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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
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COMPLEMENTS IN THE LATTICE OF UNIFORMITIES
Jan PELANT, Jan REITERMAN

\

Abstract,: The complementation in the lattice of all
uniformities is investigated. E.g. the characterization of
countable uniform spaces with a complement is given.

Key words: lLattice of uniformities on a given set,
metric space, complements in a lattice.

Classification: 54E15, 54E35

0. Introduction. We shall investigate complements in
the lattice »(X) of all uniformities on a given set X. We
show that »(X) is complemented iff X is finite. When X is
infinite, there are many uniformities which admit a comple-
ment. The set of all complements to a given uniformity can
be very extensive, The main result is a characterizatiom of
metrizable uniformities on a countable set which possess
complements. Using a simple argument, this is generalized to
metrizable uniformities whose topology is separable. The re-
sults have been announced in [5].

Other properties of »(X), especially atoms in »(X),

have been investigated in [3]1,[4],L[6]1.

l. Preliminaries and general remarks.

l1.1.. Let v(X) be the set of all uniformities on a
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set X, If U , Ve »(X), write U <V if U is finer than
7 , equivalently, if the identity map id:X —» X is uniform-
ly continuous from (X, ) to (X,% ). Then < is an ordering
making »(X) a complete lattice. The smallest element of »(X)
will be denoted by Q; it is the uniformly discrete uniformi-
ty. The largest element, denoted by 1, is the indiscrete uni-
formity. Recall that, as in any lattice, U is a complement

to ¥ if WAV =Qand UvV = 1.

Notice that »(X) is often regarded with the order c
(inclusion) which is Jjust opposite to < : from the point of
view of complementation, the difference between ¢ and < is,
of course, irrelevant.

1.2, In what follows, we shall use the following obvi-
ous facts,

a) If U, Ve »(X), then Y vV = 1 iff the only
pseudometric on X which is uniformly continuous with respect
to both U and V is =0 (i.e. gb(x,y) = 0 for all x,y € X).

b) Further, U A ¥ = Q iff there is a U -uniform co-
ver iUiﬁ and a Y-uniform cover {Vji such that the cover {Uim
n ng consists of singletons and this happens iff there are
pseudometrics @, 6 , uniformly continuous with respect to
U and V¥ respectively, such that ¢ (x,y) + & (x,y)ZK for
some positive K and all x+y.

1.3, If X is finite then » (X) can be identified with
the lattice of partitions of X which is obviously complemen-
ted. -

1.4, Remark. If X is infinite then w»(X) is not comp-

lemented.
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Indeed, if U #+ 0 is a proximally discrete uniformity
on X (one inducing the discrete proximity, that is, one such
that all finite covers of X are A -uniform) then %4 has no
complement because for any % + 1,

UvV<pUVvPY=pV+1
where p denotes the precompact modification (i.e. p% is
generated by all finite covers which are uniform with respect
to U ).

1.5. Also, a uniformity which is not proximally discre-
te need not admit a complement:

Example. The uniformity & of a Cauchy sequence (i.e.

the uniformity on {1/nj;ne N} induced by the usual metric on

the reals) has no complement. To be proved later.

1.6. A4s we shall see, there are many uniformities which
have complement. The class of these uniformities is closed
under the following opersations,

Claim a. If X, Y are disjoint, % has a complement in

» (X), ¥ has a complement in y (Y) then the sum of 2 and V"

has a complement in » (XuY).

Proof. Let 7 , 7 be complements to % and ¥ , Tresp.;
let W be the uniformity on XuY generated by all pseudomet-
rics @ such that

(1) the restriction of @ to X is uniformly continuous
with respect to ’I/Z and the restriction of [ to Y is uniform-
ly continuous with respect to ’?7.

(2) if xeX and yeY then @(x,y) = @ (x,x,) + ¢ (y,y,)
where X ,y, are arbitrary but fixed points, x € X, y, €Y. Then

W is clearly a complement to the sum of % and 7 .
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Claim b, Let % have a complement in »(X) and let 7

have a complement in »(Y). Then the product uniformity

(X, %)= (Y,7) has a complement in » (XxY).

Proof. Let 4 , T ve complements to % , 7 , respec-
tively. Let W and W be the product uniformities (X, ) =
= (Y,7") and (X,”)Lv)x(Y,’l'}"), respectively. We shall prove
that W is a complement to W .

