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SHIFTINGS OF THE HORIZON
A. SOCHOR, P. VOPENKA

Abstract: We investigate interpretations of the alterna-
tive sel theory in this theory which preserve sets and the
predicate ¢ .

Key words: Alternative set theory, interpretation, fi-
nite na%ﬁr_d numbers, endomorphic universe, standard exten-
sion, revealment.,

Classification: O3B70, O03H99

In the alternative set theory (AST) we try to describe
our understanding of the real world. Sets are considered as
formaligations of collections we reilly meet, classes are
formal counterparts of our idealizations and generalizations,
Following this motivation, the interpretations of AST in AST
which preserve sets and the predicate € are very important
~ they describe our different approaches to the real world;
such interpretations will be called shiftings of view,

Collections converging toward the horizon of our obser-
vation ability (describing unlimited processes) are formali-
zed in AST by countable classes. Hence countability captures
in AST the notion of distance of the horizon, Among shift-
ings of view there are interpretations which do not preser-
ve countability and therefore it is natural to can.intor-
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pretations of this type shiftings of the horizon.

In the first section we shall see that in AST with the
schema of the choice we are able to construct shiftings of
the horizon. In § 2 we describe properties of shiftings of
view, In barticular, we describe the collection of all clas-
ses PR* where x 1is a shifting of the horizon which do not
change properties of finite natural numbers.

We shall use notions and results of [V], [S-V 1] and
[S-V 2] only.

§ 1. Let T be a theory stronger than AST, An interpre-
tation X of AST in T is called a shifting of view in T iff
Tr(Vx) Cla* (x)& (VY X¥,Y¥)(X*e* Y*¥= X*e Y*), A shifting
of view x is called a shifting of the horizon in T, if more

over THFN* 5= FN (FN being the class of all finite natural
numbers) .

If x is a shifting of view in T then T Set* (X) =
= Set (X). In fact, Set(X) implies (3 y)(Xecy) and therefore
(Iy)(Cls* (y)& Xe* y)} on the other hand if Set* (X) holds
then we get (3 X)(Cls* (Y)&X X e* Y) from which the formula
(3Y) XeY follows.

More complexly we can consider an interpretation toget-
her with an operation g. « We define that a pair x , 9 is
a transformation of view (of the horizon respectively) in T
iff x is a shifting of view (of the horiAzon respectively) in
T and g, is an operation defined in T in such a way that for
every X, G.(X) is defined and it is & X -class and moreover
for every (even nonnormal) formula $ we have Ti d(Xy,...

ceorky) = EF (X)), .0, 34X,
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The following results show that we are able to construct
a transformation of the horizon in AST + A 62 (with conveni-
ent fixations). The existence of a translation of the horizon

in AST itself remains as an open problem,

Let ASTY denote the theory AST with the following addi-
tional assumptions:

a) schema of choice A 62, i.e. we accept the axiom

(VneFN)(3X)$(n,X)— (32)(VneFR)d(n,2"{n3})
for every (metamathematical) formula & .

b) F is an endomorphism and rng(F) = A (c¢f. § 2 ch. V
Lv))

¢) Ex is a standard extension on A (cf, [S-V 1))

d) ALdl=V (et. [5-V 1])

e) de (Ex(FN) - FN)

Let us note that we require the last assumption for simpli-
city only since for every @€V - A there is a countable X
with de (Ex(X) - X).

It $ 1is a formula then §>A is the formula resulting
from @ by restriction of all quantifiers binding set vari-
ables to elements of A and all quantifiers binding class va-
riables to subsets of A,

Let X% be the interpretation determined by formulae

Cls* (X) = (3YcA) X = Ex(¥Y)" {43

X*e* Y*= X*eg Y*.

The following statement is a variant of Lo3’s theorem.

Metatheorem. For every formula § we can prove in
astt '

(VY 000, T & A)(CE* (Bx(Yy)" {a%, 000, Bx(Y )" {4Y) =2

\
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= deBx(ing @ Ax," {n,..., 0" {a D).

Demonstration, According to § 2 [S-V 1] we have
Ex(Y,)"{dte* Ex(Y, )" {di=d e {ot Bx(¥))"{x} €
eEx(Y)"{oc = acBx({c € 4; Yy"{ecd € T," {3} ). More-
over d€ Ex(PN) and thus Bx(Y,)" {a} e* Bx(¥;)"{d}= d €
¢ Ex(PM)NEx({cc € A3 Yy"fect € Y,"{c 3} )= de Ex({n;
" {n}t € Y," in}}). The induction step for & and ) is tri-
vial because of A€ (Ex(X)NEx(Y)) = d €Ex(XNY) and d€ Ex(X)=
= 4 ¢ Ex(FR - X) for every X,YSFN, If

