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Smoothing effect and regularity for
evolution integrodifferential systems

MARIAN SLODICKA

Abstract. A system of two partial quasilinear integrodifferential equations (hyperbolic and
parabolic) is considered. Smoothing effect and regularity of higher order in ¢ resp. ¢,z is
studied.
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Classification: 65M20, 58D25

1. Introduction.

Character of linear parabolic equation guarantees that its solution for ¢ > 0
belongs to a more regular space than the initial function. This fact is well-known
as smoothing effect and it has been studied in [1]-[4], [10],.... In general it is not
true for hyperbolic equations. In spite of this the smoothing effect for the parabolic
part of the system (2.3) can be proved (see Theorem 3.3)

Regularity of weak solutions for linear parabolic and hyperbolic equations has
been considered in (1], [3], [4], [6], [7], [9],..... The aim of the section 4 resp. 5 is to
obtain higher order regularity of the weak solution of a linear evolution integrodif-
ferential system in ¢ resp. t,z. To this purpose we discretize the time variable and
apply the technique of Rothe’s method which allows to carry the regularity results
from elliptic to parabolic (hyperbolic) equations.

The existence and uniqueness of the weak solution of our problem is considered
in [11]. To prove it, we use the technique developed in [3]. Before reading this
paper we recommend the reader to see [11].

2. Notations and preliminaries.

Let H,Y be real abstract Hilbert spaces with norms |-|, || - ||, where HNY is dense
in H and Y; H*,Y* be dual spaces to H,Y with norms | |[1,]| ||;. Denote by S,
the interval (—g,t) for t € J,J = (0,T) where T < 00,9 € (0,00). The function
spaces we use are rather familiar and we omit their definitions (see [5]). By < is
denoted the continuous imbedding. Let (z,w) g, (u,v)y be the continuous pairings
forze H*,we HueY*veY.

In the following we keep the notation from [11].

If X,Y are Banach spaces, a € (0,1) then:

- By Lip,(X,Y) is denoted the set of all functions g : X — Y satisfying

lg(u) — g(v)lly < Cllu=v|§  Vu,veX.

For a =1 the notation Lip(X,Y) = Lip1(X,Y) is used.
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304 M.Slodicka

- By Lip(J x X,Y) is denoted the set of all functions g : J x X — Y satisfying

lg(t,u) = g(t',v)lly < C (It =t'| 1+ flullx + [lollx] + |lu - vllx)
vt t' € J; Yu,v € X.

Definition 2.1. The operator E : Loo(S7,X) = Loo(J,X) (X is a Banach space)
is said to be a Volterra operator in X iff

[u(s) =v(s) forae. s€ S, telJ]=
[E(u)(s) = E(v)(s) for a.e. s € (0,t)].

Let E : Lip(St,H) — Lip(St,H) resp. F : Lip(St,Y) — Lip(S7,Y) be a
Volterra operator in H resp. Y and G : Loo(J,Y) = Loo(J,Y), I : Loo(J,H) —
L (J,H) be in the form

(2.2)  R(z)(t) = /0 t K(t,s)z(s)ds, R=G,I; K€ Loo(J xJ).

Let us fixe € Lip(J XY x H3 x Y2 H*),u:J =Y " v:J - H* p, : J = Y*
and-the continuous bilinear forms p(t; z, w), a1 (¢; u, v), a2(t; u, v), b(t; u,v), d(t; z,v),
g(t;u,v), p(t; u, w), 9(t; z,w) for z,w € H and u,v € Y. The notation r¥(t; z,y) is
used for 8r(t; z,y).

We consider the following problem:

PC-1. To find u,v such that

(1) v =a,v=B,0v =+ in Sy = (—gq,0) where a € Lip(Sy, H), B € Lip(Se,Y N
H) and v € Lip(So, H).
(ii) the identity (2.3) is satisfied

(2.3) p(t; Bu(t), @) + a1(tu(t), ) = d(t; (u + v + I(u + v))(t), @)+
+9(t; G(u + v)(t), ) + p(t; (u + G(u + v))(t), p)+
+9(t; (u + v + I(u + 0))(2), ) + (p(t), @)y + (v(t), ¥)H,
p(t; 07 v(t), 8) + b(t; Drv(t), 6) + az(t; v(2), ¢) =
=d(t; (v + I(u + v))(t), ¢) + 9(t; G(v)(¢), )+
+(e(t, u(t), E(u)(t), E(v)(t), E(8v)(t), F(v)(t), G(u)(?)), 6}
Vo, € YNH, forae teJ

Remark 2.4. In general the symbols p,d,g,I,G, E may be different at any two
places of their occurrence in (2.3).
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The following conditions are sufficient for our approach (V¢ € J;w, A > 0 will be
determined; Vz,w € H;Vu,v € Y;Vy e Y N H):

(25) p(t; z, w) = p(t; w, z)

(2.6) p(t; 2,2) 2 Cz|?

