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THE SPECTRAL BADII OF AN OPERATOR AND ITS MODUILS

Vliaatimil PT{K, Praha

Abstract: The author proves an inequality connecting
the spectral radius of a linear operator in & Hilbert spe-
ce of finite dimension and the speciral characteristics of
its modulus, the poeltive definite factor of its polar de-
compoa:.tion.
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It is the purpose of the present remark to investigate
the connection between spectral pfopcrtiea of a linear ope-
rator and its modulus, the positive definite factor in the
polar decomposition.

The basic result is an imequality connecting the spec~
tral iadii'of a positive definité operator P and of the ope~-
rator UP where U is an arbitrary unitary operator (Lemma
(2,1) of the present remark). As an easy consequence we ob-
tain the main result (Theorem (3,1)).

For each positive definite M and each unitary U

21 1 |
(tg™hy 2 (w2 ¢ jomly < | Mg

This result has some interesting corollaries.
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1, Definitiom and notatiom. If 8y;0+0,8, are positive
numbers, we denote by G(a;,...,a8;) their geometric mean

Glag,eee,ay) = (878500 .am)l/m

In the whole paper H will be a Hilbert space of dimension n.
If A is a fmear operator on H we denote by 6 (A) its spee-
trum, by | &|; its spectral redius and by (4| its norm
(as an operator on H) hence |A[| = (| A*Alg )1/2.

Now suppose that A is an invertible operator on H. Then
A* A and AA* are both positive definite; denote by (axp)1/2
and (AA¥ )]"‘{2 respectively their positive definite square
roots, There exist two unitary operators U and V such that

A = 0*a)/2 = (aax )2y

and both these decompositions are unique. Hence (A% A)]‘/Z
could be called the left modulus of A and (AA¥ 11/2 the
right modulus of A, Speaking about the modulus of an opera-
tor we should specify which of the two possible definitions
we have in mind. The operator A being invertible, the opera-
tors A* A and AA* have the same spectrum since AAX = |

= (A% A)A"L, Tt follows that there is no ambiguity if we
are dealing with spectral properties of the two moduli. Im
particular, the following two definitions are meaningful.

We shall denote by max M(A) the maximal eigenvalue of

(A% A)ll 2 or, equivalently, of (AAX )1/2. It follows that
max M(A) = | (A% A)m\g = |(AA¥ )1/2‘6 . We shall denote by
min M(A) the mmmal eigenvalue of (A% ni2 or of (AA* )1/2.
It follows that min M(A) = | (a%*a)"1/2|, -1 =

= jaax) /2 -1 -
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2, Preliminaries. The results of the present paper
are based on the following ﬂi’\mdamental proposition.
(2,1) Let D be an n-dimensional diagonal matrix with posi-
tive diagonal entries d4,,d5,...,d, . Denote by U the set

of all unitary matrices of order n. Then *
min {1 UDlg ; Te U} = G(dy,...,d,)

let T be positive definite. Then min {|UT|g ; U ? equ~
als the geometric mean of the eigenvalues of T,

Proof, If T is positive definite, there exists a uni-
tary V and a diagonal matrix D such that T = VDV* , Since
{UTlg = |UVDVR|, = |V*UVD|gy it suffices to prove the
first assertion.
Denote by m the minimum on the left hand side, Clearly, for

each U € I we have
|UDI z1aet UDI™® = |det U det B|1/% = |det D| V7=
= G(dl’ooo,dn)a

It follows that m2 G(dl,...,dn).
On the other hand, consider the matrix V defined by the

relations
vi’i+1 =1 for is= 1,2,00.,!1 -1
vn,l =1

i qu = 0 for all remaining pairs of indices p, q
Since V is a permutation matrix, we have Ve U o It is not
difficult to show that (VD)™ is a diagonal matrix, in fact
that

(VD) = nI
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where h = d,d,...d, = G(d;,...,d )" Since [VDlg £
£ | (\TD)”‘\l/n, we have .

n&|VDlge (VDR = nl/R = g(a),... ).

Together with the preceding inequality this established
the lemma.,

The following simple lemma is valid even in infinite

dimensional Hilbert spaces.

(2,2) Let H be a Hilbert space, T a bounded linear opera-
tor on H. Then

1° for arbitrary unitary operators U and V
loTwl = |T|
2° 1let M be the left or right modulus of T; then
|2lge IMig
Proof. The first assertion is obvious. Te prove the
second assertion, we recall that
L(*0) /2|, = |(z2* )12 |4
8o that we mey restrict ourselves'to the case of the left’
modulus. There exists a partial isometry U such that T =
= U(r* 1)1/2 ang u* 7 = (7% 1)1/2, Hence
I2lg = luer*m Y2 s 1mEe /2| = | (212 =
= | (T*T)llzlg
and the proof is complete.
(2,3) Let H be a Hilbert space of dimension n. Let A be a
linear operator on H, Then

lalg 2 (mex M(A)MP(min u(a))™1/2

Proof. If min M(A) = O, the inequality is trivially

- 276 - ~



satisfied. If min M(A) >0, the operator A* A is invertible
hence A is invertible. We may therefore limit owrselves
to the case of an invertible A, Let B be the matrix of 4
in an orthonormal basis of H. Since B is invertible there
exists a unitary matrix U such that B = u(s* )L/ 2, since
(B* B)l/ 2 is positive definite, there exists a unitary V
such that (B*B)1/2 = vOV* where D is & diagonal matrix of
the form
4
D= ..
"y

Clearly we may assume that dlz dzz cee dn> O. We have then
lAlg = | Blg= |UVDV*|g = | V*UVDls = G(d;,...,4,) 2
26(8;,a,,...,8) = 4,2P4 22, Since 4; = max M(4) and
d, = min M(A), this completes the proof.

3. The main result.
(3,1) Theorem. Let H be a Hilbert space of dimension n.
Let M be a positive definite operator on H., Then, for each

unitary U on H, the following inequalities hold.

S S PR LTI EL P TP Y

Proof. First of all,
|UM iy &« (UML = [M] = 1M|g .
The second inequality is a consequence of (2,3) and the fact
that the minimal eigenvalue of M equals lll'lls -1,
(3,2) Corollary. Let H be a Hilbert space of dimensiom n.
If M is g positive definite operator on H and U and V are
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unitary then the following inequality holds.

™t "HRMae o l/P 4wl = Ll

Proof, This time, we use the following equalities
Elg = M| = |l

(Mlg = |uml

el = el <= o L

(3,3) Corollary. Iet & be a linear operator on the n-di-

mensional Hilbert space H, If A is invertible then

T R T B PR PP

Proof. This is an immediate consequence of the main
theorem and of the following equalities.

|Mlg = |M| =|UM] = Al

Wl = o= rlox) = a7

As an immediate consequence, we have the following in-
equality obtained rccently by N.J. Young in the course of
his investigations of the critical exponent of n-dimensio-
ral Hilbert space. The result of Young represents a conside-
rable improvement of an inequality proved previously by Da-
niel and Palmer.
(3,4) Let A be an invertible lincar operator on an n-dimen-

sional Hilbert space. Then

la1& ) a2 a7t 2t
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