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ON ANALYTICAL DIMENSION OF RINGS OF BOUNDED UNIFORMLY
CONTINUOUS FUNCTIONS
Jan HEJCMAN

Abstract: Analytical dimension of the ring of bounded uni-
formly continuous real-valued functions on an arbitrary uniform
space is characterized by properties of the space. For pseudo-
metrizable spaces some more satisfactory characterizations are
obtained.

Key words: Uniform space, uniform dimension of spaces and.
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M. Kat&tov was the first who examined (see [6] and [7]) the
relations between the dimension of a topological space X and pro-
perties of C*(X) - the ring of all bounded continuous real-valu-
ed functions on X endowed with the usual sup-norm (C*¥(X)=C(X)
for compact X, C(@) = $#Y). For this purpose, he introduced a
concept of the analytical dimension.

Let us recall basic definitions. A subring C1 of a real com-
mutative topological algebra C with unit is said to be analytic-
ally closed provided C1 is a subalgebra containing the unit, C
1 A subset B of
C is called an analytical base of C if there is no analytically
closed subring C1 with Bc Cl+=C. The least cardinal number of an
analytical base of C is called the analytical dimension of C and
will be denoted by Ad C.

If X is a non-void compact metric space, then dim X=Ad C(X)

1
is a closed subset and y=zC, y2€ C1 imply ye C

(see [6])). Since the values of dim are non-negative integers or
00 and the values of Ad are cardinals, such equalities should be
understood in the sense that either both sides are finite and
equal or they are both infinite.

Kat&tov in [ 7] generalized this result for any compact Haus-
dorff space and, using the equality dim f X=dim X, for any Tiho-
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nov space, he used, however, a modified concept of the analyti-
cal dimension of the algebra C; let us denote it by ad C. This
is defined as the least cardinal number such that for any coun-
table M c C there is an analytically closed subalgebra A with
McA, Ad A£ad C. Clearly ad C4«£Ad C and the values of ad are
countable cardinals ounly.

If X is a uniform space ( specially a metric space) we de-
note by U*(X) the subalgebra of C*(X) consisting of all bounded
uniformly continuuus functions. The analytical dimension of U¥(X)
was examined in (4] and [1], the basic result asserts that
Ad U(X)= Ad X for any non-void metric space X. The symbols Ad
and J’d denote the great and the small uniform (covering) dimen-
sions (for definitions see [5)). The aim of this paper is to se-
arch for properties of an arbitrary uniform space X which cor-
respond to the values of ad U*(X) and Ad U*(X). The matter of
ad will be simple (Theorem 1 below). Then Ad will be characte-
rized by the existence of mappings with certain dimensanal pro-
perties.

Given a uniform space (X,U) (where U is the filter of uni-
form entourage, see e.g. [B8], no separation axiom is assumed)
and U in U , we say that a collection X of subsets of X is a
U-cover of a subset Zc X if for each ze Z, U(zlnZc K for some
K in X . All mappings for uniform spaces are supposed to be uni-
formly continuous. Let us repeat the definition of the uniform
dimension Ad of mappings from [ 3) and at the same time define a
new concept of a D-mapping, which will be, however, used in Theo-
rems 6 and 7 only.

Definition 1. Let‘(X,?t),'(Y,QL) be uniform spaces, f:X-
—> Y. Assume that for each U in U there exist V in vV , W in
YU and a natural number m such that, if Mc Y, MxMcV, then
there exists a collection ¥ such that KxKecU for each Ke X
and X is a W-cover of f'ltM] with order at most m. Then we will
say that f is a D-mapping. If the number m can be chosen fixed,
then the least possible non-negative value of m-1 is defined to
be Ad f. If such a fixed number does not exist or f is not a
D-mapping, we set Ad f=oco.

If £ is the mapping of a non-void uniform space X onto a

- 326 -




one-point space then Ad f=Ad X and f is a D-mapping if and on-
ly if X is distal (see [23). In [3], distality was called pro-
perty (f).

However, for the purposes of this paper we also need anot-
her concept of uniform dimension of mappings which would relate
to the dimension Ad similarly as, for dimensions of spaces, d'd
to Ad. We will use the following definition.

Definition 2. Let (X,u), (Y,V) be uniform spaces, Y pre-
compact, f:X —> Y. Then o'd f is defined as the smallest non-ne-
gative integer n with the following property: for each finite
uniform cover ¢ of X there exist V in ¥ and W in U such that
if Mc Y, MxMc V then there exists a collection X such that
X refines @ and X is a W-cover of f‘l[M] with order at most‘
n+l. If such a number does not exist we set oJd f=ea.

