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ARITHMETIC OF CUTS AND CUTS OF CLASSES

Martin KALINA, Pavol ZLATO3

Abstract: The arithmetical operations on natural numbers are extended
to arbitrary cuts and their basic properties are studied. Then to every
class its lower and upper cut apprehending the size of its subsets and super-
sets, respectively, is assigned. The cut arithmetic is applied to derive es-
timations for lower and upper cuts of classes obtained by various clas-theo-
retical constructions.

words: Alternative set theory, cut, lower cut, upper cut, arithme-
tic, sum, product, additive, nearly equal, real class.

Classification: 03E70, 03H13, 03H20

The idea of apprehension of a class by means of the size of its subsets
and supersets leading to the notions of its lower and upper cut originated
from P. Vopénka some years ago. Some "cut-theoretical" considerations have
already appeared implicitly in [c-v 1979] and[S-Ve 1981}. Both the cuts of a
given class can serve as certain "measures" of its size, as well as the gap
between them "measures" its vagueness or fuzzyness. The notions of lower (or
internal) and upper (or external) cut of a class appeared for the first time
in a paper of A. Tzouvaras [Tz 1987), where he used them to develop a kind of
measure theory for some classes in the alternative set theory (AST). Some of
the results concerning the calculus of cuts which will be stated below are at
least partly contained already in his paper, as well.

The present paper begins with the study of cuts on the ordered class N
of all natural numbers themselves. The linear order and the arithmetical ope-
rations as well as the equivalence of near equality are extended from N to
the system of all cuts and some of their basic properties are listed. The e-
quivalence of near equality enables us to refine the arithmetical classifica-
tion of cuts by topological methods, and, as it is a congruence with respect
to some of the operations, it leads to a factorization of the system of all
cuts with considerably simplified arithmetic.
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Only thereafter the notions of lbwer and upper cut of a class are intro-
duced. The cut arithmetic is then applied to derive estimations for lower and
upper cuts of classes obtained by various class-theoretical constructions.
This purpose still requires the introduction of certain infinitary generali-
zations of sums of cuts, even leading to a new type of cut product. Some of
the hitherto stated technical results are utilized in our subsequent paper,
devoted to a more detailed study of cuts of real classes. But most of them
will be used in our articles (in preparation) investigating Borel classes and
developing a different kind (from that of Tzouvaras) of measure theory in the
AST by means of cuts.

The authors express their gratitude to K. Cuda, J. Gurigan, A. Sochor
and P. Vopénka for valuable discussions and helpful comments.

1. Preliminaries. The reader is assumed to be familiar with the basic
book [ V) on the AST. The notions, results and even conventions from it will
be used freely without any referring. Some modifications and supplements con-
cerning mainly the notation are stated below.

1.1. The letters a, b, c, d, e (possibly indexed) always denote natural
numbers, i.e. the elements of the class N; k, m, n are reserved for finite
naturals, i.e. for the elements of the class FN.

The equivalence of infinitesimal nearness on the class Q of all rational
numbers is defined by

paq=(¥n>0)(|p-q|<1/n)
for p,qeQ. Further we put
p<rqg=m(p<qlp e q),

and
p2qm(p=0=qv(p+ 0 +qkp/qgs1),

Obviously, both % and = ar€ ef -equivalences on Q. The formula p £q is read
"p is nearly equal to q".
For q&Q we denote by LqJ the lower and by fq) the upper integer part of

The sum operator X is defined for each set function f such that
rng(f) & Q by induction:

Zg=0
and -

T (fu§a,x>})= Zf+q
whenever x ¢ dom(f) and qeQ.
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1.2. To avoid possible confusions, let us fix the following notation
for the class-theoretical difference:

X\NY=§xeX;x €Y}

A class X will be called sharp if for each set u also un X is a set. It
can be easily seen that the system of all sharp classes is closed with resp-
ect to (finite) unions, intersections and class-theoretical differences. All
set-theoretically defineable classes (Sd-classes, to be short) are sharp.

Finally, we repeat some notions and results from LV 1979 3 and {C-V 1979])
introducing some minor notational changes.

For each set w the basic equivalence Ew is defined as follows:

{u,vD>e Ew iff for every set-theoretical formula g(x,y) of the language
FL0 it holds

@ (u,w) = g (v,w).

1.2.1. Lemma. (a) E, is an indiscernibility equivalence for each w.

(b) Let Y be a figure in the indiscernibility equivalence Ew and @(x,X)
be a normal formula of the language FLO. Then §x; q(x,Y)} is a figure in Ew,
too.

(c) For every indiscernibility equivalence R there is a w such that
Ew < R.

A class X is called real if there is an indiscernibility equivalence R
such that X is a figure in R, i.e. X=R"X. From 1.2.1 (c) it follows that X is
a real class iff X is a figure in Ew for some w.

One fact which has to be kept in mind is that the system of all real
classes is closed with respect to countable unions and intersections as well
as with respect to definitions by normal formulas of the language FLV. In
particular, every Sd-class is real.

2. Cuts and their arithmetic

2.1. Order and operations on cuts. A class A will be called a cut if
AS N and

(¥a,b) (akblbeA=3ach).