(2.7) P9t 2,w)| < Clz| |w] i=0,...,A
(2.8) ai(t;y,y) 2 Cillyl® - Cly/?

(2.9) o (¢ w,0)] < Clull ol i=0,.. 0
(2.10) az(t; u,v) = ay(t; v, u)

(2.11) ax(t;y,y) 2 Cillyll® - Clyl?

(2.12) |a$ (t; u, v)| < Clull |lv] i=0,...,w
(2.13) b (t;u,v) = 8V (2; v, u)

(2.14) 169 (85w, v)] < Cllul [[v]] i=0,...,w
(2.15) b(t;y,y) > —Cly|?

(2.16) 3o € (0,1) : oaz(t;y,y) + bV (t;y,y) > —Cly|?

(2.17) lgP(t;u, )| < Cllullvl] i=0,...,w
(2.18) [dD(t; z,u)| < Clz|||ul i=0,...,w
(2.19) o9 (t;u,2)| < Cllull || i=0,..,w
(2.20) 199 (t;w,2)| < Clw| |z j=0,...,w

(221)  [E(z)(t) — E(=)()] < |t = 'I6(l|zllc(s,, 1)L + 18ezl Lo (50,80))
’ vt,t' € J;t' < t;0 € C(R4,Ry);Vz € Lip(St, H)

(222) ||F(2)(t) = F(2)t)I < It = t'16(llzllcse, )T + 10zl Lo (50,v))
vt t' € J;t' < t;8 € C(R4+,R4);Vz € Lip(S1,Y)

(2.23) DK € Loo(J x J)
(2.24) pe HJ,Y?)
(2.25) m € HYY(J,Y™)
(2.26) v € H(J,H")

(compatibility condition)
for Up = a(0), V53(0), V1 = ¥(0) € Y N H exist Uy, V2 € H such that

(2:27) P(0; U1, ) + a1(0; Us, ) = d(0,Uo + Vo, )+
+(0; U, ) + 9(0; Up + Vo, ) + (1(0), ¥)y + {v(0), ¥},
p(0; V2, ) + b(0; V1, 8) + a2(0; Vo, ¢) = d(0; Vo, 4)+
+(e(0, Uo, E(a)(0), E(8)(0), E(7)(0), F(8)(0),0), $)u
Ve, €Y NH.
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Remark 2.28. The function § may be different in both inequalities (2.21) and
(2.22). Nonnegative constants C' may stand for various constants in the same dis-
cussion (C does not depend on n).
For a given positive integer n the following notation is introduced (: = 1,...,n;
T=T/n;t; =ir):
w; = w(t;), Sw; = (w.- - w;_,)/‘r

(where w is an arbitrary function),

a(t) t € So
2.29 a(t) = )
( ) 4 () {u,-..1+(t—t.-_1)5ug ticp <t<ty; 1=1,...,n
B(t) t e Sy
2.30 () =
(2.30) un(?) {v.'-1+(t-t.'-1)6v.~ tisg <t<t; t=1,...,n
a(t) te S
. up(t) = .
(231) Tn(t) {u,- ticy<t<t; 1=1,...,n
ﬂ(t) te Sy
2.32 Ua(t) = :
(2:32) On(t) {‘v,’ tici <t<t; 1=1,...,n
t) te S,
2.33 V(t) = {7(
( ) " ( ) vi—1 +(t—t.~_1)62v.- tic1 <t<t; 1=1,...,n
(1) (1) t€ So
2.34 V. (t) =
( 3) "() {61),' ticip<t<t; 1=1,...,n
(2.35) a(t) te Sy
~ ~ Us = o(0) t€(0,7)
Ui—1 = Uj—1,n(t) = ‘ Neo VR .
uj—1 + (t — t;)6u; te(t,tiy); Jji=1,...,1-1
Ui—1 te (t.‘,T).

The functions v;—; resp 6v;—; are defined analogously as u;—; but instead of «
will be 8 resp. 7.