Let @ be a pseudometric which ie uniformly continucus
with respect to both %W and % . Each subspace {x}< Y of
(X=<Y, W) can be identified with (Y,?* ). In the sense of this
dentification, the restriction of @ to ix}x Y is uniformly
continuous with respect to 7' . Analogously for ? . As
V v ?7' =1in »(¥), @ =0 on {x¥>= Y. Using the same argu-
ment we prove that @ = 0 on each Xx{y?. Then @ =0 on all of
X»Y and so W v w =1in »(XxY) by 1.2 a.

To prove WA ilvl’=_9_, use the fact that % A % =0,
VAV = O to find covers {U;}, {'ﬁ'j§, {Vk}, {V 7 which are
uniform with respect to U , A Vv, 7 , . respectively, such
that the covers {Uin’ffj}, {an ?I’h‘} consist of singletons, see
1.2 b, Then the same holds for -{(Uinﬁj)x (an'\‘r’h)g =
= §(U;n V) = (?Jljn ?”h)}' As the cover {Uix Vi} is W-uniform
and the cover {ﬁjx?]’h} is ’l’(\;'-uniform, we have WA w = (o}
by 1.2 b.

1.7. Proposition. If (X,% ) is dense in (Y,?") and if

% has a complement in 7 (X) then % has a complement in
v (1Y), ‘
Proof. Let % be a complement to U . Let 7 be the

uniformity on Y generated by all pseudometrics ® such that
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the restriction of ® to X is uniformly continuous with res-
pect to 4 , fb(x,y)ét for all x,ye Y and @ix,y) = 1 if
the points x,y are distinct and at least one of them lies in

Y - X. Then 7 is a complement to 7 .
1.8. Remark. Let a 2% € »(X) admit a complement. Then

it admits & pseudometrizable complement.

Proof. Let 7 be a complement to % . Choose pseudomet-
rics © ,6 as in 1.2 b. Let U’ be the uniformity induced
by € . Then UA VU '=0by 1.2b and U v ¥’ = 1 because
vV,

2, Variety of complements. In this section, we show that

the cluss of all complements to a given uniformity can be ve-

ry extensive,
2.1. Consider the uniformity & of two adjacent sequen-
égg_,. that is, & is a uniformity on N induced by the metric
of(2i-1,2i) = 1/21, o (x,y) = 1 otherwise (x4y). Fur-
ther, denote by @ the uniformity on N induced by the pseudo-
metric
o (2i-1,2i) = 0, J(x,y) = 1 otherwise (x#y).

2,2. The uniformity & is topologically discrete (all
points are isolated). Thus, if 7" is a.complement to & then
7 must not contain any isolated point because such a point
would be isolated in ¥+ & . The following 'proposition
shows that the non-existence of isolated points is sufficient
for a uniformity to be a copy of a complement to D .

Proposition. Let U be a metrizable uniformity without
isolated points on N. Then there exists a complement % to D
in y(N) such that (N,?) is uniformly homeomorphic to (N,% )
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Proof. It is enough to show that there is a complement
to U in » (N) which is uniformly homeomorphic to & . Let %
be induced by a metric @ « We may assume that

(1) there are a,be N with @(a,b)>2.

It follows from (1) and from the fact that © admits no iso-
lated points that there cxists a sequence {x{} with

(2) a) {x{:ie N} =N )

b) {(xéi_’,xéi);ie N¢ = {(x,y) e NxN; e (x,y)>1f.

Define a new sequence -ixi} by induction as follows., Put x, =

= xg. Let X =4x5,...,%_;} have been defined. If x ¢X,

put x, = x . If x € X, choose an x, € N-X_ such that
. k
(3) Sa(xk,xk)<1/2 ,
(4) @E(xy5_;1%54) > 1 whenever k is odd, k = 2i-1, and

(5) f“"zi-u"zi)>'

whenever k is even, k = 2i; this is posasible because Xy is
finite and because of the lack of isolated points.

It follows by the comstruction and by (2) that {x;;ie
€ N} = N and that the points x; are pairwise distinct. Thus
we can define a metric € on N by

(6) 6(x21_1,x2i) = 1/25‘, &(x,y) = 1 otherwise (x+y).
Let % be the uniformity induced by & . Clearly % = < .

