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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
21,3 (1980)

AN ELIMINATION OF INFINITELY SMALL QUANTITIES AND
INFINITELY LARGE NUMBERS (WngN THE FRAMEWORK OF AST)
Karel CUDA

Abstract: Let ¢ (X) be a formula describing a property
of parts of real numbers using infinitely small quantities or
infinitely large rumbers (i.e. ¢(X) is a formula in which on-
ly real numbers are quantified with one free variable X for
parts of real numbers using the predicate "to be an infinite-
ly large natural number"). In particular we deal with all pro-
perties of real functions of n real variables described in in-
finitesimal calculus of Leibniz type. Infinitely large natu-
ral numbers can be quantified on various places in ¢ . A pro-
cedure is given how to find a formula w(X) describing the sa-
me property in which we use only auxiliary variables for real
and natural numbers and we do not use infinitely large and in-
finitely small quantities.

Note that e.g. for the property °g.im.z’:f‘(x)=b such a proce-

—>

dure is well known from the Cauchy times. By the way some in-
teresting assertions concerning indiscernibility equivalences
in the alternative set theory are given.

Key words: Infinitely large natural number, indiscerni-
bility equivalence, endomorphic universe with standard exten-
sion, #-fin(x).

Classification: Primary O3HOS5
Secondary O3E70, O3H15

Introduction. In the paper we describe a procedure how
to eliminate infinitely large natural numbers (thus also in-
finitely small quantities) from the definitions of analytical
notions. As an example can serve the property "f is a function

continuous in the point x" - (Vd;_)(ﬂJa)(f(x+ rfl)=f(x)+ d'z)
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( d&, dé being infinitely small quantities). In the given ex~
ample the formula in the definition is in the prenex form and
in the prefix of the formula only one change of quantifiers
occurs, For this case an easier procedure due to P. Vopénka

is described in the paper [&] and let us note that only auxi-
liary variables for natural numbers are needed. For the case

of two changes of quantifiers, A. Vencovskd has found an eli-
minating procedure using auxiliary variables for natural num-
bers and one auxiliary variable for functions from natur#l num-
bers to natural numbers (real numbers). P. Vop&nka has proved
that this sort of auxiliary variables (real numbers) cannot

be omitted. If we admit auxiliary variables for parts of real
numbers, we obtain a trivial equivalent "in the sense of ultra-
product is valid". On the other hand, in [S] A. Sochor proved
that the predicate "to be a standard real number" cannot be
eliminated in general nonstandard models. But a generalization
of the given procedure eliminates this predicate in ¢+-satur—
ated models ( ﬁ;+ being the successor of the cardinal number

of continuum),

The eliminating nrocedure shows how the mnotions defined
using infinitely small quantities can be defined not using the-
se quantities., But it may haopen that the obtained formula is
so complicated that it is not understandable.

- The eliminating nrocedure is quite general and can be u-
sed in various nonstandard models. It canbe also adopted for
the "generalized infinitely small" (to be a member of a monad
of a filter). In the present paper we describe the procedure
in the framework of the alt ernative set theory (AST) as there

are available suitable technical means in this theory and the
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leading ideas of the procedure appears in a striking form.
The author intends to write another paper in the language of
nonstandard models, where the procedure will be adopted with

all the necessary technicalities.

The procedure consists of four steps. In the first one
we find to the formula ¢ a predicate P(t) and a formula
not using the predicate "to be infinitely large" such that
?(X)i(ﬂt;P(t))wﬂt,X). We use finite semisets (parts of for-
mally finite sets) to this purpose. In the second one we pro-
ve that {t;P(t)§ is a figure (figure being a nonstandard topo-
logical notion). The topology makes it possible to remain in
continuum. In the third step we describe the relation to the
classical topology. In the fourth step we give standard defi-
nitions of parameters defined nonstandardly. The fourth step
is not contained in the paper, as we prove here only the exis-
tence of a part of continuum which is used in the procedure.

