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COMMENTATIONES MATHEMATICAE UNIVERSTATIS CAROLINAE
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ADDITION OF INITIAL SEGMENTS II

Antonin SOCHOR

Abstract: In the previous paper [S) we extended addition and subtract-
ion to the system of all initial segments of N. In this article we continue
in the investigation of properties of these operations and we describe some
examples. .

Key words: Alternative set theory, natural number, finite natural num-
ber, initial segment, gr-semiset, & -semiset.

Classification: Primary 03E70
Secondary 03H15

This paper is a direct continuation of the article [S].

We use the notation usual in the alternative set theory (see LV]); comp-
lete subclasses of N are called initial segments and cuts are initial seg-
ments closed under the successor operation; the letters R, S and T are reser-
ved for variables running through initial segments. The results of the paper
.51 are cited using the number of the result in guestion only; we numer the
results of the present article in accordance with [S71.

For every two initial segments R, S we define (see LS))

R'=Ru{R?

R+S=§ ;5 (It 6 RDI(AB6 S )P +BE

R+S={%;(Vp &S5 )®+BeR}

R*=§4 ;(Vot € R )R+t &R} =R +R.

The magnitude of the class R determines considerably the behaviour of
addition and subtraction on the class R (see e.g. (5)). The following result
helps us to determine the magnitude of the cut R*.

(20) a) (R)*=R*=(R"*,
to prove this assertion it is sufficient to use the definition of R* and (14).0

b) (R+s)*=R*u 5",

For every & (R+5)” there are & R” and (3 & S such that v & o« + 3
(cf. (3b)); furthermore, for every 19;?9R+u s* either A+ +x & R or B+ pes




and therefore (cf. (3c))

D+ ePro + BERS.

If & & R'US* then there is & & R'v S™ with 2% < B (see (14) and
(16)) and using the definitions of R* and S* we can find «c& R and e S
with

L+ FEREB+F &S
and hence by (15) we get

L+ + Pz T B+ ¢ RSB+ B RS . D

c) SeR—+R=+5)" =R'us’.

Let e R'US and let ve R+ 5) (i.e. (VB&S)w+B &R). We want to
show %+ T @ R+S, i.e. that for every 3 € S° it is

($+2)+ B € R.

However, this is trivial in both cases: if & S*, then P +RB&S and thence
4+ f +1€S" from which

O+ +1+vER’
follows. If 9 & R* then it is sufficient to use the definition of R* because
“+f3eR.

If S & R*uS*, then we can again choose ) é R'U St with 240 4 2% and
further we are able to fix {3& S” with /3+F¢ S. Without loss of generality
we can assume (3+3’ & R because

R=5S—> (R +5)* =(R")* =R* .

Therefore we are able to fix moreover & € R~ with
prd <&+ T §R.
The natural number o - (3 +a%) is an element of (R 5 S)  because for every
F &5 we have B4 ] +7¢ and therefore

% - (B+P+BSaceR’.
However,

(- (B+F)+P)+(B &oc + DER,
which implies -

«<-(f3 +3)+D ¢ RS
and consequently & ¢ (R~ .

The last result and (5) imply the equality

(R+5)+5"=R+S
for all initial segments and if SQR, then we get moreover

(R=8)+8"=R +5.

Now we are going to investigate the behaviour of the operations + and + for
monotonous systéms of initial segments.
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(21) a) If for every ngFN we have
RnS Rn+18‘ Sn5 Sn+1 ’
then
VAR ;n€FNB+ UES ;neFN=ULR +S ;neFNE. O

b) If for each ngFN we have

Rn+1E Rn&SnSS
then

DR sne PNy U €5 inePNE=MER_ < S snefNE,
because the following formulae are equivalent:

Fe(NLR ;neFN = ULS ;ncENY)

(VnefFN)(Y Be S )%+ B eN{R ;meFN}
(VnefN)(VB e S )(¥meFN)B+BeR

n+1?

and the above stated formulae are equivalent furthermore to the formulae
(VneFN)(V BeS)S+Bs Ry
Se ﬂfRnT Sn;n eFNE
because the systems of Rn s and Sn ‘s are supposed to be monotenous. (in de-
tail: Let n,me FN be given and let
(VkefN)(¥RBe 5 )R+BeR, )
hold. If m&n, then for every {S I3 Sn we have
P+BeR SR ;
if n4m, then Sngsm and thus
(VY ReSPH+peR
follows from
(Ypes)Pd+peR)). (]
If for every neFN we have
Rn e Rn+18‘ Sn+1 S Sn& Tn+l S Tn ’
then the formulae
U{Rn-,- Sn;neFN tc U{Rn;neFNi—_—-n{ Sn;nsFN}
and
N &Tn;ne FN}+ N { S,ine FNte n {Tn+5n;ne FN?¢
are trivial consequences of (7), however, the following examples show that
these assertions cannot be strengthened to equalities.

