
Commentationes Mathematicae Universitatis Carolinae

Josef Mlček
β-structures

Commentationes Mathematicae Universitatis Carolinae, Vol. 27 (1986), No. 4, 765--773

Persistent URL: http://dml.cz/dmlcz/106496

Terms of use:
© Charles University in Prague, Faculty of Mathematics and Physics, 1986

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz

http://dml.cz/dmlcz/106496
http://project.dml.cz


COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAlfcUNAE 

27,4 (1986) 

/3-STRUCTURES 
' J. MLČEK 

Abstract: This article is dedicated to the investigation of 
a structure of the form <A,B, A, <i?> , where Jft,c AxA is reflexive 
and symmetric relation, f̂ £. AxB and some further presumptions 
are satisfied. Problems of this structure can be seen as a gene
ralization of the concept of a study of shapes, founded on an ana
lysis of the structure <V, 3L> , where £ is a relation of indis-
cernibility on V. 

Key words: (b -structure, realization w.r.t. a binary rela
tion, ~"srujT~cTass, overt class, reduction. 

Classification: 03K10, 03K99 

I n t r o d u c t i o n . This article is, devoted to a study of a, 

constitution of an object as a collection, which grows up on a 

frame of a relevant intention, directed into a universe,continu

ance of which is established by elementary domains of conected-

ness, specified by a hitherto merely looming up a t t e n t i o n . 

Formally, let A be the universe in question, B a collection 

of looming attentions and let tf-«A>B be a relation such that 

..^"•IbS is the elementary domain of a connectedness, specified by 
b. A forming intention can be considered as a subclass of B. The 

domain of the form ^'ibi are not sharp. Thus, to satisfy a claim 

of a certainty of the actualization of an object in question, we 

cannot define such an object, formed by an intention ^ Q B, as 
W'y, . Calling this object ^-realization of ^ , we define it 

in the § 2. 

Note that the case A=B can be interpreted by-such a way that 

a point a & A is identified with an attention, specifying a domain 

of connectedness of a. This comprehensive and important situation 

can be called simple. It is extensively investigated under pre

sumption that *& is an indiscernibility equivalence . (See l V l . ) 
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Later, we shall work with a more complicated situation. We 

do not deal with a structure <A,B,S^> only, but we suppose that 

A is furnished with a relation of connectedness Si & AxA (and 
subject to the condition of the reflexivity and the symmetry). 

This situation enables us to study a difference between some ac

tualization of a given object in a context of the simple situa

tion <ktXy and of the actualization, realized in < A,B,*/> (by 

using a translation of the intentions of A into those of B). 

Note that'only the case where % and *$ are ^-classes, is 
discussed in depth. Moreover, the subject is much more extensi

ve than is presented below. 

§ 1. Preliminaries. Our investigation is fpunded on 

the existence of two kinds of classes. The classes of the first 

one are formally short classes which can be seen as elements 

of a system 7X1 of classes, satisfying the following conditions: 
(1) V 9 7/L , (2) «f x; <^(x)} € W for every normal formula <p 

of the language F L ^ , (3) ( V X S N ) (X=#0 —*• there exists the 

first element of X), (4) (V-tX^ s ̂ ) ( 3 X e m )(FN c dom(X) & 

&( Vn)(X n=X"{n})). Note that 32fci«GBfin, there is no proper 

semiset in <#T and every class from W is fully r e v e a l e d . (See 
[Mil, t S - V j . ) 

Convention, Throughout this paper, let capital block-let

ters be ranging over elements of 1ffl . The usual notation of 
sets, natural numbers and finite natural numbers is accepted. 

The classes of second kind are the remaining classes of the 

universe of classes of the AST. 

Convention. The script capital letters denote classes and 

the letters % tVj , %,r%\ 3C-,... ranging over (coded) systems 

of classes. We denote by TtX3 the class {T"X> X e 3C3. 

