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Let (X,S,m,T) be a classical dynamical system. The well=-
kno’wn Birkhoff individual ergodic theorem states (in the case

that T is ergodic and f integrable) that the time mean

is equal a.e. to the space mean (phase mean)

1
—m(y)-—,&fdm-

(See e.g. [ 4]; for recent development see [5),[6).) In the
paper we shall formulate and prove a variant of the theorem
for logics (orthomodular lattices) which are adequate to the
quantum meachanical systems. (See [7], some connections to er-
godic theory have been studied in [11].)

The main idea of our proof is to represent the given
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homomorphism < of a logic L by a Borel measurable transfor-
mation of R. (A similar method in another area of non-commu-
tative probability theory has been used in [2].) Of course,
not every homomorphism © permits such a representation: in
Proposition/l we present a sufficient and necessary conditi-
on (x-measurability of % ). Under this condition all consi-
dered observables map the Borel 6 -algebra B(Rl) into a fix-
ed Boolean algebra x(B(Rl)) and we could work with Boolean
algebras instead of logics. Of course, such a specification
presents a new result as well., On the other hand, it would
be interesting to explain the physical meaning of the x-mea-
surability of the homomorphism = ; we do not know any conve-

nient interpretation.

"let L be a logic, that is, L is a 6 -lattice with the
first and the last elements O and 1, respectively, with an
orthocomplementation . :at—> at ’ a,a*Le L, which satisfies
(1) (et)t = a for all ael; (ii) if a<b, then br<a’ ;

(iii) avat =1 for all a€L; and the orthomodular law holds
in L: if a<b,/then b = ay (baal).

We say that t‘wo elements a,bel are (i) orthogonal, and
we write aib, if a< b‘\'; (ii) compatible, and we write a<—> b,
if there are three mutually orthogonal elements a;, bl’ ¢ such
that a = a;ve, b = blv C. .

An observable is a map x from B(R;) into L such that (i)
x(8) = 0; (ii) if ENF = @, then x(B)L x(F); (iii) x(,Q, B;)=
= 5__?4 x(E;), E;N Ej = B, i#j, Bje B(R)). If £ is a Borel func-
tion, then fo x:E1—> ;t(f'l(E)), E€B(R)), is an observatle.

The null observable is the observable ¢ such that ¢ (i03}) = 1.
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Two observables x and y are compatible if x(E) <> y(F) for
any E,Fe B(R,).

For compatible observables there is a calculus [7, Theo-
rem 6.17]. Therefore we may define, for example, the sum
Xy *eeet X for the compatible observables XyseeesXpe

A state is a map m:L —> < 0,1> such that (i) m(1l) = 1;
(ii) m( ;{_\i_.o/,1 8;) = :,%4 m(ai) if a2 ajs i j. If x is an ob~-
servable, then the mean value of x in a state m is the ex-
pression m(x) = J; t dmx(t) (if the integral exists), where
m (E) = m(x(E)), EeB(R)).

A homomorphism of a logic L is a map @ from L into L
such that (i) 2 (0) = 0; (ii) =(al) = (z(a))t for all ac
el (i) v (Ve = ;Vpv(ay), 4a37e, c L.

We say that a homomorphism + of a logic L is ergodic
in a state m (see £ 1)) if

(i) m(x (a)) =m(a) for all acel;

(ii) if ~(a) = a, then m(a) e {0,13.

A homomorphism <« :L —> L is said to be x-measurable if
t(x(B(Rl)))c x(B(Rl)).

We say that a sequence {*h}§=l of observables converges
to the null observable ¢ almost everywhere [m] (a.e. [m], see
[3,2)) if

m(1lim sup xn(<—€,,a)c)) =0
for every €& > O.
Now we can formulate the individual ergodic theorem on a

logic.

Theorem. Let x be an observable, © an x-measurable ho-
momorphism of a logic L, ergodic in a state m. Let m(x) = O,
Then
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-1
(1) %:“2::4"¢iox——>0’ a.e. [m].

Proof. Our Theorem will be proved by means of the next
Propositions.