Choosing the sequences {#n;ne FN% and {frn;ne FNZ and g e N with

Bnr P& N&2 g+ T ¢ NI <GB (Ynef 7 < €
and putting
R=§+n{0~n;neFN}
Sn= '&‘n - FN
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RTI: §+'L’n+FN

S= U{/un;ﬂeFN}

Tn=(g - 'z'n) ~ FN
we get

VAR = Sn;ne FN}cR = N S.Sn;neFN}

V4R +S;nefNIc ULR snefN3 =S
and

NST ;N 6FNF +5 C NAT +S;naFN?

(and the initial segments in question are nonempty cuts with Sng R& S¢ Rn)'
In fact, we have
§6 RTNLS ;neFNE =(g +N4dineFN) = N {1 B ;nefN}
and
& R=(H FNSR =3
furthermore
gs L/{Rn;neFN}T S
and on the other hand,
3 ¢ R, <S5

because
&+ 7n+1 * Rn'

n+l1’

‘To prove the last claim let us realize that for every ngFN it is

?=( E’ ':‘n+1)+ Thel & TS
and on the other hand, assuming

Fe N AT ;neFNE+S
one could find e, 3 with

6 (LT 5neFND) = (LT sneFNER B S'=S&E<a+f -

Thus there would be n¢FN with

f< * vy
which contradicts the choice of the class Tn.

If R and S are real classes, then the classes R+S and R~ S are real,
too. In other words, if R and S belong to the system of all » -semisets and
¢ -semisets, then R+S and R+~ S belong to the same system. Furthermore, if
we know whether R is a Jr-semiset or a 6'-semiset and whether S is a sy -semi-
set or a &-semiset, then we can in some cases decide whether R+S (R = S res-
pectively) is a g¢r-semiset or a & -semiset. Let us note that all possibili-
ties which are not excluded by the following statement can be realized.

(22) a) If Rand S are 9r -semiset ( € -semiset respectively), then R+S
is also a gr -semiset ( & -semiset respectively). Let
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R= Ny sn e FNF&S=0XJ inePNIB(YneFN)(p ) € o &0 2 07)-
Evidently

R+S E(\{‘B’n" CJ‘n;neFNf.

Using the prolongation axiom we can fix monotonous functions f, g with

(¥n eFN)(£(n)= o, &g(n)=d)).

If

Ve N {y +J ;nefN,
then there is w ¢ FN such that

(¥ £ @) P<E(»)+g(»)
by overspill. Evidently

fle) e (Nl inaFNE) ‘& a(w) 6 (N L4750 €FND)’
and therefore

Bo< t(@a(@) ,
is an element of R+S. The second assertion is a trivial consequence of (21a)..[]

b) If R is a gr-semiset and S is a & -semiset, then R+ S is a 7¥-semi-
set and S< R is a & -semiset.

The statement (21b) implies the first assertion. Let

R= r\i'x'n;ns FN{&S= U £ By GFN} & (VY neFN)( Bn% Bae1% ¥nel ?’n)'
The inclusion

S—ReU{B, vy nefN}
follows from (7). According to the prolongation axiom we are able to choose
monotonous functions f, g so that

(VneFN)(f(n)='rn&g(n)=ﬁn).

Let

F4ULR, = 7, ineFN?
be given. Using overspill we can find (u.¢ FN with

(Yy £ )P 29(v) =+ 1(»).

Obviously

9(w) ¢ S&E(u)ER’
and thus

() Z g( @)
implies 4 ¢ S<R. O

The following six examples confirm our claim that all possibilities which
are not excluded by the last statement can be realized.

At first let us realize that if R is a oy -semiset ( 6 -semiset respecti-
vely), then for every § , the initial segment € +R is a ®’-semiset ( & -se-
miset respectively) and £ <R is a &-semiset ( ar -semiset respectively).

If R and S are cuts closed under the operation +, then
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_—R, if SgR
R+5:
5, if ReS

and thus assuming that R is a ar-semiset and S is a 6-semiset we see that
the sum of a gr-semiset and & -semiset can be sometimes a ar -semiset and at
some other time a € -semiset.

Furthermore we have

R< R=R*=R and § = 5"=5"=5
and moreover for every E with

RuS & g
we get

(=R = (g= R=(§ + R'R"=R
and

(f= 9+ (f+ 9=(g =955
according to (21) (and (14)) and hence neither the system of all g -semisets
nor the system of all @ -semisets is closed under the operation T*.

In (19a) - (19c) we have described the class R+S under the assumption
that both R and S are real. The following four results can be considered as a
description of R+S, too: however, now we replace the assumption of reality of
S by the assumption that S is closed under the operation + (we have $=5" in
this case).