Following (5),(6), @+ 6> 1 and so 4 A %W =0 by
1.2 b, It remains to prove that U v W = 1. Let x,ye N. By
(2) there exists ze¢N with @(x,z)>1 <@E(z,y). A8 x, ¥ are
not isolated, one can choose i, j such that, for a given
€ >0,

(7) So(x,xéi_1)< /10, go(xz'i,z) < g/10,

Sb(z,xz'j_.[)< ge/10, @(xéj,y)< €/10
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and such that i, j are so 1ar§e that
) 1/22<¢es10, 1/729< ¢ /10,
Then
(9) P(x,xp5_3) + @ (x55_13%p5 ) + 6(xp;_1,3y;) +
* @ (xp50%p4) + @ (x54,2) + @(2,x55 ) +
+Q (Xp5q0%p5.y) + E(xp;_15%p5) + @ (xp5,x55) +
+P (Xéjyy)< € -

Indeed, use
(7) to the first, the fifth, the sixth, the tenth summand,.

(3) and (8) to the second, the fourth, the seventh, the
ninth summand,

(6)to the third and the eighth summand.
Now U v %W =1 by (9) and by the following lemma.

2,3. Lemma. Let 9,72’ be uniformities on X induced by

pseudometrics @, 6" , respectively. If there exists an inte-
ger n such that for every € > O and every pair x,ye X there

is a chain x = Xoy Xyyeees X =Y with

»1',%1 min (S""(xi-r'xi)’ 6’(xi_’,xi))< € 4
then % ~ W= 1 in » (X).

Proof. Let o be a pseudometric which is uniformly con-
tinuous with respect to both % and % . We have to prove & =
= 0; then U v W =1 by 1.2 a. Suppose ar (x,y)> 0 for some
x,y €X. There exists o” > 0 such that

(%) a,beX, p(a,b) <d” or &(a,b) < = Jr(a,b)<£¥l£-‘ll.

Choose X1 X seeerX, 88 in Lemme for x, y and g = d’ . Then for
every i, min (@(x; ,,%;), &(x;_4,%X;)) < o and 8o, by (%),

& (x,

4-1:%3)< o (x,y)/n. Hence
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i::—'-'y,t (x5 _q0%3)< 7(x,y),

a contradictiom with the triangle inequality.

2.4, Remark. In Proposition 2.2, & can be replaced by
@’ . The same proof can be used; one has only to replace
1722 in (6) vy o.

2.5, Denote Q the usual uniformity on the set Q of all
rationals,

Proposition. Let % be a pseudometrizable uniformity on
a countatle set, say on N, which admits two disjoint uniform-
ly discrete subsets which are proximal or, more generally, an
arbitrary uniformity on N admitting a éubsgace whose uniformi-
ty is uniformly homeomorphic either to & or to §’. Then the-

re exists a complement to CL in »(Q) which is uniformly ho-

meomorphic to % .
" Proof. Let Ac N be the subset such that % /A=~9 (or

- U/A =2 §’) (here "/" denotes a restriction of a uniformity
to a subset and "= " a uniform homeomorphism). Then there ex-
ists a U -uniformly continuous pseudometric € on N such that
we can write A = {ai'} to obtain )
6‘(&21_,,821)51/21, a(x,y) = 1 otherwise (x<y)
(see the definition of @ and &’ ). Then for each xe& N-A, the
set A, ={§€ A; &(x,y)<1/2% contains at most two points, na-
mely @,;_;s8p; for some i. '

As the uniformity ¢ /Q-N has no isolated points, follow-
ing 2.2 there exists a complement 7’ to it in »(Q-N) which
admits a uniform homeomorphism o¢:(A,% /A) —> (Q-N, Q/Q-N).
Let us extend o¢ to a mapping from N to Q as follows. Write

N-A as a (finite or infinite) sequence, N-A ={x ,X;,X, ...}
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and define ou(x;) by induction in such a way that, for eve-
ry i,
(10) o<(x;) €N, oc(x;) >eclx;_,),

(1) | o6 (x;) = «c(y)l =1 for every YEA
. 1

(this is possible because the A, ‘s are finite). By (10), oc
is 1-i and (11) can be reformulated as :