Thus cuts are exactly the transitive subclasses of N.
In particular, all the natural numbers and the class N are cuts. An ex-
ample of a cut which neither belongs nor is equal to N is the class FN.
Throughout the whole paper the characters A, B, C, D (possibly indexed)
always denote cuts.
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Obviously, cuts are linearly ordered by inclusion in a way that extends
the usual order of the class N. That is why we will write sometimes A %8B in-
stead of A€ B and A< B instead of A € B.

The following lemma is a trivial consequence of the linear order of cuts
by inclusion.

2.1.1. Lemma. Let 9 be a (not necessarily codable) system of cuts.
Then U and N are cuts, too.

Similarly, the arithmetical operations, namely the successor, the addi-
tion, subtraction, multiplication and division, can be extended from the na-
" turals to all cuts, and, except for the successor, even in two different ways:

A'=4a;a%A% =(A v $A}AN (the successor of A);

At B=%c;(3acA’,beB )(c<a+h)} (the internal sum of A, B);
A+ B={c;(va ¢ A,b § B)(c<ca+b)} (the external sum of A, B);
A+ B= §c;(VbeB )(ctb€&A)} (the internal difference of A, B);
A>B=4c;(3 b &B)c+beA? (the external difference of A, B);
At B=9c;(3ae A’,b6B )(c<cab)} (the internal product of A, B);
A} B={c;(va ¢ A,b ¢B)(c<ab)} (the external product of A, B);
AZB= fc;(¥beB )(cbe A)} (the internal quotient of A, B);

f{c;(3b¢ B)(cbeA)} if Bk N,
A/‘B={ 0 if B=N, A=0,
] if B=N, A= D
(the external quotient of A, B).

Obviously, both types of sum and product satisfy the commutative and as-
sociative law, 1 is distributive with respect to + and so is § with resp-
ect to ¥ . Sums and products are isotone; differences and quotients are iso-
tone in the first and antitone in the second variable.

Note that all natural numbers a, b satisfy

a'=a+1,

a + b=a + b=a+b,

a = b=a = b=max {0,a-b},
a} b=a J b=ab,

‘fa/bl if b% 0,
au b=a Ab= { N if b=ODa,
0 if b=D=a.
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Also, if ae N, then for each A the following identities can be easily
verified:

a + A=a ¥ A,

av A=a>~A, A7 a=A 2 a,
alA=al A,

adA=aAA, AL a=A Pa.

Thus we can denote a+A, a-A,A-a, a.A, a/A, A/a, respectively, the common
value of the corresponding operations. The possible ambiguity is excluded by
the agreement that a/b always denmotes the rational number a/b, and will be
not used for its upper integer part f[a/b] =ax b=aPb.

More generally, we will write A+B, A-B, A.B, A/B, respectively, whenever
it is assured (with the mentioned exception) that the internal and external
version of the corresponding operation coincide. *

A cut A will be called successive (additive, multiplicative), if A'=A
(A+A=A, A.A=A, respectively). (Note that A + A=A ¥ A, AT A=A} A, and also
A’=A +1 hold for each A.)

The only nonsuccessive cuts are the naturals; they will be also called
principal cuts, i.e. the successive cuts are exactly the nonprincipal ones.
According to the axiom of induction, the only set-theoretically definable
successive cut is the class N. This has a trivial but rather important conse-
quence.

2.1.2. Proposition. Let A be a cut and X & N be an Sd-class.
(@) If A%Nand A" X, then X\ A =h@.
(b) If N\NASX, then XnA s 0.

Proof. If A ¢ N, then it is trivial. Otherwise just note that
a’ n(N\a)= {a} for each a.

0 is an additive cut; any other additive cut is successive. Similarly,
0 and 1 are multiplicative cuts; any other multiplicative cut is successive
and any multiplicative cut except for 1 is additive.

2.1.3. Example. Every cut A satisfies A = A=0. On the other hand, if A
is additive, then A == A=A. Thus A =+ A4 A = A for every additive cut A= 0.
Similarly, for each A48 0 it holds A AA=1. On the other hand, if A is
multiplicative, then AW A=A. Thus AL A # AAA for every multiplicative cut
A+ 0,1. More generally, for every successive cut A it holds 1e&A&A, hence
ALA RA/A.
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Further, if A is an additive cut and 0<A<a, then (a-A) % A=a-A # a+A=
=(a-A)t A,

Similarly, if A is multiplicative and 1<A<a, then (a/A) 1 A=a/A # a.A=
=(a/A)} A.

We record without proof the following inequalities holding for any A, B:

A+BzA 1B, A>B4&A =8B,
A1B4A B, AAB&ALB,
(A+B) +B&A%(A 4+ B)s B,
(A£8B)~BLA4(A=B) 18,
(((AW'B)-1)1 B)+1&A&(AY B B,
(AYB)AB4A «(AAB) | B.

The following theorem and its corollary form just a slight extension of
a result from {C-V 1979); that is why we state them without proof.

2.1.4. Theorem. Let A be a cut. Then A is either a &-class or a reve-
aled class.

2.1.5. Corollary. Let A be a cut.
(a) If A is a real class, then A is either a €-class or a s-class.
(b) If A is not real, then both A, N\ A are revealed classes.