In the paper we use the first three chapters of [VI,;LV 1],
(sv 1. ' ‘

The work was referred on the Prague seminar on AST and
the finished version uses many fruitful remarks and ideas from
the members of that seminar. Especially, P. Vopénka was perti-
nacious and the author (also onbehalf of the readers) expres-

ses here his thanks to hiwm for this,

§ 1. M -finite sets and some properties of the indiscer-

nibility equivalence {gi' In the first section we
do some preliminary considerations. Remember that the formulas

of the language FLC are all the formulas with the finite length
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using sets from C as parameters. V denotes the class of all

sets.

1.1. Definition: A system of classes 7% is said to be
normally closed iff for-every normal formula y%z,Zl,...,Zn)
of the language FL; and all classes X,,...,X, from M the
class $x; @(X,X1,++.,X )% is in .

1.2. Definition: Let 72 be a normally closed system of
classes., A set u is said to be W{-finite ( M -fin(u)) iff
for every X from 31 , unX is a set.

Examples: 1) Let 9% be the system of &ll classes. A
set u is M -finite iff u is finite.

2) Let M be the system of all set-theoretically defin-
able classes. Every set u is #l-finite.

3) Let A be an endomorphic universe with the standard
extension. Let 2 be the system of all the classes definable
by normal formulas of the language FLV from standard extensi-
ons of parts of A. A set u is Ml -finite iff u e Ex(Vgy) in
this case.

The assertion in the third example can be proved if we
use the fact that Ex(FN) has the "same" properties as FN if
only classes being extensions of parts of A and sets (V=Ex(A4))

are taken into account (see [ SV 1]).

1.3. Definition: Let -)?=('X1,...,)S‘> . We shall use X-
finite (X-fin(u)) instead of Wi-fin(u), where 9% is the sys-
tem of all the classes definable ty normal formulas of the

—-)
language FLV with the classes X as parameters.,

1l.4. Theorem: MWl-finite sets have the following pro-

perties.
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1) The smaller ! is the larger ®{-finite set may

2) TFin(u) => 2 -fin(u).

3) ®l-finite sets form an ideal.

4) For any set function f, M -fin(u) => # -fin(f"u).

5) W -fin(u) == W -fin((u)).

6) M -fin(u) & M ~fin(v) => W -fin(uxv).

Proof: 1),2) are obvious. To prove 3) let us note that
Xn(uuv) = (Xnu)u(Xnv). 4) is implied by the equality
(f"u)nX = f"(un(f_l"X)). 5) It is sufficient to prove 5)
only for natural numbers (we use 4)). Let {-fin(o0) and let
X be from W . We put ¥ ={fe o +1; (Vf,f: ) <> P(x))
(P(B)NE"(X) eV). It is sufficient to prove « € Y. Y is from
M, Yeow+l, M -fin(x+1) by 2),3),4). Thus Y is a set and
has a maximal member & . We prove that the assumption & € o
contradicts the maximality of o . For f=I/ P(ot) we prove
that P(Z+1)n f"XeV. For %I,/ P(xX) the proof is analog-
ous. let g: P(&) ¢« P(xx+1)- P(x). We put f:gug-lu
VIM P (6)-P(xX+1)). We have P(x+1)NnX = (P(X)n X) v
UE"(P(x )n F"X) and both parts of the union are sets byx &

e Y. The property 6) is a consequence of 3) and 5).

Corollary: L-finite sets are closed on Goedelian ope-

rations.

Let us consider the indiscernibility equivalence {% (see
Lv 11).