By a class of the tyfje at we mean a class OC , which is an in
tersection of a sequence -f*n5 £ 3t# . A string of the type vr over 

X is a class -CX^S^^ e ffit such that X\ 5 X^ holds for each 

06-c^and m n = X . A formula Y(OC) has /-property iff 
(V# i1£)(xj[(X) & ty £ %-*¥(%-)). It is easy to prove the 

Proposition. Let X be of the type -if , and assume that !*f 
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( VX a X) Y(X) <-> ( £) string -{X̂ l of the type ur over X ) 

( Vn) /lir,(Xn) <-> ( V string {X^l of the type vf over X ) 

( Vn)f(X n). 

By a mapping 0 of classes from CI to B̂ we mean the existen

ce of a formula $(0C,^) such that (V£ * &)( 3 \ty£ (B ) . 
O ( X ) is, for every X & & , a subclass of 3 such that 

<|(DC. ,6»(0C)) holds. We shall write © S a —> 3 -

Convention. Throughout this paper, let A, B be two fixed 

classes from 92t and let (T s AxB be a relation such that 

rng(£f ) = A, dom(iT ) = B. 

Let a (b resp.) be ranging over elements of A (B resp.) and 

XCy. resp.). let be designated subclasses of A ( B resp.). Let us 

use, similarly, * & C ^ resp.) as a designation of a system of sub

classes of A (B resp.). 

Let us, finally, {T.V denote a string of the type 3f of 

relations T £ A x B , oC -= ̂  . 

§ 2- tT-realization 

Definition. (1) a is said to be CT-separated from ^,, 

Sep(-T.a,^), iff (3 U 5(T~l \ ai) (Un^=0) holds, 

(2) We define ^ r = 4a e A; iSep( (T ,a, ty)\ and call this 
class ff'-realization of ^ . 

^ jj-'-A ^<y 
We have, evidently, ~ 8 A—>• B and 8B —> A. 

(2) Let 4T 1, be over CT . Then ^ T = O 1 ^ ' ^ 

(3) j " ' ^ & $ r . 

Proposit ion. (1) n Sep( £T ,a, ̂ ) has / -proper ty in 3"-

The proof is easy and we omit it. 

Definition. A clas X is said to be tT-overt iff 

(Vb €(T-1'3c)(3U =?£T"-fbj)(U £0C). 

„ Proposition. (1) OC is (T-overt — > ( C« (T~l) " # £ OC 

(2) Let -iT^ be over 3" . Then 3C is T-overt «e—> 

«-*(Vb €(Tl"1"X)(3n)(Tr;7bi fi^). 

The proof is routine. 

- - 767 -



Definition. (1) X is said to be J",®-shut iff we have 
(VbeB-O(X)) Sep ( .7- 1 ,b , JC) . 

(2) We call X fully f-shut iff X is if, 6L-shut, where 

we have @$ I A ~> B def ined by 6tj,(X ) = B-*vT (A-X). 

Proposition. X is fully jT-shut iff A-X is :T-overt. 
The proof is easy, 

Proposition. Let X be *?, 0-shut. Then 

(1) tf-1 "X £%T S. ®(X) 

(2) <6>(X)c <S-X"x — * 0{X)*$-l"X = *?* 
Proof: (1) Assume b € B- ©>(X). Then S e p ^ 1 ,b, X ) and, 

consequently, b £ X . Thus, the second inclusion is proved. 

The first is a consequence of a previous proposition. 

(2) We have 0(X)£(J"1 "X&X7 £ 0 ( £ ) . 

Let us introduce relations between the notions presented 

in-the case that A=B and T is an equivalence on A. 

Proposition. Let JT be an equivalence on A, A=B. Then 

(1) ttfof~1)"X&X4-*3'"X*X 
(2) ( X i s ; ? , Id-shut v X i s ful ly CT-shut v X i s rT-overt)-* 

_»rf"X = oc. 
(3) JJCis^, Id-shut *r-±X is fully r-shut **-»A-# is 

j'-overt. 