Proposition 1. Let x be an observable. A homomorphism
¥ :L—> L is x-measurable iff there is a Borel measurable

transformation T:Rl-—> B‘l such that
(2) 2ox =Tox,
(That is, (T H(E)) = % (x(E)) for any BeB(R,).)

Proof. The sufficient condition is evident. Converse-
ly, let © be ‘an x-measurable homomorphism. This implies that
if EcF, E,FeB(R;) and if there is G’eB(R;) such that
2 (x(E))< x(G") < © (x(F)), then there is GeB(R,) such that
EcGcPF, x(G) = x(G"). Indeed, if we put G = (G'N F)u E, then
this G has the claimed property.

Now, let ry,r,,... be any distinct enumeration of the
rational numbers in Rl‘. We claim to construct, by inductionm,
the sets E;,E,,+.. from B(R) such that

(a) x(E;) = x (x((-o0,r:)));

(b) Ejc Ej if ryj<ry;

() ;75 = .

Let E be any set in B(R)) such that x(E;) =z(x((-0 ,
rl))). Suppose E,,...,E € B(Rl) have been constructed such
that (a) and (b) hold. We shall construct E ,, as follows.
Let (iy,...yi,) be the permutation of (1,.¢+5n) such that
rli1< see<Ty Then exactly one of the following conditioms

n
holds:
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1) rpq< ril;
(3) (1) rp,> rin;
(iii) there is unique ke il,...,n} such that

r. < <, )
iy ol iy

By the above observation we can select En-!-l such that
(5) Bppc By 5 () By F (iii) By ©BpyycBy i
according to (3). Then the system {El,...,Em,l} fulfils (a)
and (b). Thus, by induction, it follows that there exists a
sequence {Ei}wiél of sets in B(Rl) with the properties (a) and
(b). As

0 (-4 [
x(‘.vo,, Ei) =L/__\4 I(Ei) =/ 4’5(!(('”,1’1))) = 0,

1
0
we may, by replacing E; by Ej -5}’04 Ej if necessary, assume
that .74 E; = 4.
We define a B(R))-measurable transformation T:Ry —> R

as follows: \
o0
0 irt ¢ UE
i=1
T(t) = { o
infir;:teE;} if t e .U K.
A tramsformation T is everywhere defined and it is finite.

Moreover,
B. if r; <0
- < ) i
T 1((_w ’ri)) ={ 9’< v -
Hence T is B(R,)-measurable and x(T‘l((-co,ri))) = v (x((~c0,
r;))). Therefore x(T"1(E)) = « (x(E)) for any E€B(R) and

the necessary condition is proved., Q.E.D,

Proposition 2. Let x be an observable. If a homomorph-
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ism 7 :L —> L is x-measurable, then for the above transfor-

mation T we have
tPox = Tnax, n=1,2,000 &

If © is an ergodic homomorphism in a state m, then T is an
m ~measure preservative ergodic transformation from Rl into
jitself,

Proof. The first part is evident by induction.
Let © be ergodic. Then, by Proposition 1, we have
mx(T'l(E)) = m(x(T"1(E))) = m(w (x(E))) = m(x(E)) = m (E),
EeB(R)).

Further, if T"}(E) = E, then x(T"1(E)) = x(E), = (x(E))=
= x(E), Due to the ergodicity of « we conclude that
n(x(E)) = m (E) e {0,1}. Q.E.D.

Proof of Theorem. From the assumption of Theorem we
conclude that wPox = To x, where T is an ergodic transfor-
mation with respect to the measure m, on B(Rl), and the ob-
servables 17 Do x}:__o are mutually compatible. If we put
&, = 1/n };‘Z Ti, then, due to the calculus for compatible
observables, the observables y, = 8,° X are the Cesaro sum

n-1 i
1/n ;_@o T o x.

Since it may be shown that (see [31])

1 7t

a‘.vg-o'dio x —» 0 a.e.[m]iff 8,—> O a.e. [me ’

we conclude, from the validity of the individual ergodic the-
orem on the dynamical system (R,,B(R),m,,T) applied to the i-
dentical function i(t) =t, teRy, ( .&1 i(t) dam (t) = 0) [ 4],
that (1) holds. Q.E.D.
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