((3x) & (X,Bx(¥y)" {d}, 0.0, Bx(Y, )" {a}))* then there is
YS A such that &% (Bx(Y)" {a},Bx(¥,)" {a},...,Bx(Y, )" {a})
and using the induction hypothesis we get 4 € Ex({n; @A (¥ {n3,
Y " {nl.ee, X " {03)3) € Bx(ns((3X) @ (X,%y" {ndyece

eeesX," i03))41). On the other hand let us suppose that
A Ex({ns((3X) @ (X,X," £n},..., 0, " {03))4]) = Bx(in;

(3xca) 4,1, {0, .00, Y, " {03)}). Thus, by A 62 (FF being
s subclass of A) there is YA with {ns(IXcA) dA(x,¥ " 1a},...
consX " {0V)} = {n; Q‘(Y" in},¥," {nl,..., "4 n})} end at
the end we obtain using the induction hypothesis

&* (Ex(Y)" £4%,Ex(Y, )" 14Y,...,Bx(Y, )" 14}), from which
((3x) & (X,Bx(Y,)" 1a%,...,Bx(Y, )" {a}))* follows.

Let G denote the operation defined by G(X) = Bx(P*X).

Metatheorem . The peir x , q, is a shifting of the ho-
rison in AST+ and moreover in AST+ we can prove PN* .
= Bx(PN),

Demonstration. Proceeding in AST* we have at first to
prove (Vx) Cls* (x). If x is given then according to the as-
sunption AL d) = V, we can choose f6 A with £(d) = x and
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define Y = {{y,n); ne PR&yec Anf(n)}. We have
(Vyea)(Vnem)({y,nd> € Y=y ef(n)) and hence by the de-
finition of standard extension we obtain

(Vy) Ve € Ex(PN))({y, x> € Ex(Y) = y € £(cc )) which implies
Bx(Y)"{d} = £(d). We have proved (3 Y<cSA)(x = Ex(Y)" {4})
and therefore x is a X -class.

By the second theorem of § 1 ch, V [V] we have
& (X),e0eX) = G A(PL,, ..., P"X ). Defining ¥ = (P'X;) x
XFN ooy Y, = (P"X, ) < FN, we obtain the following equiva-
lences according to the last metatheorem: 6*(&(!“'11)....
cons EX(P"X)) = P* (Bx(Yy)* {a},...,Bx(Y )" 14}) =
= deEx({n; @A(!"Il,....l"’xk)}) =@ ‘(r"xl.....r*xk) =
= Q(xl,....lk).

Furthermore putting Y = FNxFN, Y"{n} is the smallest
complete proper subsemiset of N for every né& FN, Thus ¥
= Bx(Y)" {4} = Ex(FN). It remains to realigze that Ex(FN) PN
for every standard extension Ex (cf. § 2 [S-¥ 1)).

If T is stronger than AST + A 62 and B, C are constants
such that in T 1t is provable that B is a revealment of C
(cf, [S~V 2]) then we can fix constants P, A, d and a stan-
dard extension Ex in such a way that all properties (a) - (e)
are provable and Ex (P"C) = B (of. § 2 [S-V 2]). Hence we are
able to construct a transformation of the horizon » , & in
T (with definitions in question) so that the equality G(C) =
= B is provable.

By the second theorem of § 1 ch, V [V]we get that 1£ ¥
is & constant denoting an automorphism in T (stronger thean
AST) then the pair of the identical interpretation and of the
operation §(X) = P*X is a transformation of view which is no
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transformation of the horizon.

§ 2. In the previous section we have constructed some
shiftings of view, now we are going to show some results
restricting the existence of shiftings of view, in particu-~
lar we 'shall see that there are no other types of transfor-

mations of view than were mentioned above,

Metatheorem. If % is a shifting of the horizon in T
then in T it is provable that all % -classes are fully re-

vealed.

Demonstration. If a X -cless X is not revealed then
there is a countable class Y< X such that there is no set u
with YSu& X, Let us suppose that Xk 1is a shifting of view.
By the prolongation axiom there is f with dom(f)e N - FN &

& (Voc € dom(£))(f(cc )€ X = oc € FN) and therefore FN =

= {0; f(c)eX}is & X -class, Thus FN* = FN and %k is no
shifting of the horizon. If all *x -classes are revealed then
they are also fully revealed, since for every x -class X and
every normel formula @ (2z,Z) of the language FL, the class
{z; 9(2,X)} is a * -class, too.