The following properties of dJd'd f are almost evident.

Proposition 1. Let X, Y be uniform spaces, Y precompact,
f:X —> Y. Then Jd f £ Ad f. If X is precompact then o'd f =
=ANd f. If X#@ and Y is one-point then dd f =dd X.

It might be surprising that in Definition 2, mappings with
precompact range are considered only. However, first, it will be
quite sufficient for our purposes, moreover, the definition of
d'd f=0 will suffice. Secondly, this paper is not devoted to a
detailed study of o'd f and I do not know now what definition
would be the most suitable in general case.

We will also use Hausdorff modification of a uniform space.
This concept has appeared in the literature under various names
(see e.g. [9],[101,011])); let us recall some facts and agree on
the terminology. Let (X,U ) be a uniform space. Then there ex-
ists a finest uniformity hU on X/NU such that the mapping
qg: (X, Uu)— X/NU ,hU) defined by xe q(x) is uniformly conti-
nuous. The uniform space (X/NU ,hU) is Hausdorff and will be
termed the Hausdorff modification of (X, ) and shortly denoted
by hX. The mapping q will be called the canonical projection.
If Y is any Hausdorff uniform space, f:X —> Y, then there ex-
ists a unique mapping hf:hX —> Y such that f=hfo q.
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The projection q is uniformly open and if Gc X is open then
q'llq[G]]=G. Using these properties and the fact that, for any
uniform cover Q} of a uniform space, the collection of the inte-
riors of all sets from Q} is again a uniform cover, one easily
proves

Proposition 2. For any uniform space X, dd X= dd hX,
Hd X= Ad hX.

Let us turn to the analytical dimensions.

Lemma 1. Let X be a uniform space, hX its Hausdorff modi-
fication, q:X—> hX the canonical projection. Let shX be the Sa-
muel compactification of hX, e:hX — shX the (proximal) embed-
ding. Then for each f eU¥(X) there is a unique &(f)e C(shX) such
that f= 6(f)o e o q. The mapping 6 :U¥(X) —> C(shX) is an isomet-
ry onto and also a linear, ring and lattice isomorphism. If
L c U¥(X), L separates far subsets of X, then 6&1[L) separates
distinct points of shX.

Proof. Besides using properties of g, the proof is quite
similar to the proof of Lemma 1 in [4].

Theorem 1. If X is a non-void uniform space, then ad U*(X)

= dd X.

Proof. By Lemma 1, U*(X) and C(shX) are isometrically iso-
morphic algebras, hence ad U*(X)=ad C(shX). Now, by Proposition
2 and by V.2 in [5] we have dd X= dd hX= Jdd shX=dim shX. By
Proposition 4 in [7), ad C(shX)=dim shX. Therefore ad U%¥(X)=
= d'd X.

The characterization of Ad¥U (X) will be more difficult
(Theorem 5 below). The letter I always stands for the unit in-
terval 0[0,1] endowed with the usual metric. If A is a non-void
set then IA denotes the usual product uniform space, each ele-
ment x ¢ IP should be understood as x=(x, ;< e A) and for o« & A,
pry, denotes the usual projection x > x, of 1* onto I. For
sets and collections in pseudometric spaces, the symbols
dist(x,Z), diam Z, mesh € and o -discreteness have the usual
meaning.
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The following lemma is only a reformulation of Lemma 2 in
t4].

Lemma 2. Let X be a topological space, F a finite non-void
set, f: X —> IF continuous. Let L be a sublattice and a submodule
of C*(X) that contains all pr, o f for o« € F and all constant
functions. Suppose that J, K are intervals, Kc Jc IF, K is clo-
sed and J is open in IF. Then there exists a non-negative helL

such that h(x)=1 for x e £-1[KJ, h(x)=0 for xe £ 1r1F\ 32.

Theorem 2. Let X be a uniform space, A%, f:X — IA, Jd f=
=0. Then {pr_o f: e A} is an analytical base of U*(X).