2.1.4 and 2.1.5 indicate that all the cuts are in some sense "well beha-
ved" classes. Also the following theorem becomes of more interest in view of
the results just stated.

2.1.6. Theorem. Let A, B be cuts.
(a) Assume that either A is a revealed class and B is a 7r-class, or
N\ A is a revealed class and B is a €&-class (or vice versa). Then

A+ B=A 1B and A1B=AJB.

(b) Assume that either A is a revealed class and B is a 6’-class, or
N\NA is a revealed class and B is a #r-class (or vice versa). Then, except
for the case A=B=N,

A < B=A =B and ALB=AAB.

Proof. Since the proofs of all particular cases follow essentially the
same pattern, we will present only one of them. So assume that A is revealed
and B is a g -class. We are going to show that A + B4A t B. If B=N, then it
is trivial. Otherwise B can be represented in the form B= N{ bn;neFN§ for
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some sequence {bn;ag FN§ such that bn+1‘ by, for each n. Let c&A ¥ B. Then
(¢yn)(¥agqAcg a+b ). By 2.1.2 (a) there is a sequence San;neFN§such
that a6 A" and c< an+bn for each n. Obviously, the class A" is revealed, as
well. Hence prolonging the sequences {an;nsFN 1, {bn;ne FN§ we can find an
agA and a b such that b bn for each n, i.e. beB’, satisfying c< a+b.
Consequently, cGA + B.

2.2. The congruence of near equality. Restricting the equivalence of
near equality &2 from Q to N, a #r-equivalence on the class N is obtained. In
particular, m = n iff m=n for m, n&FN.

Unles otherwise stated, the notion of monad of a point a¢ N, as well as
those of figure, interior and closure of a class X & N are related to the ar -
equivalence 2 on N. To fix the notation we put

mon(a)= {b;b=a},

£ig(x)= {b;(3 c eX)(b=c)},

int(X)= {b;(3Y)(Sd(Y)& mon(b)g Y= X)t,

c1(X)= {b; (¥ Y)(5d(Y) & mon(b) &Y =p YA X == @)}.

Clearly, the operators int and cl share all the formal properties of in-
terior and closure operators in classical topological spaces. Thus they can
be used to define the notions of open, closed and clopen class in the common
way. They always will refer to the st -equivalence

2.2.1. Lemma. For every cut A the classes fig(A), int(A), cl(A) are al-
so cuts, and it holds

(a) int(A)£A &fig(A)4cl(A),

(b) int(cl(A))=int(A),

(c) cl(int(A))=cl(A).

Proof. Since the first assertion and (a) are trivial, we will deal only
with (b) and (c). It is routine to check that

int(A)= {b;(3 n>0)([b(1+1/n)1 &« AN},

cl(A)= £b;(¥n>0)(Ib(1-1/n)T < A%,

Now, using the inequality (1+1/n)(1-1/n) <1 holding for each n>0, one can
immediately verify that

int(cl(A)) @A bcl(int(A)).
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Applying int to the first and cl to the second inequality, the required con-
clusions follow.

As it can be easily seen now, for each a+ FN it holds
mon(a)=cl(a)\ int(a),
tig(a)=cl(a).

2.2.2. Theorem. Let A, B be cuts. Then
int(A)=int(B) iff cl(A)=cl(B).

. Proof. If int(A)=int(B), then, by 2.2.1 (c), cl(A)=cl(int(A))=
=c1(int(B))=c1(B), and vice versa by 2.2.1 (b).

The cuts A, B will be called nearly equal, notation A= B, if int(A)=
=int(B) (and, of course, cl(a)=cl(B)). Obviously, a,b& N are nearly equal as
cuts iff they are nearly equal as natural numbers.

Further we put

A%B iff A<B or AB

(A is less or nearly equal to B).

As one can easily verify, =2 is an equivalence and % is a preorder on
cuts, and A= B is equivalent to A5 B&B4 A. Thus A£B4C and A= C imp-
ly A2 B=22 C. Finally, either A £ B or B £ A always holds. In other words,
denoting byl the (not codable) system of all cuts and factorizing it with
respect to the equivalence £ , i.e. regarding =% as the equality, the fac-
tor system of /22 becomes linearly ordered by & .

A trivial consequence is the following:

2.2.3. Lemma. Let W4, M be two (not necessarily codable) systems of
cuts -such that -

(VA M)(3Be N)ASB)

and

(VB e ¥ )3Aa M)BLA).
Then

UM UAN.

2.2.4. Theorem. Let A, B, C, D be cuts. If A C and B =20, then
A+BxC3sD, AIBeaC?ID,
AY BECY1D, AJBeCy D.
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Proof. We leave to the reader the straightforward verification of the
following equalities, from which the conclusions of the theorem immediately
follow:

int(A) + int(B)=int(A + B),,
cl(A) ¥ cl(B)=cl(A + B),
int(A) 1 int(B)=int(A 1 B),
cl1(A) J cl(B)=cl(A} B).

In other words, = is a congruence of the algebra ¢l ; +, + ,1,l>.

Hence also the factor system o/~ can be endowed with the corresponding
operations in the obvious and natural way (cf. e.g. [Gt 19681).