1.5. Theorem: x {%ly-£<x,v)3(y,v) .

Proof: Let "1 x &ggy. There is a set-formula sp(zl,zz) of
the language FL such that ¢(x,v)& 1 ¢(y,v). Let ¥(z) be the
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formula. (324,2,)(2= (29,2, & P (29,2,)). y(z) is a set-
formula of the language FL and we have y({x,v))& 1 y (Ky,v>).
Hence 1< x,v> £ {y,v). If we suppose (on the other hand)
7{x,v)> £ (y,v) then there is a set-formula y(z) of the lan-
guage FL such that y({x,v?) &1 yKy,v>). Let _(p(zl,zz) be
the formula Gz)(z=<zl,22> & y(z)). g:(zl,z2) is a set-for-
mula of the language FL in this case and we have gﬁ(x,v) &

& - @(y,v). Hence 1 x {%ly’

1.6. Corollary: If X is a figure in {%5 then X =
= (Figg (X<{vi))" $vi.

1.7. Theorem: 1) < xl,yl) .{%g <x2'y2> = x {%sz&
& S
Y1 s Yo
2) x 2 y=>Figg (x) = Fig, (y).
Vi &%3 {‘3&

9

Proof: Let {Bn;nan} be a generating sequence of o

consisting of Sd equivalences (see Ch., III [Vl), Let

iv3
{s,c Def({v}); n € FN§ be a sequence of maximal R -nets. 1) If
Xy {%3 X5 then there is an ne€FN and ate¢ 8, such that

(xl,t>e%&(x2,t)¢%. Let ¢(z) be the formula (3z,,2,)

(z= (zl,zz>&(zl,t 2€R ). The formula ¢ is equivalent to a
set-formula of the language FL{v§
%A (f((xz,yz’)) holds. Hence '1<x1,y1) {%5 <x2,y2). In the

and @ ((x,y7>) &

case 1Yy; i%i ¥y, we proceed analogously. 2) Let Fig(x) #
+Fig(y). Let we x-Fig(y) (in the case x €Fig(y) we choose
wey-Fig(x) amd proceed analogously). We have ﬂ{R"n{w}ny;
neFNi= O and hence there is an n such that Rjiwiny=0 (see
§ 4Ch. ILVD. Let tes NnRiiw}. Now we have R" {tinx+0&
&R"n{tln y=0. Hence -1x {%2 y as t eDef(4iviy).
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Remark: The opposite implications do not hold.

1.8. Corollary: If X, Y are figures in &%} then both
P(X) and XxY are figures in {%; .

Proof for P(X): xcSX&x {%1 y => Fig(y)=Fig(x) e X =
= yEeX.

1.9. Theorem: Let A be an endomorphic universe and let
veA, If w is a monad in {%i then @wo A#%0.,

Proof: Let F be an endomorphism such that F(v)=v and
A=F"V, We have F"w S b in this cane (see [V 1)]).

1.10. Corollary: Let A be an endomorphic universe and

let veA. If ¥ is a figure in {%i then '3’=Fig$ (An7F).
ind

§ 2. The elimination

2.1. Lemma : Iet X-fin(uw), & <u and let 7 (w,2,Z) be
a normal formula of the language FL. The following equivalen-
ce holds

Wteeg)y(t, L, =A% e P-6))(Vteu-T)y .

The equivalence holds also for dual quantifiers.

Proof: Both sides of the equivalence are equivalent to
the assertion u-t=it; %(t,i’,?)? 26 , (We can use the nota-
tion T as X=fin(u).)

Remark: The lemma shall be used for FN and semisets de-
rived from FN,

2.2, Theorem: Let Z-fin('\?), let @ €T and let
?(E’,W,.Z,?) be a normal formula of the language FL. We can
find a normal formula w‘(t,w,‘z,'z') of the language FL, a set

u such that Y—fin(u) and a semiset @& & u such that
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go(%‘) ,Y?,Y,?) =@t ed) w(t,ﬁ’,f,?). The set u is definatle
from O using the operations P, < and 6 is definable from
W, & using the operations @, ,-.