(23) 1f

R= N{yp ;neFNE
and if there is e S* such that

(¥neFN) ;= 7, € 2>
then

R+S= 9 +5.
The inclusion

R+5& 7-0+S )
is a trivial consequence of (7). Let f be a monotonous function such that

(¥n 6 FN)E(n)=min( Toroos Tn)

(the existence of such a function is a consequence of the prolongation axiom).
We can choose ¢ FN so that
(Vo £uw)E(»)2E(v +D&E(0)-1(») £2).
Evidently
(¥nefN)E(w) €9,
and thus
f(w) eR".
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Therefore for every (3 € S  we have
2ot A= @) (EO)-EC ())+ R 41 @)+(w + )& ReS

N + s s .
because %+ 36S is a consequence of & & S . The converse inclusion is pro-
ved. D

(24) 1f
R=O{g;neFNY
and if

(VneFN)(grn+l £y )& (¥YnefN)(VY Bes)(3 mefFN)(y - n>B)s
then

R+S=R.
If « €« R', A& S  and neFN are given, then we can choose me FN with
T ¥n 2 and thus (since = £ 'ym) we get

wt By ((y -y)= 7y
We have proved

(vnefFN)et+ 3 £,

ie. x+f3 6 R” and consequently we get R+SSR; the converse inclusion is
trivial. 3

(25) If

R= U{ocn;nanZ»
and if

(¥nefN) <,
then

R+5= ~<.0+S.

+
l?ocnﬁs ,

Really, if oce R" and 3€ S’, then there is n€FN such thatec € o¢ , and
we have n
X+ R eyt fagr Z oy )t B8 XS
because
n +
k2=0 (o€ o) ) 6 S
according to (14) and because this fact implies
L]
= (o) roc )+ B € S.
The converse inclusion is a trivial consequence of (7). O
(26) 1If
mU(«n;nem}
and if
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(¥neFfN)
then
R+S=R.
For eachoce R* and B & S’ there is ne FN so thatec £ oc  and therefore
o+ B gac (oo, = o )&max(oe o 1 )ER’
is a consequence of the implication
°‘n+1_"°°n*s-"°‘n+1~'-°‘nzﬂ' =

1T %0 ¢95),

At the end of the paper we are going to describe some particular exam-
ples.

(27) a) For every g , the initial segment

{®;(3InefN) n ¢ > S>3
is the smallest initial segment containing € and closed under the operation
+ 3 if € > 1, then the class

£¥;(3nefN) nf> B
is a cut. 0

b) For every f » the initial segment

{P;(¥nefN) n¥ < g}
is the maximal initial segment closed under the operation + and not contai-
ning g 3 if g* FN, then the class

{3 ;(¢vnefN) nd < €} a
is a cut.

(28) For every € ¢ FN we have

€ v {9;(¥nefN) n'\9‘<gf= $9:(AnefN)(n+)F< n £}
and

§+{>;(¥nefN) n19~<§{ ={%;(¥neFN) ndc(n+)§¢ .
Let us put

R= §9;(¥neFN) na < ?}
and

5= {h(3nefFN)(m)Bcn g .
Ifce R and fe S, then there is neFN so that

(mB<n§ and (M) < §
because R=R” by (27) and thus

(D) (e +p)=(n+eac +(+D)3< § +n§ =(n+1) £
i.e. ec+[$<€ which proves S g £ R.

To prove the converse inclusion let us assume J 4 S i.e.
(YnefN)(n+1)dz nf .

By the prolongation axiom we can choose 6"* FN so that
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(utl)d’ = (‘bg
and furthermore we are able to fix e¢ such that

(@) <§ £ (pueldloc+1). )
By the definition of R we see that e is an element of R and consequently
o +1¢ R and therefore the formula

(+1)(F+o+D)=(@+1)d +(u+1) (e +1) Z @ § +§=(¢£+1)§
i.e. the formula

dr+l z §
implies d’¢ E - R.

The seeond equality is evident - it is sufficient to use the following
formulae :

nd< g——> n(§ +®)=n §+n0<nf+€=(n+l)€
and

(p>§ &% nd< (n+1)§‘)——)n(-\}—g)=m9'—n§<(n+1)g -ng=Ff. N

Note. We investigated the operations on initial segments related to ad-
dition on natural numbers. Similarly we can deal with operations related to
multiplication and more generally with any associative operation on natural
numbers. Using similar methods as in [ S), we are able to prove e.g.: If R is
a real cut closed under the operation + , then there is a natural number ?
such that

R={%;(3f3e )+ < pg}
or

R= £9;(V e )P A< §3
where

S= {9 ; (Ve € R)x 3 e RE.

We can also deal with two operations related to two operations on natu-
ral numbers - e.g. we are able to prove the distributive law for operations
extending addition and multiplication, however, there are cuts R, S and T ful-
filling the inequality

{9; Qe RSN (IreNI<oc Tk §3;3xeR)(TreNS <«

<wriz{® (3 peNEFreNd <z}

(choose f ¢ FN and put R=S=f +FN and T=FN).
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