2.2.5. Remark. Analogous results can be established for both the divi-
sions  and A , as welli. However, we will not utilize them. On the contra-
ry, neither the internal nor the external difference preserves the near equa-
lity of cuts. Indeed, for a ¢ FN it holds

int(a)=a-a/FN,

cl(a)=a+a/FN
and
int(a)=cl(a).

But, as one can easily verify,
int(a) = cl(a)=int(a) = cl(a)=0,
cl(a) = int(a)=cl(a) * int(a)=a/FN.

2.3. Classification of cuts. The dichotomic partition of all cuts into
the additive and nonadditive ones will become of substantial significance

from the measure-theoretic point of view. Now, we are going to refine this
classification using topological methods based on the # -equivalence =£ on N.

Some of the results stated below could be also proved by another way
round , using the fact that the s -equivalence =2 is compact on the class
a.FN N\ a/FN for each a6 N and referring to some results concerning indiscer-
nibility equivalences from EV]. However, we prefer to give more direct and
elementary proofs.

For each cut A we can form the class of rational numbers

Q(A)= {a/b;aeA” & 0 #beN\AS.
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Since for each q€Q(A) it holds 0% q £ 1, the class Q(A) determines a single
real number

8,=sup Q(A)
for A% N. For A=N, in which case Q(N)+@, we put
GN=0.

Obviously, Q(0)= {03, hence 8,=0. But for any a# 0 there is a/a=l¢ Q(a),
hence 8_=1. Conversely, if 1€ Q(A), then A is a natural number.

Now, we turn our attention to nonprincipal cuts.

2.3.1. Theorem. For every nonprincipal cut A the following conditions
are equivalent:

(a) A is additive;
(b) 8,=0;
(c) A is clopen.

Proof. (a) =% (b): If A=N, then 9A=0 by the definition. Otherwise, for
a€A=A", b ¢ A it holds na<b for each n. Consequently a/b = 0 and 9A=0.

(b) = (c): N obviously is clopen. Otherwise, 9A=0 means that a/b= 0
for a€ A, b¢A. Hence int(A)=A=c1(A), so that A is clopen.

(c) = (a): Assume that A is not additive, i.e. there is an ag A such
that 2a ¢ A. We will proceed by induction using the well known idea of Can-
tor. We put b =a, c =2a, d = F(b+c /21 and brs17%n Cnep=Cn if 0 €A, or
bn+1=bn’ cn+1=dn if dnﬁ A. Then {bn;ncFN}, {cn;ne FN are two sequences of
natural numbers such that for each n it holds bn & bml‘A <Cn+1 & ch and
(c,-b)/a & 21", Then B= U% bsn € FN t, c=N4& cn;ncFN} are cuts such that
B4A%C and B3 C. But from the construction it follows that int(A) & B and

C 4% cl(A), therefore A is not clopen.

However, note that also each n¢ FN is clopen, though, except for n=0,
not additive and 8n=1.

2.3.2. Theorem. A cut A is not additive iff 8A=1.

Proof. It is enough to show that for each nonprincipal, nonadditive,
proper cut A it holds 80=1. Assume that 9A<1, i.e. there is an m >0 such
that a/b <1-1/m for all ac A, b € A. Then cl(A)n cl(N\ A)=@, consequently A
is clopen and, by the preceding theorem, additive - a contradiction.
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Thus OA takes only two values - 0 and 1.

We proceed by classifying the nonadditive cuts.

2.3.3. Theorem. For each cut A the following conditions are equival-
ent:

(a) A=int(a) for some ad¢e FN;

(b) A is a nonadditive €-cut and

(VqeqA)(qg<e1);

(c) A is open but not closed.

Proof. The implications (a) =& (b) = (c) are trivial. In order to show
(c) = (a) it suffices to realize that each agcl(A)\ int(A) works.

The next theorem follows by a dual argument.

2.3.4. Theorem. For each cut A the following conditions are equivalent:
(a) A=cl(a) for some a & N;

(b) A is a nonadditive #-cut and

(YqeQ(A))(q<l);

(c) A is closed but not open.

2.3.5. Theorem. For each cut A the following conditions are equivalent:
(a) int(a)eA<cl(a) for some a g N;

(b) A is nonadditive and not a figure in = ;

(c) AgFNand (3q€Q(A))(q&1);

(d) A is neither open nor closed.

Proof is trivial.
Theorems 2.3.1 - 5 yield some immediate corollaries.

2.3.6. Corollary. Each cut A is either additive or nearly equal to a
natural number, but, with the exception of A=0, not both.

2.3.7. Corollary. The only nonadditive cuts which are figures in &
are the positive finite naturals and cuts of form int(a) or cl(a) for a* FN.
Hence, they all are € - or #f -classes.
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2.3.8. Corollary. Let A be a nonreal cut. Then A is a figure in = iff
A is additive.

For the completeness sake we state without proof a result due to A. So-
chor [ S 1988].

2.3.9. Theorem. Every real cut A satisfies exactly one of the following
four conditions:

(a) A&N;

(b) A is additive and A= 0:

(c) A=a-B for some a ¢ FN and some additive cut B such that 0< B<a;
(d) A=a+B for some a ¢ FN and some additive cut B such that 0<B<a.