Proof. (1) is trivial. (2) is an easy consequence from 

the following assertions, concerning the general case of the re

lation 3* : ' 

(<*) X i s ^ - o v e r t - ^ ( ? o O"1) "X 5 X, (/5 ) X i s jf, 
Id-shjut T ^ y 1 £ £ X( = I d ( X ) ) , (*$) X i s ful ly rT-shut —> 
—><f~1 X ^ B - r " 1 (A-X)(= % ( £ ) ) , and from (oO iTis an 

equivalence on A, A=B .—-•> ( <X"'X s A- flT"( A ~ X > - ^ <r"X * X . 

Finally, (3) follows immediately from (1),(2) and from the, 

definitions of the notions in question. 

Defin i t ion . (1) We say tha t OC ^ - c o v e r s B iff 
USf"1i:0£3 *B holds . 

(2) OC i s said to be CT'-centred i f f every f i n i t e subsystem 
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Җ* &X sat isf iès ПCҐ" 1 Г X ' 3 -*• 0. 

Lemma. Assume ( $ « 7~1)" X QX. Then* ff~V%X A 0"V\b-X ) = 

=0 and jT"
lW
(A-0:) = B-(r"

lM
X hold. 

We omit the routine proof. 

Proposision. Let CXE be a system such that ( i ) X e X—* 
if o ( f " 1 ) " X £ X , ( i i ) X e l X - ^ X is f u l l y . f -shut . Then 
rW~ll OtJ =0<-> iA-iC - X € Oti (T-covers B. 

The fo l lowing sequence of equivalences is a proof of our 
proposition: x 

f)3"l[Xl - O ^ B - O r k X ] =B ^ > U<B- $~l"x ; X e X i = 
= B <^U-C(r""1H(A-0C); Xe X3=B *-^UtT "1r«C A-fl2; X £ # * : I = B . 

§ 3. $ -structure 

D e f i n i t i o n . A -struct jre ?','AxB consists of two relations 

31 and ̂  and a class *W B B sucn thcA 
(1) ^ £ A>*A is reflexive and symmetric, 

(2) tf S A>B satisfies dom(^) = B and rng(<f ) = A, 

(3) ( *y c flr)(.#n ̂"-{yJ stf" -{yJ), 
(4) J[x;xc A St 4x5 * & n { x U £ < f 'W • 

*We denote briefly such a (3 -structure 5^= S*KA,B, 3t, ̂  , ^ ) ; 
throughout this paper let A,B,J£,tf,flr be fixed and satisfying 
(l)-(4). & is of the type err iff iR , tf and &T are. 

Definition, ff -string in Ay £01lILJlE£ ^ consists of 
three strings -CR^^ , -CS^} , -CV^,. of the type or such that 
the following holds for every OG -<- *i: (OW^fiB, 

(1) R^ S AxA is reflexive and symmetric, 
(2) S^s AxB satisfies dom(So6)=B:, rng(So0)=A, 

(3) ^ • ( W W 1 8 - ^ * 1 

(4) «x€ Aj ixl- l-R^-fx}} .-? S^W^ . 

Throughout this paper, let -€RoCĴ  , ̂ S^i , -CŴ } be a ft -
string in A * B of the type sr . We say that this string is over 
& , iff ORp= & , nsn= <f and n« n- ftr. 

Proposition. Let & be of the type # . Then there exists a 
ft-string in A ^ B of the type -tf which is over ifrv 
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Proof. Let -iR^^ , iS^l^ ,-CW^^ be strings of the 
type 31 over 31, 9*, VI? resp . , such that R^s A>>A is reflexive 
and symmetric, S^s, A** B satisfies dom(ScC) = B and rng(%c) = A, 
W^c B holds for every oo e fr . Put RQ = R0, ^ 0=5 0 and1f0=WD. We 
have (Vcc 4 fN)(R, • (S A W.)s %n / SL& {x € A;{x**R" U\ £ ?" 'w 1 

ct ct «* O O y^, ^ ^ 

and, consequently, there exists an n such that R *>(Sn7*W ) £ 
S V W o * * x ^ n <*****» * Sj; W0. Put V * n > J l A ' ^l^n* 
By this way we can construct three sequences lfjr», ^\IJFN» 
^m*FN cofinal in *Kc* FN' ^§<*FN» *W<=t*FN, resp* and s a t i s fy i n9 
the conditions: ft- « (3 m A l/5Li )c 3 / Wm, {x c A;*Cx}4=R" ,<-xU £ ^ m+l m+1 m+1 ~* m m ' J m+1 
£ s