Proof: We use the induction based on the complexity of
the formula ¢ . We shall restrict ourselves on the case
O#Gii u; as the cases 6,=0, €,=u; are obvious. 1) We ha-
ve x € 6, =(3t € §;)(x=t). Other cases of atomic formulas are
obvious or can be substituted by the formulas using xe Gi
(e.g. Gi= GJs(Vx)(x € G’isx € 6'3).

) atlte ¢H vt 7, T @atle 62 244,43 =
=@t e 8lx 62)(att, 1) (T= ¢ t1,t2> &yl & y2). And we put
8=61x 6 2 and T=ulx w?,

3) @x)(3te8)y(t,@,X,x)=Ate6)3Bx)y .

4) Let x (u,d) be the definition of u from U.
~@te6)yt,T,X,F)=(vte8)y . We put &="P(u-¢),
u= P(u). Using the lemma 2.1 we obtain the equivalent
3% €8)(3u, 3 (u,M)(Vteu-t)1y which is of the form
@FEed)§ R,0X,D.

Remarks: 1) The theorem is the first step of the pro-
cedure.

2) If the semisets 6‘i occur only in the prefix of the
formula ¢ in the form (3t € 6;),(Vt € &;) then it is possib-
le to modify only the prefix., This modification and the de-~
finition of &, u from ?, ¥ is dependent only on the syntax
of the prefix.

If 6;s u; are figures in {,v‘i} then €, u also are figu-
res in {%} and we can find another equivalent in this case,

Up to the end of this section we shall use -{Ph; nefN ?

for a generating sequence of 2 consisting of Sd equivalences.
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2.3. Theorem: Let qr(t,_z,?) be a normal formula of
the language FL. Let 6, u be figures in {%—; and 6 & u.
Let X-fin(u). If Figy (S) = Fige (6=<1ivi) then @3t €
€ 6)y (1,50 = @ty & S) (WneFN) @t € (R4 1" ivi) y .

Proof: At first we prove the following equivalence
Gteu)(YneFN)(t e (RR4t 1) ivi&y)=(Wne M)t e

eu)(teR;-ttli)" iviky).,

The implication =5 is obvious. Let us prove <= . We put
wy =iteujte (Rptyd vt & ¥ 3.{w ;n€FN} is a not increas-
ing sequence of non empty sets (we use Z—fin(u)) and thus
ﬂ{wn; ne FN} 0. This fact proves {(— . The theorem is an
easy consequence of the proved equivalence and the formula
te6=(3t;€S)(VneFN)(te (R",'l-[tlﬁ )"4vi) being implied from
the equality & = (Figg (&x {v}))"iv} proved in § 1.

Now we use our knowledge for the elimination of infini-
tely large numbers or (equivalently) for the elimination of

FN from inside of the formula ¢ .

2.4. Definition: Iet X, be a transitive subclass of N,
let FN%XI. The numbers o € X;-FN are called X, -infinitely
large. (We shall omit X - hbping that confusion is not pos-
sible.)

2.5. Theorem: ILet X, be a transitive subclass of N, let
FNE X & (Yoo e.Xl)?-fin(oo). Let @(§ ,Z,2) be a normal formu-
la of the language FL., We can find a normal formula
‘qr(wl,wz,?,?) of the language FL and a figure & in £ hav-
ing the following property. For every class S such that
Figg (S) = ¢ the formula y(FN,—}?,S?) =(@3t; €8)(vn ¢FN)(Jc €
€X), ne )@t e (RI{t,3)" {c}) w(t, «,X,¥) holds.
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Remarks: 1) This theorem is the second step of the pro-
cedure.