Besides, by transfinite induction over the class £L, Sochor has const-
ructed a nonreal cut omitting each of the conditions (a) - (d).

We close this section, as well as the whole paragraph, with an applica-
tion of its results to the addition of cuts.

2.3.10. Theorem. Let A, B be cuts. Then A + B <A ¥ B.

Proof. If both A, B are additive, then, as easily seen, A + B=AuB=
=A ¥ B. If one of the cuts, say A, is additive and the other, i.e. B, is not,
then there are two possibilities. If B & A, then obviously A + B=A ¥ B=A. If
A<B, let us choose a b such that B2 b. Then A & b/FN and
int(b)$ B4£A +B4A ¥ B& b/FN ¥ B=cl(b), hence A + B A % B. Finally, if
both A, B are nonadditive, and A= a, B=Xb, then A + B a+b = A + B obvious-
ly holds.

As we have just proved, both the operations induced by + and + in the
factor system o /22 coincide. This justifies the use of the common symbol
+ when computing the sum of two cuts up the near equality 22 . In order to
find a representation of the result, any of the operations + , + can be used.
Contrariwise, an analogous result for the multiplication does not hold. Name-
ly, for each a ¢ FN it holds

(a/FN) 1 FN=a/FN and (a/FN) § FN=a.FN.
The results are even different additive cuts, hence they are very far from

being nearly equal. '
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3. Cuts of classes

3.1. Basic estimations. Each class X determines in a natural way two
cuts - the lower cut of X,

X=£a;(3u)(u € X 8a Y u)},
and the upper cut of X,
%= fa;(Vu)(X s u=p a Ju)}.

Clearly, for any X both X and X are cuts, and X € X. The meaning of the
lower and upper cut of a class X becomes perhaps more transparent from the
successor of the former

X =4a;(3u)(ug X &Kal ui.
and the complement of the latter
NAX: §a;(3ud(X S udadvu)l.

The class X is said to have a cut if X=X: we denote by |X| the common
value of X and X in this . Thus the expression |X| is defined and will be u-
sed only for classes X having a cut.

Some simple properties of cuts can be verified immediately; we list
them consecutively without formulating them as theorems.

For all X, Y from X & Y it follows X &Y and X & V.

If X is a real class, then owing to 1.2.1 (b) both X, X are real clas-
ses, hence by 2.1.5 (a) each of them is a ®-class or a fr-class.

Obviously, every set u has a cut and |u| is the number of elements of u,
i.e. the unique natural number a satisfying as u. Conversely, if for a class
X either X¢ N or X &N holds, then X is a set.

X is a semiset iff X<N.

Every Sd-class X has a cut, and it is a proper class iff |X|=N.

Finally, let us note that each cut A has a cut and |A|=A.

The classes X, Y are said to have the same cuts if X=Y and X-Y.

The following lemma is trivial.

3.1.1. Lemma. If F is a one-one set-theoretically definable function,
then for each X & dom(F) the classes X, F"X have the same cuts.
In particular, for every relation R the classes R, R'1 have the same
cuts.
3.1.2. Proposition. Let F be an Sd-function and X be a class. Then
(a) Fx&¥X,
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(b) if moreover X € dom(F) and F is one-one on X, then also X £ F"X.

—"

Proof. (a) Let agF"X. Then for each u 2X it holds F"X & F"u and
a Q F"u R u. Hence a &X.

(b) Let ag¢X and u&X be such that a Qu. Then a Q udFu e F"X, hen-
ce a&F"X.

3.1.3. Corollary. (a) Let R be a relation. Then dom(R) & R.
(b) Let G be a function. Then G 4 dom(G).
Proof. Just put F(x,y)=y and apply 3.1.2 to the classes F"R and F"G.

Given a class X, the cut 71-_{ will be called the gap of X.

3.1.4. Lemma. For each class X it holds

X = X={ci(vyu,ueXEvegcC Zviu)t

Proof. Obviously, ce¢ X « X iff for each u § X it holds c+|u|&X, i.e.
iff for any u, v the inclusions u € X& v imply c+|u| <]v].

3.1.5. Proposition. Let F be an Sd-function and X be a class. Then

"X - F"X4X = X.

Proof. Let ceF'X + F"X. Then for any u, v such that us X & v it
holds F"u & F"X € F"v, hence c Q F"v\F"u & F"(v\u) % v\u.

Consequently, ceX + X.

3.1.6. Proposition. For all classes X, Y the following assertions hold:
(@) XAYP=p X+tY&XUY;

() XoY&XtV;

(c) if there is a sharp class S such that XgS, Yn S=8, then

Xu Y:X+tYand XuYX + V.

Proof. (a) is completely trivial.

(b) Let caX U Y. Then for any u 2 X, v2 Y it holds c<X uw v |ul+
+|v]. Hence ceX * V.

(c) Owing to (a), (b), each equality requires the proof only for one
inclusion. Instead of X WY &X + Y, we will show (X v Y) "&(X + Y)', which,
obviously, is equivalent to it. So let ce (X wY) . Then there isa w& X u
VY such that c & w. It is enough to put u=w A S &Y, v=w\ 5 & Y, in order
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to see that c=|ul+|vie (X + Y) .

The proof of X $ Y2 X gV is quite analogous.

