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A REMARK ON THE SOLVABILITY OF THE DIRICHLET PROBLEM
IN SOBOLEV SPACES WITH POWER-TYPE WEIGHTS
Josef VOLDRICH

Abstract: For each ¢ = O (with lel sufficiently small)
such an elliptic partial differential equation is constructed
that the corresponding Dirichlet problem is unsolvable in the
Sobolev space with a weight given by the & -th power of the dis-
tance to the boundary.
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1. Let Oc BY be a bounded domain with a smooth boundary
00 and Mc 3f) bve a closed manifold. The weight dy 1s defi-
ned in a point x ¢ & by 4y(x) = min {Ix~yl;ye M%, The weighted
Sobolev space ll’z(.ﬁ 3y e ) 1s the closure of the set cgo )
of smooth functions with a compact support in fl with respect to

the norm 1
Hub = ¢ [, VuI? ) a0’

Let us consider the Dirichlet problem

FUPE PSP |
(D){ |4.|,§|é1 (-1°"'p (au\x) Du(x)) = £(x) in & ,
u(x) = 0O on 300 ,

where a“ are such that the corresponding bilinear form

- 3y pt
a(u,v) M"%}|‘1 fn 8y D%u D*v ax

1s bounded on W)*2(0)= W212(A) end, moreover, 1t 1s W):2(Q)-
elliptic, i.e.
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a(u,u)zc llu ‘i with some ¢> 0.

Here, ll'z(.Q) - '2’2(_(1 3dy,0) denotes the standard Sobolev spa-
ce without the weight and D:l denotes the differential operator
with the multiindex i.

We shall say that the function ueig'a(ﬂ ;d.u.e) is a weak
solution of the Dirichlet problem (D), if

a(u,v) = fn £(x) v(x) ax

for every veCP(Q).

Many papers deal with the solvability of the Dirichlet pro-
blem in the weighted spaces even in the case 1if the correspond-
ing equation is nonlinear or of higher power (see e.g. [11,[21,
[31). It is motivated by two following reasons: At.first, the
behaviour of the right-hand side f near the boundary 3{) may
exclude the solvability of the problem (D) in a classical (non-
weighted) Sobolev space, At second, if the problem (D) is solve-
ble in a classical Sobolev space then from the behaviour of the
right-hand side £ near the boundary 3{1 we should like to dedu-
ce the analogous one of the solution. The use of suitable weights
could answer some of such questions. The results obtained are a-

nalogous to that from the following theorem.

Theorem. Therc’ exists an interval I conteining a neighbour-
hood of O that for any £ 6 I and fe[l;’z(.n. =€ )J* there
exists exactly one weak solution ue ll'z(n ;d‘,e) of the prob-
lem (D).

Such lgaortion Justifies our effort to ask for the maximal
interval I(D) in case of each particular Dirichlet problem (D).
The aim of our note is to show that there is no chance to obdbtain
any universal I(D) for at least some class of Dirichlet problems.
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Namely, we shall prove the following

Proposition. Por any lel , arbitrarily small, we can find
such & Dirichlet problem (D) that € ¢ I(D).

2. At first, let us remind a certain version of Hu‘dy's
inequality., If ¢ * 1 then

1 2 e~ A e w2 _e
(H) foiu(x)\ x dxf‘—;:&e—'z folu(x)\ x%ax,

for all ue 'l'z((on);x, <)
Let us consider the Dirichlet problem

) { “u’(x) +&(=1) x2 u(x) = £(x) for xe (0,1),
g u(0) = u(1) = o,

The corresponding bilinear fomm

a(u,v) = f: uvax + o (g -1) f; x2 uv ax

1s bounded on ¥)*2(€0,1)) < W3*2((0,1)) ana ¥}*2((0,1))-el11pt1c
for |8 (& =1)1< . Really, on the basis of (H) and the Holder
inequality we have

la(u,v)l & (144 18 (& =1)1) ( f:m'lzm‘/"‘ ( f:h’\zu)"z.

a(u,u) Z (1-41 (¢ -1)1) f: ) utax,

Further, let ¢ +0 and le| be sufficiently small. Put o = 153,
Let us suppose that the right-hand side of the problem (Ds) is
of the form

£2(1n xP 200 ~w-w(@ -1)(-1n )~
£(x) = i tor x6(0,1/2),

-w (x) +d(d =1) x 2w(x)
for xe{1/2,1),

where o #* 0, lawl< % and w is & function with the continuous
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second derivative in the intervel (%-, %). w(1) = 0, w(x) =
= xdd(-ln )% for x 5(}. i-). Then f € [ll'a((O.ﬂ;x.-t)]"‘. Indeed,
4 . -
lJ;, 2(x) v(x) dx|< const (f: I vi(x)? x adx)”").
for any ve ll’z((o,n;x.-e ) ,because the inequality (H) implies

1/ .
I J; 2x""z(--lrx Vv (x) axle -T-"a-z( j: I v (x)) 2x~%ax) /2,

1/
.( fo 2 271 (=1n x)2%24x) /24 const I v i -

Regarding the uniqueness, the weak solution of the problem
(D;;‘) is of the form

0 for x = O,
u(x) = x9 (-1n 0)¥ tor x € (0, % >,
w(x) for x€ (%-, 1.

However, 29 =2+¢ = =1, 2w > -1 and
1, . 12 o4
lluilg - jo Iu’(x)|%x® ax z const ]; 229-2+E(_15 1)2%; « +00,

i.e, u#ll'z((oﬂ);x.e).
Therefore ¢ ¢ I(Dy_ ), for ¢ % O, and |¢| sufficiently
-

small,
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