2) If FN occurs only in the prefix of the formula ¢
then we can modify only the prefix of ¢

Proof: Iet us choose an o€ X, -FN. We have FN < «,
T-fin(«) and Fig o ()& Fig, (FN). Using the previous re-
sults we can fmﬁi }a figure {g: (in 2) and a normal formula 12
of the language FL having the following property. For every
S such that Flgo (s)=¢ the formula ¢ (FN, Yi’) thi S)
(Vn e FN) @t e (RM4t93)"453) ¥ (t,« ,X,¥) holds. In the formu-
la on the left hand side of the equivalence the symbol o¢ does
not occur. Using the law 7, = 7(,2(06) = 7{,1?—;(306) ?(,2(06) we ob-
tain the equivalent (Gt,) (@ €X,-FN)(VvneIN)Qte (%’;‘Ltli) "fad)yy.
To finish the proof it suffices to prove the implication
(YneFN)(3ece Xy, nea )3t € (Rpat¥)"{d )y =
= (¢ € Xl-FN)(V'ne FN) (3t e (RO 4t,8)" 1By
let us note at first that there is no increasing function F
such that dom(F)=FN & X, = U rng(F). (The existence of such a
function contradicts (d« € N-F‘N))_(Z-fin(oc).) Let us suppose
that the left hand side holds. Let o ¢ X1 be such that o, 3
2 n&(3t € (RR4t13)"fe 3)y . Let PR e X be larger than e-
very o ;. Let us put w=da< f3; (It e (RUAt13)"Yoc)) ¢ ofw;
ne FN{ is a mt increasing sequence of nonempty sets and hence
it has a nonempty intersection.
To prove the right hand side of the implication it suffices
to choose o« from this intersection.

We give here two examples now. The first one is if we

put X1=N and X are set~-theoretically definable classes. The
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second one is much more interesting. Let A be an endomorph-
ic universe with the standard extension. We put X1=Ex(FN)
and let X be standard extensions of prts of A, Let & be the
figure assured by the last theorem. We can put S= FnA as F =
=Fig£(‘3n A) (see §-1).

Using the elementary equivalence of A and V and admit-
ting only parameters from A in ¢ we obtain an equivalent in
the language of A, This situation is described in the follow-

ing theorem.

2.6. Theorem: Iet ¢(§ ,Z,2) be a normal formula of the
language FL. We can find a normal formula ¥y of the language
FL and a figure ¥ in L having the following property. For
every endomorphic universe A with the standard extension, for
every X<A and for every ¥ €A the following equivalence holds
#(FN,Ex(X),D=3t; € $n 4) (Yne FN) @n, nenXdt €
e (R14t3)"md) y (¢,m, 5,300,

Proof: By the previous theorem we have ?(FN,E&(Y),?):—_
=3ty e FnA)(VneFN) (3« € Ex(FN), ne ) (3t ¢
€ (R;'l‘itfs)"{oc})iy(t,o(,,Ex(?),?) (we use the equality ¢ =
= Figg (SN A) from § 1). The theorem follows from the equi-
valence (3oc € Ex(FN), ne o) (3t € (RI4t3)"fcd) y (t, e,

Ex (OR)= Gme FN, nem)(3te (R1ity3)"fc ) nA) (2,0, %,3)
(see [SV 13).

Remarks: 1) This theorem is the third step of the pro-
cedure,

2) The right hand side of the equivalence is a formula
in the sense of A. Thus if we consider A as the "real" (stan-

dard) world and the standard extension of FN as a means, how
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to obtain infinitely large natural numbers, then we have a
way, how to go back from infinitely large natural numbers
to the "real" world. Remember (on the other hand) that the
formula y may be very complicated in comparison with the
formula ¢ .

3) We can modify only the prefix if FN occurs only
there.

4) The quantification of infinitely small quantities
can be replaced by the quantification of infinitely large
natural numbers.

5) Real numbers can be viewed as a part of A and hen-
ce parts of real numbers can be substituted to Y.

6) 1If we add before ¢ a prefix with quantification
restricted to A we obtain an equivalent in the language of
A. On the other hand, A. Sochor has found a formula of the
type (Vo € Ex(FN))(dxe Real)p not having an equivalent in
the language of A (see [S]).
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