3.1.7. Proposition. Let X, Y be classes such that X & Y. Then
(8 Y=X&Y\X&W\X&V =X

— -

(b) if X is a set, then Y\ X=Y-|X| and Y\ X=Y-|X|;

(c) if Y is a set, then Y\ X=|Y|-X and YN X=]Y|-X.

Proof. (a) Llet ceY =X, Then there are u, v such that X € u, v €Y
“and c+|u|< |v|. Then c<|v|-lu] £ |[v\u| and vNu € Y\ X. Hence c &Y\ X. Now,
assume that c # Y + X. Then there are u, v such that u& X, Y € v and c+lul=
=|v|. Hence Y\ X € v\u B¢, therefore c ¢ TN X.

Owing to (a), it suffices to prove only one inclusion in each of the
remaining particular cases. Since the proofs of (b), (c) are very similar, we.
will show only (c), which 'is more important and a bit less easy.

(c) Let ch-\)_s and u € Y \X be such that c®2 u. Then X € Y\u and c+
+|Y\u|<c+|Y|-c=|Y{. Hence ce|Y|-X. Now, let c&|Y|-X. Then for each
v 2 Y\X it holds Y\v & X, therefore c+|Y\v|<|Y| and c ¥ Y v € v. Hence
ceV\X,

The assertion (c) is a kind of duality enabling us to transform some
questions copcerning upper cuts of semisets to analogous ones concerning
their lower, and conversely.

3.1.8. Proposition. For all classes X, Y the following assertions hold:
(a) X=Y=X1Y;
(b) X=xYeX} V.

Proof. (a) For ce XY there is a set w & X =Y such that cX w. Then
rng(w) & X, dom(w) & Y and c % w & rng(w) = dom(w) & X =Y. Hence c¢X T Y.
Conversely, if c€X t Y, then c<|u|.|v| for some us X, v &Y, hence ¢ ¥ u x
®vg XnY and ce X xY.

(b) Let ceX=Y. Then for all u2 X, v2 Y it‘holds X»xY& uxv, hence
c<|uxv|=|ul.|v|. Consequently, ce¢X § V.

However, as we shall see later, the external product X 4 Y can be very
far from both the cuts X 1 ¥ and X=xY, even if X, Y are cuts themselves. Thus
Just in the opposite to the situation with the union of disjoint classes X, YV,
where

XtY&XuYeXove¥X1iv,
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so that X< X and Y=Y imply the near equality
XiY2zxoYaXovy=X?ty,
the estimation given in (b) is rather loose.
3.2. Infinitary sums of cuts and the subexternal product. In order to be
able to grasp also the cuts of unions of some codable infinite systems of
classes in terms of cuts of their members, we generalize the internal and ex-

ternal sum of two cuts to certain infinitary operations.
From 3.1.6 (c) it follows that

A 1 B=(A x{0}) v (B x{l})

and

A% B=(Ax40}) U (B 11})
for any A, B. A straightforward generalization leads to the following defini-
tions of the internal and external sum, respectively, of a codable system

{Ay;st} of cuts:
g{Ay;y¢Y}= UiA xtyiiye i,

'Z(Ay;er§= U{Ay*{yi;yﬂ}.

Obviously, g%Ao,Al's =A% A, and Z{.AO,AI} =A, L4 A, for any Aj, A,.
The meaning of our definitions can be visualized by the following:

3.2.1. Proposition. Let {Ay;y ¢Y% be a system of cuts and aeN. Put Yo=
={ye Y;Ay+ 0%. Then

(a) aeZ4iA;yeY}iff there is a function f such that dom(f) € Y,
(Vye dom(£))(£(y)€ A): )and a< =¥,

(b) ae.Z{A 3y € Y} iff for each function f from Yog dom(f), rng(f) s
€ N and (Vngo)(f(y) § Ay) it follows a< = f.

Proof. Let us denote K= U4 Ay" {y};ve YL Then f.{Ay;ye Y3 =K and
é{Ay;YG v} K.
(a) Let agK. Then a% u for some u & K. Then the function

dom(£)=dom(u) € Y and f(y)=lu"{y}|cA; for y¢ dom(f), satisfies a< |ul= X £.
Conversely, let a € X f for some function f satisfying the conditions reuir-

f, such that

ed. Then for the set
u= UL 1(y) x {y¥;ye dom(£)§ € K

also a < £ f=|u| holds, i.e. agK.
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(b) Let aeX. Take an f satisfying the stated conditions. Then u=
= U{ £(y)x iy};y ¢ dom(£ k2K, hence a<|u|= £ f. Conversely, let a< £f for
every such an f. Take a u2K. Again, putting dom(f)=dcm\(u)2Y0 and £(y)=
=|u"{y}| for yedom(f), we obtain f(y) ¢ Ay for yg Y . Hence a <Z f=|ul, i.e.
aek.

3.2.2. Theorem. Let R be a relation, Y=dom(R). Then

(a) R&={R™My};yeY},

(b) Z{RTyi;ye YELR.

Proof. Llet us denote Ay=R"{y§, By=R"z ¥, K= U{Ayx{yi;ch},

M= U3} Byﬂ {ylye vi.
(a) Let agR. Then a X u for some uSR. We put v= U{|u"§y}] =fyi;

yedom(u)§&K. Then aX ud v, hence agK.
(b) Let aeM. Take a u2R and put v= U{|u"fy}|= dyk;ye dom{u)} 2 M,

then a% v&u, hence a&R.