Proof. Let L be an analytically closed subring of UX¥(X)
that contains all pry ¢ f, notice that L is a sublattice, too.
We will prove that L separates far subsets of X. Let C, D be
far subsets of X. Then {X\NC,X\ D% is a uniform cover of X. Sin-
ce Jd f=0, choose for this cover a finite non-void Fc A and
o >0 such that if

V= §(x,y) e IPx IA;!x‘:‘-yacl<d~ for «c € F{

and Mx Mc V then there are far subsets M, M" of X such that
£ liMI=M U M, M X\ C, M"cX\D. Let pp denote the projection
(xy3 <€A > (xy ;¢ €F), pz,_ the projections (x,; e« €F) > x_.
Let Jl""")r be intervals open in IF such that diam pi[Jikd'for
i=1,...,r and U(J;;i=1,...,0)=I'. Choose, for each i, a closed
interval K; < J; such that U(Ki;i=1,...,r)=IF. For the mapping
Pg° f and each ‘]i’ Ki choose in L a function hi:X —>1 by Lemma
2. Now let, for i=1l,...,r, Mi' and Mg be far sets in X such that
f_l[p,':'l[’\]i]] SM; UMY, MJC XN\C, MIcX\D. Put k;(x)=h;(x) for
xe X\ M{, ki(x)= -h;(x) for xe M/, iz=l,...,r. Then k;e U*(X),

kf=h§e L (or Iki =]hi| e L), L is analytically closed, hence

kje L. Finally, put g(x)= Z(ki(x)+|kil(x);i=1,...,r), clearly
gelL. Let xe C. Then there exists i such that pF(f(x))e K; -Hen-
ce n;(x)=1, xeM, ki(x)zhi(x), thus g(x)Z 2. Let xeD. Then for
any i,either pp(£(x))eJ; and xe_Mi', ki GO=-h; (x), or pp(£(x))g

¢Ji and hi(x)zo, ki(x)=0; consequently, g(x)=0.
Now apply Lemma 1, use the mapping €6 . We know 6[L1 se-

parates points of shX, hence by Stone-Weierstrass Theorem, 6[L]=
=C(shX). Thus L=U*(X) and the proof is complete.
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Notice that Theorem 2 generalizes Theorem 1 from [4).

Lemma 3. Let X, Y be uniform spaces, Y compact, f:X— Y.
Then Jd £=0 if and only if for each finite uniform cover @ and
qge Y there exists a neighbourhood V of g and a uniformly disc-
rete collection C"CV that refines @ and such that 1'1[V3=UJCV.

Proof. To prove the sufficiency, using the compactness of
Y, we take a finite uniform cover by the neighbourhoods V.

Lemma 4. Let Q=(G.;jeB) be a uniform cover of a uniform
space X. Then there exists a family (g.;je B) where g.:X —> I
such that if Zc X, Zc Gj for no je B then there exists je B
with diam gj[ZJél.

Proof. Let d be a uniformly continuous pseudometric on X
such that for each xe X, {ye X;d(x,y)<1ltc Gj for some jeB. Put
for xe X, €8, gj(x)=min {l,d-dist(x,X\sj)}. Let ZcX, Zc G,
for no j. Then Z#@, choose zeZ. There is j with gj(z)=1. Fur-
ther, there exists yeZ\Gj, hence gj(y)=0. Therefore
diam gj[Z]:gj(z)-gj(y)=1.

Lemma 5. Let W be a filter of subsets of a set Y, let X
be a uniform space, f:X —> Y a mapping. Let S be the set of all
g e U*(X) with the following property: for each J >0 there exist
V e W and a uniformly discrete collection ¥ such that Ud¢ =
=t~1[v]1 and mesh {g[Hl;H € #3< Jd . Then S is an analytically
closed subring of U¥(X).

Proof: is identical with the first part of the proof of
Theorem 2 in [4] (namely a),b) and c) on page 384). We omit it
here.

Theorem 3. Let (X,U) be a uniform space, A=#, £iX 1M,

Let i{pr e f; ¢ c Af be an analytical base of U¥(X). Then Jd £=0.

Proof. Suppose that od £f>0. By Lemma 3, there is a fini-
te uniform cover Q— of X and gqe Y such that, for no neighbour-
hood V of q, f'lr.v] can be expressed as in Lemma 3. Keep these
(%, and q fixed. Let W be the filter of all neighbourhoods of
q. Let Sc U*(X) be defined by X, Y, f and W as ‘in Lemma 5. By
Lemma 5, S is an analytically closed subring of UX*(X). Let
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«€eA. If > 0 put
V= {zeIA;Iz“ -q.l< J/2%.

Clearly, diam (pr e f) f_lleédiam pr vl £ d°, thus pr o feS.
Since {pr o f;oc € A} is an analytical base of U*(X), we have S=
=U¥(X).