m Wm.-

Some prolongations iRrf$£ , i S ^ ^ , *C W ^ ^ of4RmlpW, 

^ m^FN' ̂ Wm*FN resP•» have the required properties. 
Further we accept that at least one of the relations $ , f̂ 

is combinatorically simple in the sense of the following defini
tion: 

Definition. 3* is said to be uniformly reducing on X iff 
; V T 2 3')(3 v ePf(B))(#£ T"v). 

Note that this condition has ^-property in T . 
We mean, in the previous definition, the uniformity of the 

approximation 1 3 <f of Cf which is, roughly speaking, globally 
distinct, compared with this one $C 3<f, which can be generally 
only locally distinct. 
We accept the 

Definition. $T 3 <f is said to be locally compatible with 
<f iff we have 

(Vy<?B)(3U)(<rH-fy$5U cX"-fyi). 

D e f i n i t i o n . <T i s reducing on A i f f (S/3C 2 <f ) ( X i s l o 

c a l l y compatible w i th ft — > ( 3 v s P f ( B ) ( A S # M v ) ) . 

P ropos i t ion . Let <f be reducing on A. 

(1) Let DC be a / / - cover ing of B such tha t every X e OC 

i s t T - o v e r t . Then there e x i s t s a f i n i t e OC'sOC-and X' { ^ c o 

vers B. 

(2) Let % be t f - cen t red such t ha t % € OC i s f u l l v {T-

shut and we have (7 « I T " 1 ) " X £ X . Then f l f 1 C OTJ-f 0. 

Proo f . (1) Le t , fo r every b € B , X D c 0C be such t ha t 
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b e r r ~ 1 H X b Then # = U <Xb>cC b*;b 6 Bj is locally compatible 
with 3*. Let veP f(B) be such that A=#"v. Then 0€'* 4 X b : b £ v j 
has the required properties. (We use the oresumption that 

rjJ"1"A=B.) (2) Let, for %'9 X % 3t' be the system 4 A-X ,5Ce M'jr. 
Then %' is a system of ^-overt c l a s s e s . We have., moreover, 

f\tf ~~ltO£'J so*-* 3C' ^-covers B. The relation Off "1f XI =0 
implies that 3D ^-covers B. We deduce from this and by using 
(1) that there exists a finite 3E' £ 3E with the property 
f)$~ll%'-3=0, which is a contradiction. 

Theorem. Let.us assume that £fr (A,B, ."ft , ̂  ,*2(r) is of the ty
pe ?f and Jl is uniformly reducing on A. Then tf is reducing on A. 

Proof. Assume that tfC is-locally compatible with tf . We 
use further the following a b b r e v i a t i o n . We define, for a given 
relation # , d£ = ix c dom(£ ) ;-Cx 5 4-ZM«fx}} . Let, for every n, 
v R€P f(A) be such that A=R^ vn. We have A-Uun 9 &&.* Choose, for 
every a€A, an element ^(a) cB such that a e tfC ^(a)) and 
#Hdt?t £ tfr , and let m(a)e FN be such that 

CI) S V a ) W 8 ) U : , f m a ) ! k 

We have A= 8) ud3l} where 25 = U u - 3 ^ is an at most countable 
class. We define 

It is easy that U ^ a S .Let, for every a e 3ft , a*s 
& um(a) +2

 be such that a*c Rn(a) +2
{ a l Then ^*>«^ s Va)+1 

and, consequently, a*€ Sm(a)+1 ^a^ nolQ,s- We deduce quite 
similarly that 

(2> « V . M ^ * i s S " . ( . ) * r ( B ) i -
We define 2L-= ̂ R

m(a)+i ^
 a * ^ j a * 331} • We can see by using the 

symmetry of Rt that ' U3l2 3 3«& • Conseouently, f ^ ^ S i l 
is at most countable and U( <ZL u 2f2)=A. Thus, there exists 
v 1ep f(B) and v 2 € P f O ; & ) such that * J * S £ ( g ) •O'(a)? ;ac v ^ v 
u ^ ̂ Riti(a)+l^a*^ > a € v 2 ^ aA* We °'eo'uce **Qm this and by using 
(1).(2) that U<3C,,-t^Ca)}ja€ VjU v2J=A. 

