Commentationes Mathematicae Universitatis Carolinae

Vladimir Rogalewicz
Any orthomodular poset is a pasting of Boolean algebras

Commentationes Mathematicae Universitatis Carolinae, Vol. 29 (1988), No. 3, 557--558

Persistent URL: http://dml.cz/dmlcz/106670

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1988

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/106670
http://project.dml.cz

COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
29,3 (1988)

ANY ORTHOMODULAR POSET IS A PASTING OF BOOLEAN ALGEBRAS

Vladimir ROGALEWICZ

Abstract: We prove that every orthomodular poset can be constructed
from Boolean algebras using the technique developed by Dichtl (13.
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"Pasting" Boolean algebras suggested by Greechie L[27] has been used to
construct a lot of interesting examples of orthomodular posets (abbr. OMP).
This technique was generalized by Dichtl [1]. He introduced the notion of a
pasted family ¥ of Boolean algebras and formulated a necessary and suffici-
ent condition in order L= UW¥ (with the orthocomplementation " and the par-
tial ordering € inherited from the members of W ) be an OMP (Theorem 2).We
call OMPs constructed by this way Dichtl OMPs. Dichtl proved that if an OMP
is a lattice, then it is a Dichtl OMP. We show that any OMP belongs to the
class of Dichtl OMPs. This result enables us to combine the Dichtl construc-
tion with other techniques, e.g. with products of OMPs.

We preserve the definitions and the symbols of [11 and [3]. Let us only
recall two notions. The elements a,be L are called compatible in L (in sym-
bols: aeltsb) if there are a),b,cel such that a & bl” a]gc', b1_4__c' and
a=a;v ¢, b=b) vc. An n-cycle ((Bi’mi))ri];é is a set of n not necessarily dist-

inct members Bi e ¥ and n not necessarily distinct elements mis Bin Bi+1’

such that fO,miJ Bi equals [D,mi] 8 and that mi-léBi mi' (indices mod n).

i+l

1. Definition ([1]), p. 381). A family ¥ of Boolean algebras is pasted
if for every pair l.“.O,C2 & Y , the following conditions hold true: :
(1) C0 is not properly contained in CZ’

(ii) Con C2 is a subalgebra of C0 and of C2, on which the operations of
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C and CZ coincide,

(iii) for every element meC nC, there exists a 4-cycle ((81"“ ))

such that BQ-C0 B CZ’ m,=m=m, and LY —m —m3 (i.e. an astroid for m).

2. Theorem ([1), Theorem 9). The pastmg L of a pasted family ¥ is an
OoMP if and only if for every 3-cycle ((Bl,m ))

in ¥ there is B e ¥ con-
taining U tD mll

=0

. Theorem. The system of all blocks of an OMP is pasted.

Proof. Let L be an OMP and let ¥ be the family of all blocks in L. It

. suffices to prove (iii) of Definition 1. Let CO,C2 ¢¥Y and meC_n Cz'
P . . . L
m=0,1. For any mo_.':0 m and m, 602 m we have my % M- Hence m, €=M, and

there is a Boolean algebra B in L isomorphic to [O,m]C ® [U,m'JC . Now B is

contained in some B) @ ¥ . In fact, B8=B,. Indeed, let agB), a ¢ B, and let

us write a=(ang mVy  (aAg m’). Then (ang m) <=0 m]c and
1 1 1 1

(aAB m)q-l-:->b for any be Co' Assuming ang m+0 we have got a contradiction
1 1

with the maximality of Co' In the case ang m=0 we use ang m” and the Boo-
1 1

lean algebra C2‘ Analogously there is B;a.‘!' isomorphic to [U,mlcx [O,m'JC .

Put BO=C0 and 82=C2. We have constructed the 4-cycle (Bo’ 1’ 2,B ) satisfying
(iii) and hence L is the pasting of the pasted family ¥ .
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