Now, let us use the properties of @ and q. Given Ve W and
Ue U define a relation ~ on the set f_IEV]:vay means there

- -1
»X) =y such that X; € f "[V] and (xi

exists x=x __ll,xi)eUn

n vl V1, let
'mu y be the collection of all classes defined by this equiva-

o) Xpre--
for each i. Clearly, ~ is an equivalence on f

lence. Each v is uniformly discrete and, by the property of
’
G, no mu y refines @ . Suppose q:(Gj;jeB) where B is fini-
)

te. For je B, take the functions gj from Lemma 4 and put

T.= §(U,V) e U<W ; mesh 41g.[Z1;Z ¢ M,, ,$ Z1¢F.

J h| u,v
By Lemma 4, U(T.;jeB)= U xU . The set U =<UWU is directed by
the relation < defined by (Ul,V1)4(U2,V2) = Ula U2 and VlJVZ.
As B is finite we can choose j such that T. is cofinal in
(U=~ W,R). Let <1, Ve WU and let ¥ be the collection for
g=g‘j from Lemma 5. Then ¥ is refined by some mU,V. Take
(Ul,Vl)c-: Tj with (U,v) < (Ul’vl)’ Now (U,V) eTj and hence gj¢S
which is a contradiction with S=U¥(X).

Let us recall Theorem 2 from [4] in a slightly stronger form.

Theorem 4. Let X be a pseudometric space, f:X — IA where
A is countable. Let {proc o f;x € A% be an analytical base of
U*(X). Then Ad f=0.

Theorem 2 in [4] concerned metric spaces and finite A only.
But the proof is the same. We use only the fact that each point
of IA has a countable neighbourhood base.

Every precompact metric space Y can be uniformly embedded
into IA with a countable A. Thus Theorems 2 and 4 imply the fol-
lowing assertion.

Corollary 1. Let X be a pseudometric space, Y a precomp-
act metric space, f:X—s> Y. Then J'd f=0 if and only if Ad f=
=0.

Using a constant function f, the following well-known result
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follows.

Corollary 2. If X is a pseudometric space, then J'd X=0
if and only if Ad X=0.

0f course, for pseudometric spaces X and countable Ad U*(X),
Theorem 3 is weaker than Theorem 4. On the other hand, Corollary
1 might be proved independently and Theorem 4 would be a conse-
quence of Corollary 1 and Theorem 3. However, all the techniques
used for the proof are the same in both ways.

Theorem 4 does not hold for non-pseudometrizable uniform
spaces X, even for finite A. In fact, let X be any uniform space
with d'd X=0 and Ad X=00 (see e.g. [51, V.5). Then, we have by
Theorem 2, Ad U*(X)£ 1 (moreover, equal to zero - see Theorem 5
below), but the existence of f:X — IA with arbitrary, finite or
infinite, A and Ad f=0 would imply (by Theorem 8 in [3)) that X
is distal and consequently J'd X=Ad X ([5], V.5).

In the following summarizing theorem, A may be empty as
well; Ig is a one-point space.

Theorem 5. Let X be a uniform space. Then A U*™(X) is the
least cardinality of a set A such that there exists F:X — IA
with o'd f=0. )

Proof. Suppose Ad U*(X)=0, thus @# is an analytical base of
U*(X). Let fo:X-&I be any constant functiom. Now, {foi is an
analytical base of U*(X), too, and by Theorem 3, J4d £,=0. Thus
od £=0 for £:X — I?, too. On the contrary, if od £=0, then
necessarily J'd f0=0 for any constant fo:x-—¢ I and, by Theorew

2, {fOR is an analytical base of U*(X). But each constant func-
tion can be excluded from any analytical base, thus @ is an ana-
lytical base. The rest of the proof follows from Theorems 2 and
3, we need only the fact that in any analytical base of U*(X)
each function can be replaced by a function mapping X into I.

Katé&tov proved ([ 6], Theorem 3) the following similar the-
orem: If X is a‘compact Hausdorff space then Ad C(X) is the
least cardinality of a set A such that there exists f:X ~e>IA
with ind £71[y1£0 for each yeIP.

This theorem directly follows from Theorem 5, because
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dim f'l[y] £0 for any ye ? s equivalent, by Theorem 3 in [3],
with Ad f=0 and this is, by Proposition 1, equivalent with
dd f=0. On the other hand, Theorem 5 can be derived from the
Katstov s theorem. It is more complicated, it needs still Lemma
1 with the equality J'd f=Ad 6(f). This follows from a modifi-
cation of Theorem 2 in [3] and other assertions.
Theorem 5 characterizes the value of Ad U*(X) by means of

existence of certain mappings, thus by no intrinsic properties
of X. We can prove only the following connections with dimension.