(12) xe&N-A, yeN, &(x,y)<1/2 =lec(x) - &(y”zt.
Let % be the uniformity on o (N) such that o¢ is a uniform
homeomorphism from (N,%) to (oc(N),%). Then W/Q-K = 7 and
so (W/Q-N)v ¢ Q/Q-N) = 1 in »(Q-N). As Q-N is dense in
o (N), also v Q/ec(N) =1 in »(«(N)). Further
(W/Q-N)A (Q /Q-N) = 0 in »(Q-N); it follows by (12) that
W AQ/Q-N = 1 in (oo (N)). Hence (c(N), @/ x(N)) admits
a complement and so does (Q, Q) because oc(N) is dense in

(Q, Q), see 1.7,

3. Main results
3.1. Countable case. There arises a natural problem:

Characterige those uniformities % on X, X countable, which

have a complement in ¥»(X). A partial solution is given by
the following theoren, ' '

Let U be a metrizable uniformity on a countable set X.
Let (C,¥¢ ) be the subspace of (X,% ) such that C is the set
of all non-isolated points in (X,2(). Then we have:

Theorem. % has a complement iff at le ast one 61’ the
following conditioms is fulfilled. '

(1) (X,U) admits two disjoint uniformly discrete sub-

spaces which are proximal,
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(ii) C is infinite and €= ¥ . (For & see 1.5.)

Proof. Sufficiency. Let % be induced by a metric o -
If (X,%) fulfils (i) then % has a complement by 2.5. Sup-
pose (i) fails to be true. Let (ii) hold. Then there are- two
infinite subseté A, Bof C, a point zeC and € > 0 such
that g -neighborhoods of A, B, {23} respectively are disjoint
and, in addition, X - (AuBuU1iz}) is dense in (X,% ). Let
{zi} be an 1-1 sequence converging to z which is contained
in the & -neighborhood of z. lLet {(xi,ki)} be the Sequence of
all coupies (x,k) where x€AuUB and k is a positive integer
with 1/k < € . By means of induction, d efine an 1-1 sequence
{2y} in X - (AUB) such that @(z],x;)<1/k;. Further, let
{aj} be a sequence of all points in X - (AuBu{zii ). As the
set {ye Au B; go(aj,y) > €% 1is infinite for every Jj, we can
define an 1-1 sequence {bj} im AuUB such that

(1) SD(aJ-,bj) > €,

(2) if aj is in the & -neighborhood of A (of B) then b;eB
(bje A, resp.).
Define a new pseudometric 6 on X by
0,
0 (so that also 6'(bJ-,zi) =0 if aj = z: ),

G'(GJ,th)

6(zi,z{)

o(i,y) = | otherwise (x#+y).
Let 7 be the uniformity induced by & . As Q@l(x,y) +
+ 8(x,y)>¢ for x+y, we have % A 7V = 0. To prove
Uv V' =1, we use the lemma 2,3: if x,ye€ X, there are x',y e
e AvB with &(x,x") = &(y,y’) = 0; consider chains x,x’,
z{,Ziszj’z‘;,y:y where i, j are chosen such that x; = x’, x ;=
=y’ ki kj are sufficiently large and go(zi,zj) sufficient-
1y small.

- 408 -



Necessity. Suppose neither (i) nor (ii) holds. Let % have
a complement 7 ; by 1.8 we may assume that 7 is induced by
a pseudometric & . Thus, there is € >.0 such that _(o(x,y)+
+ B(x,y)>2€ for x+y. As C is finite or ¥ == & , there
is ECX with (@ -diameter <& such that C-E is finite and
such that the set I of all points of E which are isolatt;d in
(X,%) is infinite. If x,ye E then @(x,y)< € and so

6 (x,y) > € . Thus, denoting Cy =42eC; &(x,2) = 0% for
xecI, we have C_CC-E and Cyn Cy = @ for x+y. As C-E is fi-

nite, C_ = @ for all xeI but a finite number. This contra-

x
dicts the following lemma.

Lemma, Let © be a metric on X which induces a uniformi-

ty % such that (X,72 ) does not admit twe disjoint uniformly
discrete subspaces which are proximal. Let & be a pseudomet-

ric on X which induces a complement % to % . Then for each

point x which is isolated in (X,% ) there is a non-isolated

point ¢ in (X,% ) such that &(x,c) = 0.