Prooosition. Let ty & IV and let efr be of the type 7T. 
(1) The class ̂ y^ is 3*4-shut -
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(2) Assume X £ %*. Then X^£ % holds, too. 

Proof . (1) Choose a ̂  .̂̂  . There exists n such that 

a £ S" ty . The proof will be finished if the relation 

Rn+1 *a* A ^ =0 is Proved-

Suppose that x eR n' + i ^
a ^ n % • Then there is a y e ^ such 

that x€S" -. Ay}. We have y € ty and, consequently, 
R"n+1S

,,
n+1^y^-=S"n4yJ. But a£R" n+1S" n+1{y} holds. Thus a e S"n-ty}, 

which is a contradiction. (2) We deduce from the fact that 

^ is JL-shut, the following: X ^ s %* = $ * . 

Proposition. Let & be of the type ot and let X £ A be 
revealed, ;R"X = X . Then X is Jl-shut . 

Proof. Assume aeA-X and suppose that 

(* ) "i Sep( .#,a, X ) . 

Then (Vn)(R"n-{a* A X .£ 0) holds; put, for ev ery n, xR e X 
such that x eR 4a3r. Let d & X be a set such that {x jsd. We 

have ( v*n)(R" 4.a3 rTd#-0 ) and, consequently, there exists an 

oc $ FN with R" I afndiO. Thus as R" X and R" X s X , 
which is a contradiction. 

Let us suppose that A and B are tied by a mapping 

® 'A —» B. We modify the definition of the reduction with res

pect to 0 as follows: 

Definition. Let 0tA —> B. CT is said to be uniformly re
ducing on X w.r.t. 0 iff ( \/T 2 3s )( 3 v <s Pf ( ®(X)))(X c T"v) 

holds. 

Theorem. Let & be of the type .#, @ gA —> B, X £ A. Let 
us suppose that X is Jl-shut, @>(X) e #r, X a = ̂ ^ , and ^ 

is uniformly reducing on X w . r . t . 0 . Then 
(1) X is of the type -ir , 

(2) suppose, moreover, that 0 ( X ) is revealed. Then the
re exists a set w s ® ( X ) , X = #"w. 

The,assertion (1) is an immediate consequence of the 

Proposition. Let & be of the type Oi , @>$ A ~> B , X F A . 
Let us suppose that ®(DC).Str, qc* S ^ ^ , and <f is uniform
ly reducing on X w.r.t. 0 . 
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Then there e x i s t s a c lass (P of the type nt such tha t 

5C*SL 9 £ fy* holds. 

Proof . Choose, for every n, v eP f( O ( I ) ) such that 

OC S, s" v . We have <v } £ 11T and the following relations hold: 

xR=OR"n+1xc os"nvn+1c ns"n ecx)= oTx)^ 

Thus, the class CP = O S " v„ , has the required p roper t i es . > n n + 1 ^ r- i-

Let us prove the assertion (2) of the previous theorem. We 

use the notation of the previous p roo f . Let w be such that 

4 v n , n e F N l s w s O ( 0 C ) . Then the r e l a t i o n i/'w & "STx) ho lds . 

Thus, the proof will be finished, if the formula 

(*) OCsSTw 
is proved . 

Assume that a e X . We have (v/n)(a£S" v ) and we deduce 

that ( V n)(_3 y € w)(a € S"n*{y$) holds, too. T hus there exists 

oc ̂  FN and be w such that a eS^ i bf. We deduce from this and 

from the relation S^ s <f that a € <fHb } S ̂ "w and (;*-) is proved. 
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