Metatheorem., If a pair x , g, is a transformation of
vi;w in T then in T we can fix an endomorphism F so that ei-
ther F is an é.utomorphism and Q(X) = F"X for every X (and %
is no shifting of the horiion in this case) or there is a
standard extension Ex on rng(F)#V so-that G(X) = Ex(F"X)

for every X,

Demonstration., At first let us realize that describing

the satisfaction relation in question we get a (metamathema-
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tical, may be nonnormal) formula © (zl,zz,z) such that in
AST for every normal formula ¢ of the language FLV we have
Q(@ulXyseeerX )y <Xy, X)) =9 (xl,...,xn,xl....,xk)
(where <x1,....xk> denote the k-tuple of classes X;,...,X s
cf, [V] or formally [S 1)). Let us proceed in T, Since all
sets are X -sets, we have E = E¥* = @(E) and moreover for
every Godel s operation & we have &*(X,Y) = F(XZ,Y) (X and
Y being arbitrary xk -classes)., From this, by induction we get
G (n) = n for every nc FN and moreover ©*(g,x,X) =
=0 (g:,x,x) for every normal formule e of the language FL,
every set x and every x -class X. In partieular, for every
set-formula @ of the language FL we have

G(Zyreeerxy) = O( @i{xyseeerx2,0) =
= O*(GAg )y GUTyeees))s G(O)) = O (oG KXpsanesx),0)=

=@ (GLx)reees Gx,))
and thence the class F = {{G(x),x?; x€ V] is an endomorphism.

If F is an asutomorphism (i.e. rng(F) = V) then xeX =
= G (x) € G(X) = F(x) € G(X) end therefore G.(X) = F"X.

Let us suppose that rng(F)+V, in this case we have to
prove that the operation Ex(X) = g,(F"l"X) (defined for each
XS rng(F)) is a standard extension, If 9 is a normal formula
of the language FL then

MEppenan) = (FIE, 0L, i) =
= © (g,0,4FInxy, ., F D) = 0%(g (3), G0, ':;.((r’l"xl,
e FIEO)= 0 (9,0,G KF I, B ir ) =
= @ (G(FImx ), .00, G(F )
by the second theorem of § 1 che V [ V1 and by the previous
results, The equivalence ?A(Xl.....xk) =
= @ (GAF "X, 00, G(P1nx,)) expresses that 5.(r~1lnx) is
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a standard extension on rng(F) and we are done.

According to the first lemma of § 2 [{S-V 2] we get the
following result.,

Corollary. Let a pair x , (4 be a transformation of the
horigon in P, Then in T it is provable that g.(x) is a reveal-

ment of X,

According to the last metatheorem there are only two ty-
pes of transformation of view; considering a shifting of view
X only, there are much more possibilities. On the other hand
the absoluteness of some formulae implies some restriction in

this cese, too.

Metatheorem. Let % be a shiftfing of the horizon in T

such that for every formula & we have
P~ (VnePFN)(P(n) = Q* (n)).
If C is a conastant definable in T, then in T we can prove that

C* is a revealment of C,

Demonstration., Let us note that under our assumptions,
X 418 an interpretation of T in T and hence our statement is
meaningful because even the constant C* is definable.

According to the last but one metatheorem and to the de-
finition of revealment we have to show in T that for every nor-
mal formula @(Z) of the language FL it is @(C*) = ¢ (C). Let

W(Z) be a formula defining the constant C in T (we have
T (31 2) ¥(2) %Y (C)) and let O(2,,%,,2) be the formla
investigated in the last demonstration, In T, we have

(3z)(Cls* (2) & ¥X2Z) & ©%(¢,0,42)) =
= (32)(Y(2)&O(9,0,£{2?))
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by our assumption and hence O (g 30,C*> =0 B 50,(CY).
Furthermore ©%(g ,0,KC*) )= ©(9,0,{C*}) and therefors
@ (0*) = @ (C) for every normal formula ¢ of the language Fi,

which finishes the demonstration.

Corollary. Let R be a constant in T (stronger than
AST + A 62). Then in T it is provable that R is a revealment
of FN iff there is a shifting of the horizon % in T such that
FNX = R and such that for every formula ¢ , the statement
(VnePN)(H(n) = $*(n)) is provable in T,

The last corollary describes initial segments which can
serve as shifted horizons if we consider shiftings of the ho-
rizon of the above described type. A description of initial
segments which can serve as shifted horizons remains as an open
problem, Let us note that if T is stronger than AST and if
is a shifting of the horizon in T, then FN* is fully revealed,
but there can be even fully revealed initial segments such
that the horizon cannot be shifted to them. The theory
AST + —:Con(Z’.FFin) is consistent (relatively to 2F, say); let
us fix o 8o that there is a proof of inconsistency of ZoFP:Ln
the length of which is ¢ « If R is an initial segment with
o« € R then we cannot construct a shifting of the horizon

with FN* = R since AST ConF(%@'Fin) (c2. [S 17).

In this paper we deslt with interpretations of AST in
AST; similer questions appear if we investigate (gemanticel)
models of AST in ZF, some results concerning this topic can

be found in [P-S1.
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