Proposition 3. Let X be a uniform space. Then d&d Xz
£Ad UX(X). If Jd X£0 then Ad U*(X)=0.

Proof. If Ad U*(X) is finite, take f:X —> IA from Theorem
5 for a suitable A. Applying Theorem 5 from [31 for f as the:
map of the precompact modification of X, we get the first ine-
quality. It also follows from Theorem 1. The second assertion
directly follows from Theorem 5.

Let us show that finite Jd X admits Ad U¥(X) being uncoun-
table. Let X be the space "long line", i.e. th% lexicographical
product of countable ordinals with IN$1Y. Then Ad X=dd X=
=dim X=1. But if A is countable, f:X —> IA is continuous then,
for some y eIA, f’l[y] must contain a segment, thus Jd f >0.

Nevertheless, for a pseudometric space X, Theorem 5 imp-
lies an intrinsic condition for finiteness of Ad U*(X). For a
countable A and f:X ~—>IA, od f=0 is equivalent with Ad f=0,
by Corollary 1. Let A= {1,...,n}. By Theorem 7 in [31, there is
f:X —> 1A with Ad £=0 it and only if Ad X£n. See also Theo-
rem 3 in [41.

Now, we are going to present a similar characterization for
infinite countable A.

Theorem 6. Let X be a pseudometric space, let A be the set
of all positive integers. Then the following statements are
equivalent:

(1) X is distal.

(2) There exists f:X-———‘»IA

with Ad f£=0.
(3) There exist a distal space Y and a D-mapping f:X—>Y.

Proof. The implication (2) =>(3) is obvious. The proof of
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(3) =>»(1) is easy, in fact the same as the proof of Theorem 8
in 13]. Suppose (1) holds, X=#@ and let us prove (2).

Since X is distal, there exists, for each j=1,2,... a
unifqrm cover ¥. of X with finite order mj such that mesh X%
éZAJ. Clearly, mj§ 1. Put so=0, Sy=My*+. ..My, NJ- fieA; iS5.1

if sJ§ for j=1,2,... . We may suppose that (see e.g. [5],
Iv.25) (}C U{(}l,leN § where each @, is an qJ—dlscrete col-
lection for some n > 0 with mesh Q} ‘ 2 J. Choose, for j=1,2,

., 0 <d.€1 such that for each xe X there exist i €N, and
G qu such that {y e X;dist(x,y) < d'.}cG. For any 1eNj, X €X,
put fi(x)=min {1,dist(x,Y N\ ng&)}. Clearly, fi:x——> I is uni-
formly continuous. Now, define f:X — I~ by pr,e f=fi for all
ieA. Let us show that Ad f=0. Given € > 0, choose j with
273 ¢ e . put

£
<

V= £Cu,v) € 1A= 15 |pr, (u)-pr, (V) | < & for ieN;3

Let Mc IA, Mx Mc V. Suppose £ 1iM1 +8. Choose x € X with f(x) e M.
By the properties of JCJ there exists ie N. such that f. (x) =
z d’ Now if ye X, f(y)e M then f. (y)>0 hence y e uoﬁ Thus
qﬁ 1s a desired 7 cover of f 1[M] with mesh at most ¢ .

Notice that similarly as in Theorem 7 in [3] one can prove
that the set of all mappings f with Ad f=0 contains a dense
Q;-subset in a certain function space. But in the case of infi-
nite A a direct simple construction of the desired mapping f is
possible and here preferred.

Corollary 3. Let X be a pseudometric space. Then Ad U*(X)
is countable if and only if X is distal.

Observe that in Theorem 7, the proof of (2) = (3) = (1)
needed neither the countability of A nor the pseudometrizabili-
ty of X. Given a uniform space X and a set A with sufficiently
large cardinality then the proof of (1) =>(2) is also possible
and is very similar. Thus the following theorem holds.

Theorem 7. Let X be a uniform space. Then the following
statements are equivalent:

(1) X is distal.

(2) There exist a set A and £:X—> I with Ad £=0.
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(3) There exist a distal space Y and a D-mapping f:X —>Y.

Compare this assertion with the fact that for any uniform
space X there exist a set A and f:X —> IA with od f=0. It fol-
lows directly from Theorem 3.
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