For relations with countable domain even more can be proved.

3.2.3. Theorem. Let R be a relation and Y=dom(R) be a countable class.
Then

(a) R=Z{R"My};veYi,

(b) R=Z{R"Ty3;y e 3.

3.2.3 is in fact a special case of the following generalization of 3.1.6.

3.2.4. Theorem. Let {Xn;nGFN§ be a sequence of classes, and X=
= U{ Xn;n 6FNY.

(a) If X AX =@ for man, then X4 X ine FN3 & X.

(b) X&Z{TinefNE. -

(c) If there is a sequence {Sn;ncFN§ of sharp classes such that Smnsn=
=@ and X &5, for all m$n, then

X=FAX ;e FN
and -
X- 'z&x‘n;n. FN%.
Proaf. Let us denote K= U4X »4n};n€ FN§, M= U{X x4nk;neFNY.
(a) Let ag¢K. Then a 2 u for some u€K. Then dom(u)€ FN is finite so
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that we can find a set vn5 X, such that vnc"vu"{nl for each ng dom(u). Since
Vi vn=ﬂ for m, ne dom(u), m * n, the set v= U{ vpine dom(u)§ € X satisfies
a% uav. Hence a6 X.

(b) Let aeX. Take a u 2 M. Since those n for which X,=8 do not mat-
ter, we can assume without loss of generality that FN € dom(u). Then for each
n€FN there is a vh 2 Xn such that vno’-‘. u"{n}. By the axiom of prolongation
there is a function g such that FN S dom(g) & dom(u), g(n)=vn for each ngFN
and g(x) A u"f{x} for each xedom(g). We put v= U{g(x)={x¥;x ¢dom(g)} 2 X.
Then aX v 3 u, hence ae M.

(c) According to (a), (b), we have to prove only one inclusion in each
.case. 5o let a€X. Then a % u for some u € X. We put un=unSn§ Xn for each
n. Then u n un=ﬂ for m= n, and u= U{un;neFN t. There has to be an m_such
that u=uou...uum. Then a<|u|=|u0|+...+|um|, hence ag K. Now, let ae M. Ta-
ke a u2 X and put usun Sn 2 Xn. By the axiom of prolongation there is a
function g such that FN & dom(g), g(n)=u_ for each n, g(x) A g(y)=@ for all
x,yedom(g), x $y, and U{a(x);xadom(g)j & u. We put v= U{|g(x) |x{x};
x€dom(g)3 2 M. Then a® v& u, hence a¢X.

Let A be a cut and {Ay;y e Y} be the constant system of cuts such that
Ay=A for each yeY. We put

At Y= ;{Ay;ya Y3}

(the internal product of A, Y),
and

A® Y=Z4A5y6 Y}

(the subexternal product of A, Y).

By the definition A 1 Y=Ax Y. Therefore our notation is justified by
3.1.8. Summarizing:

3.2.5. Theorem. For arbitrary classes X, Y it holds

X% Y=X 1 Y=X1Y.

Proof. X% Y=X%Y=X § Y=X 1 Y=X=RY.

However, the subexternal product still does not behave so smoothly. Let
us start with some trivial observstions.

For any cuts A, B it follows directly from the definition 7\_;3_=A ® B.
Now, 3.1.8 yields '

A1 B&AOB4A) B,
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Hence 2.1.6 (a), (b) give also some sufficient conditions for the coincidence
of the subexternal product @ both with 1 and J . In such a case A.B de-
notes any of A¥ B, A@B or Al B.

3.1.1 implies the commutativity and associativity of the operation ® on
cuts. Then 3.1.1 and 3.1.6 (c) suffice to establish its distributivity with

respect to the external sum +

3.2.6. Example. If a ¢ FN, then int(a)x cl(a) # int(a)=cl(a). Indeed,
a simple computation gives

int(a)= cl(a)=(a-a/FN) 1 (a+a/FN)= 2
=(a-a/FN) ¥ a + (a-a/FN) 3 (a/FN)=(az—az/FN) + a’/FN=int(a®),
int(a)» cl(a)=(a-a/FN) @ (a+a/FN)=
=(a-a/FN) @ a  (a-a/FN) © (a/FN)=(a’-a2/FN) % a2/FN=cl(a?).

3.2.7. Theorem. Let A, B, C, D be cuts such that A==C and B 20D. Then
A®B2C® 0.

Proof. According to the commutativity of @& , it is enough to consider
the case B=D. If A=C, there is nothing to prove, so we can exclude the case
of additivity of A and/or C. Let a satisfy A ®€a XC. If B is additive, then
obviously A ® B=a « B=C ®B. Otherwise, B=tb for some b. Then A@ B 2ae+b =
~xC OB8.

Thus the equivalence =2 is a congruence with respect to the operation @
on £, as well.

3.2.8. Theorem. If A, B are cuts and not both of them are additive and
nonreal, then

A®B=A1B.

Proof. It suffices to consider the following particular cases:

(a) A, B are not additive, A= a, B=b. Then A®@ B Zasb XA Y B.

