i)e Wn , for

each m € N . With respect to the equality Wm = Bm,, @
@ Wpnyq, @ is a well-defined map and a homomorphism as

well,
Since B =Mu,.“34,,,, and $/p is an identity,

meiN*
img@ is en interdirect sum of T Bp,m, . For the rest

it is sufficient to prove 2) (ii). In psrticular,
N, (Fep™B)chmg . For, if g € N (F+p™G) and

1&.“5
meN

1~
m € N* then 9.=f,'+41—:"* "h,, , for some £, € F ,
h,e G and an arbitrary L =4,..,m (R,= ,Tl'/p':_“"' e Ky).

Yince G =B, ®.., @Bm. @ W, , vecan write h; =

= R+ ,vhere X s_;L.L“B and w; e Wy, , 4=1,...,m .,
4ed ; :
Now, g =i """l + (£ + A 2), v=4,...,m and since

med=-i

4=
VRN AR AP i Hry , tor By =4, .. vom , & =0 and
G}CWM,-
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N (Fem*hnG) . For,if geciusr @
3) cha":"}“( +n¥ ey 'y
then for Y(p e K)V(j,meN), g= Lr+£+ p¥hy b for so-

me ¥ e¢B, f£ePF and b ¢ G seince G/BOF is
"

et

K -divisible. Since @ € Wa , ¥ cul{'.‘“ﬂ.; , for some

teN and similarly ¢ = &+£'+ ,p.'.'h,,‘“ A, where ¥’e

el B, £eF and We € . If o (& -L")msm then

Armet
m = Tpi* , where each f1; € Ky and since P is K -pure

there is a £ e P such that m (£~ £’)-m4p’h“(:h”-h)-

-m,p;*h,»f” , where S, h'= Ry, b, Hence £-£'x 2h, £,

Wedm pi*“(h”-h-f")-p‘lq»b", for some %g B ,
since B is pure in & and consequently ¥ = 1;‘0"»,,,,0',, ,

n+t N
for some &y e Il B; , implies g € F+ %k, G ., Hence
+>m

v g c M (Fep™G), o C“QN(F+)L,,‘G) .
rekK

G) G
/?(.B)ﬁ /MQOB is K -divisible, i.e. @(G) =

=9 (B)+p"9(G) , for Y(peK), VimeN), Let

£ =heg(G), for some X € TBp,m and p & K ,then
h-b‘r,ﬁ"ﬂ,for some & e 9 (B) and Hoe g (G), since
P(B)= LB, , is pure in MBp,m , thereisa '@
€ @(B) such that & = p™&’ and hence o= (4 4 ') .
Ge.e.d,

Definition 2,6. Under the conditions of the theorem
2.5 we shall call the sequence £ Wy, y m ¢ N% the B-

sequence of G and the corresponding homomorphism @ the
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B -homomorphism of G .
Corollery 2,7. If @ 1is edther a reduced torsion or
An adjusted group and B is a basgic subgroup of @ , then
G/G1 is isomorphic to o pure interdirect sum H of

JIK B,m,,, Jloreover, in case of an adjusted group, H is a
uclﬂ‘
direct summand.

Proof. With reec ect to 1.7, 1.9 @nd 2.5 it is suffi-
cient to shcw that H is a2 direct summand providad that
G is adjusted. By [3], 4.3, 235 H = G/g" is elg. com=-
pact and hence a direct summand. aq.e.d,

Proposition 2,8. Let B be a bssic subgroup of a redu-

ced group G . Then (169),_- ‘Rg*)t = (S @), = Gz for

every By ~homomorphism @ of 6 .

Proof. Let {Wpo3ym &« N % be a By -sequence of 6 .

Since Gy is fully inveriant in G, Gy=B,@...@B, @ (W, A G),
for Ym € N and the divisibility of Gf/,t (see 1.4
(iv)) implies W, n Gy -i'l»'l'mb“' + Mpn G, . llence (furg), =
=Gy N (“f.\mw,,) = N(Wpn G*)-Mg’,where 9’3 9’/3‘“ and
2.5 and 1.4 (iv) imply Jw(«q’- G,z .

The converse inclusion Gl c (R: )e (x:t)* c (hr @)y fola
lows immediately from 2.2 and 2.5, g.e.d.

Proposition 2.9. The adjusted part of “IT' H”’“ ,vwhere
meN

Hpm -‘-P-Aﬁ'»{i‘, Be® Z(n™), for Yo ¢ Ap,m yis a minimal
direct summand of T Hmpm,m  containing .l.l]‘[.,,,,,,,‘ .

Proof. By 108, 1,7 end [2]s ;-'9069 100 ’ -u-]'{”.,;n, is ¢
basic subgroup of (TMHp,m ) .Let 8 be the adjusied port




of MHu,m , then U Hp,m 1s a basic subgroup of G ,
For, UHpm c (THpm)e € 6  and UHp m obviously
satisfies 1.1 (i),(ii) in @ . If A@UHp m also satis-
fies 1.1 (1),(ii) in G , vhere A 1is a nonzero indecom-
posable subgroup of G , then A® UHp,m elso satisfies
1.1 (i),(i1) in MHy » since G  is a direct summand
by [31, 55.5, 238 and consequently in ('ﬂ']'{,f,,,,,,)‘i ,which
implies a contradiction since lL]{qt,,y is basic in
(TT]-{,”_.”M ,Now, if C = G'@W , vhere .u,}{‘,,,,, e G’
then 1.4 (i) implies W= 0 . gq.e.d. '
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