Proof of Lemma. Let J° be the largest pseudometric on
X with T ¢ @ and T£6 . Thus J(x,y) is the infimum of
all numbers

W »
£§4 min (@© (xi_',xi), G(Ii_‘,xi))

where x ,¢+.,X, € X and x, = x, X, =y. 48 % v ¥V =1, we ha-
ve JT’= 0. Hence if x is isolated in (X,7% ) and ye X is such
that (x,y)>0, there are finite 1-1 sequences

8, = {xg,.. .,xz°§ ,

a' .-.-fx'.,...,x;‘},

-]

4, ]
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where x; = x aml x]; =y, k> 1, Xj4xp,, (for i<k)) for

every n, and, in addition, .
6’(:3,!?) + p(x"’,xg) + 6'(:2.!’;) +eeo<l/n, n=0,1,... .

. Replacing {s,;} by a suitable subsequences, if necessary, we
may assume that the sequence fx?} is

(1) 1-1 and uniformly discrete in (X,% ), or

(2) 1~ and Cauchy in (X,% ), or

(3) constant, say x‘,‘ = ¢ for every n.

The case (1) is impossible because the subspaces {xﬁ’} , {1}2‘3
would be uniformly discrete and proximal in (X,% ). In case
(2), the sequence'{i‘;} would be Cauchy both with respect to
U and to V' , a contradiction because X A V' = 0, Thus,
case (3) tekes place: we have 6 (x,c) = C and ¢ is non-iso-
lated in (X,% ) because {xg} converges to c.

3.2. Larger cardinalities. Let us discuss the poséibi-
‘1ity of generalizations cf the above results to larger car-
dinalities.

First observe that 1.6, Claim a can be easily generali-
gzed to infinite sums; this yields, for any set X, a certain
class of uniformities in % (X) which have complements.

Further, the proof of necessity in 3.1 did not use the
fact that X is countable. Hence we have:

~ Proposition. If (X,% ) is an arbitrary umiform space
such that % has a complement in »(X) then either (i) or
(if) of 3.1 holds.
o 'l‘hia‘, together with 1.7, implies:

Remark. Theore 1 _is valid for separable metrig-
able uniformity ’U, .
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Taking inte account that an uncountable separable spa-
ce has necessarily uncountably many non-isolated points, we
get: l

Corollary. Every separatile metrizable uniformity on an
uncountable set X has a complement in »(X).

3.3. Remark. Let us notice that the usual funct..ors from
(uniformizable) topologies to uniformities and vice vérsa hao
not preserve complementation (e.g. the converging (Cauchy) se-
quence with its limit point does not have a uniform comple-
ment, nevertheless it has a topological 'complement which is
even uniformizable). Moreover, consj.ructiona of topological
complements lead often to non-uniformizable topologies, and,
vice versa, uniform complements are often topologicélly tri-
vial. Hence we have not discovered any reasonable relation

between complementation in topologies and that in uniformities.

References

[1] C.a, BOYD: A note on complemgntation in lattices of con-
' vergence functions, Proc. Royal Irish Acad. Sei.

A 76(1974), 7-10.

[2] Roland E. LARSON and Susan J. ANDIMA: The lattice of to- .
pologies: a survey, Rocky Mountain J. Math. 5
(1975), 177-198.

[3] J. PELANT and J. REITERMAN: Atoms and proximal fineness,
Seminar Uniform Spaces 1975-6, Prague 1987,
37-411

[4) J. PELANT and J. REITERMAN: Atoms in uniformities, Semi-
nar Uniform Spaces 1973-4, Prague 1975, 73-81.

[5] J. PELANT and H. REITERMAN: Atoms in uniformities and
proximities, General Topology and its Relations
to Modern Analysis and Algebra IV, Part B,

- 411 -



Prague 1977, 3%3-356.

[6]) P. SIMON: Uniform atoms on < , Seminar Uniferm Spages
1975-6, Prague 1976, T7-35.

Mathematical Institute of
the Czechoslovak Academy of
Sciences,

Praha

Geskoslovensko

-~

Faculty of Nuclear Science.
and Technical Engiﬂeering,
Techn. University of Prague,
Praha

Seskoslovensko

(Oblatum 7.11. 1980)

- 42 -




		webmaster@dml.cz
	2012-04-28T07:05:19+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