(b) A is additive and B2 b is not. Then A® B=A« b=A 1 B.

(c) A, B are additive and either exactly one of them is not real, or
both are &-classes, or both are #r-classes. Then A Y B=A® B=A § B fol-
lows from 2.1.5 (b) and 2.1.6 (a).

(d) A, B are additive cuts, A is a gr-class and B is a 6 -class. Then
the conclusion follows from the following more general result.
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3.2.9. Lemma. Let A be an additive cut and B a 6-cut. Then
A®B=A 1t B.

Proof. Excluding the trivial case Be€N or B=N, B can be written in the

form B= U{bn;nCFNl for some sequence of naturals such that b0=0 and l:oncbn+
for each n. It suffices to show A®@ B£A 1 B. Let c¢ A% B. Then
(va CA')(Vn)(a- +1%¢). By 2.1.2 (a), for each n there is a d_ ¢ A such
that d eb lﬁc As A is additive, for each n even Ld /2""1.) 4 A. By the ax-
iom of prolongation there are functions g, h and an e € N\ FN such that
dom(g)=e+1, dam(h)=e, g(m)=b_, h(n)= Ld /2™Y for each n, and 29*1. h(3)
« 8(3+1)£c for each j<e. A function f with domain g(e) will be defined by
f(i)=h(’i.’), where T denotes the unique natural number j<e such that g(N4i<
< g(j+1). Dbviously, B & dom(f) and £(i) ¢ A for i€ B. A simple computation
gives

1

Ef= Z n(3)(g+D)-g(3)) & 2 hG3) a(iel) & £ c/23lcc.
e e

Owing to 3.2.1 (b), c § A®B.
The question whether there are two additive nonreal cuts A, B such that
AOB$A1B, i.e. A@ B# A1 B, remains open.
Nevertheless, restricting our attention to the (codable) system .6; of
all real cuts (i.e. to €- and ar-cuts only),
(Lgs s }1,3,*,%,),0,4,7 becomes a subalgebra of
Litr¥y,35,2,1,4,0,¢,22 and £ is still a congruence of
(J,'o; +,%,1,4, @7 . Excluding the operation § , which will play only
an auxiliar role in what follows, not only + and + , butalso !, @ coin-
cide on .L'O/L“- . In other words, the factor algebra (.‘CO; +,%,1,02 /2
can be regarded as endowed solely with two basic operations + (corresponding
to+ and + ) and + (corresponding to ¥ and @ ), i.e. as (.[0/5; + 00

3.2.10. Example. As we have already seen,
(a/FN) 1 FN=a/FN 4= (a/FN) J FN

for a ¢ FN. But from 3.2.9 it follows that
(a/FN) ® FN=(a/FN) 1 FN=a/FN.

Hence the class (a/FN)x FN has a cut, namely a/FN, not coinciding with the
estimation ae FN arising from 3.1.8 (b).

3.2.11. Theorem. Let {An;nt FN§, {Bn;n‘ FN} be two sequences of cuts
such that Ang Bn for each n. Then
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(a) = &An;nsFN e g{Bn;nsFNi,
() % LA neFNEXZE {8 ineFNE.

Proof. (a) Obviously,
= iAine FNE = ULA ¢ .ot A in€FN§,
and analogously for the other sequence. By 2.2.4

Agteee vt ALZB ..ot By
for each n. The conclusion follows from 2.2.3.

(b) is a consequence of (a) and of the following result.

3.2.12. Theorem. Let {An;ne FN$ be a sequence of cuts. Then
= (A nerNE = LA ine FNE.

Proof. Let us denote B= Z €A ;n& FNj, C= = LA ;n€FNE. If B is addi-
tive, then, as for each n obviously An‘ B holds, using 3.2.9 we obtain B£C¢
428 ®FN=B. If B2 b is not additive, we put X=§ n& FN; A, is additive}. Then,

obviously,
B=£ {AneX3+ X {A ;neFNNXE,
C=E4Anext 3 E4a neFNvx}.

As both the first summands are additive, it suffices to prove the theorem un-
der the assumption that Anz a, is not additive for each n. It is just enough
to show that C & cl(b). Let c#cl(b). Then there is a k€ FN, k>0, such that
b(1l+1/k) <c. Without loss of generality we can assume that 8 +...+a, £ b for
each n (cl(b) is revealed!). We put C,® Lan(l+1/k. 2n+1))J. Then A 4 c and
[} +...+cn£b s (1+41/k) £ c for each n. By the axiom of prolongation there is a

()
function g such that dom(g) € N\ FN, rng(g) & N, g(n)=cn for each ne FN, and

Zg4c. Hence c ¢ C.

We have proved that not only finite but also countable internal and ex-
ternal sums of cuts preserve the equivalence =2 and coincide with respect to
it. Hence the "FN-ary" operation = can be introduced on the factor system
J£L /=2 , as well as on -C'o/-'= , and both g . i can be used to compute
its value. For reasons that will come out later the (infinitary) algebra

(.6'0/ 2 .4+, ¢, 27 will be called the algebra of Borel cardinals. As a
trivial consequence of 3.1.1, the distributivity of the product, even with
respect to the countable sum = is obtained.
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