3. Smoothing effect. -
The aim of this section is to prove the smoothing effect for the parabolic part of
our system in PC-1. We choose the following approximation scheme

(3.1) p(ti; 6uiy @) + a1 (8 uip) = d(ti;uimy + viey + Li(u +v), @)+
+9(ti; Gi(u + v),90) + p(ti; i1 + Gi(u + v), )+
+9(ti; uica + viey + Li(u + v,0) + (pi, @)y + (vi, 0) Hs
P(ti; 6%vi, @) + b(ti; v, ) + az(ti; vi, ¢) =
= d(ti;vie1 + Li(u + v),8) + g(ti; Giv, 8) + (e, d)H
Vo, €YNH,

where

Riz = RGi_1)(t:) for R=E,F,G,I
e; = e(ti,u;—1, E;u, E;v, E;6v, Fv, G;u)
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and up = Uy, vp = Vp,6v0 = V3.
Under the conditions of Theorem 3.3 the next a priori estimates can be obtained
(see [11, Lemma 3.20}):

j
(3.2) |6u;] + 18051l + llusll + D ll6uill*r + 16v;| < €
i=1

Vj=1,...,nand 7 < 7.

Theorem 3.3. Let e € Lip(J x Y x H3 x Y2 H*), E € Lip(C(St,H),C(J,H)),
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F € Lip(C(S1,Y),C(J,Y)), (2.2) and o(0), 5(0),(0) € Y N H. Moreover (2.5)-

(2.27) (ezcluding (2.25)) are fulfilled for w = A =2 and
a1(t; z,w) = a1(t; w, z)

hold true Vz,w € Y. Then the solution u,v of PC-1 satisfies (Ve > 0,t € (0,T)):

t120,u € Loo(J,Y),  t11°0%u € Ly(J,Y),
t0?u € Loo(J, H),  t'/2+¢0%u € Ly(J, H).

PROOF : Subtracting (3.1); from (3.1), for ¢,1 — 1; dividing by 7 and applying the
identity

[r(ti; i, ) — r(tica; zio1, )] /7 = r(ti; 62, ) + 8r(tis zi1, )

for bilinear forms in (3.1); it yields

(3.4) p(ti; 6%ui, ) + ay (i, 6ui, @) = —6p(ti; 6uiy,0)—
—8ay(ti; ui—1, ) + d(ti; 8(ui-1 + vi—1 + Li(u +v)), )+
+6d(ti; ui-2 + viez + Lica(u 4+ v),0) + 9(ti; 6Gi(u + v), @)+
+69(ti; Gi—1(u +v), ) + p(ti; 6(ui—1 + Gi(u +v)), @)+
+6p(tis ti-z2 + Gi—1(u + v), ) + I(ti; 8(uizy + vie1 + Li(u +v)), )+
+89(ti;uiz + vicz + Lioa(u 4 0),0) + (6pir )y + (Bvi, o)1
VoeYNH, 2<i<n.

Setting ¢ = éu; — du;_; in (3.4); summing up for ¢t =r 4 1,...,s; using a priori
estimates (3.2), the following can be obtained (the same way as in {11, Lemma 3.20)

(3.5) 3 18%uil?r + [l6u,|? < C(1 + ||6u,|?)

i=r+1

from which
l6u,)|? € C(1 + ||6u.|?) for s > r.
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Multiplying by 7, summing up for r = 1,,...,2i it follows
16u2s, [I* < C/(d07).

Thus from (3.5) we conclude

(3.6) 3 18uilPr + [|6u,|® < C/(ior), Vs > 2o
i=r+1 .

Subtracting (3.4) form (3.4) for i,i — 1; setting ¢ = 6%u; and summing up for
i=r+1,...,s; successively we estimate (analogously as above)

(3.7) 62,12+ ) 116%ulPr < C [ 1418w P+ Y [6%u;0°r ).
j=r+1 j=r+1
Omitting the second term on the left-hand side and using Gronwall’s lemma it
is easy to see that
182u,)* + ) lI6%u;lPr < C (1+18%u,?), Vs>t
J=r+1
In the same way as in (3.5) by virtue of (3.6) we get
s
(3.8) 626, + Y 16%ujl*r < Cliom)™2, Vs >3i
Jj=r+1
For given ¢ (0 < € < T') we can choose iy = ig(n) such that
€f2< 3ipT <€ Vn 2>n,.

Using 67u; (i > ip;j =0,1,2), the functions vy (t),ﬁf,j)(t) can be constructed

(analogously as in (2.29) and (2.31) where un(t) = USO(2), Ta(t) = U(t)). These
functions are defined in (¢, T). The estimates (3.6) and (3.8) can be rewritten in
this way

TP @I < ce™ TP <Ce?  Vte(e,T)
T T .
[ levdwpa < ce / TP dt < Ce?
€ (3
from which we deduce
1

(39) 18tll oo (e, 1) < Ce™2, (|0Full Loy, 1) < CE™
T T
(3.10) / [82u|? dt < Ce?, / B2uf? dt < Ce-1.
[ e
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If any function g satisfies

T
/ g(s)ds < Ce™P,

&

then for ¢ > p and € — 0 it is easy to see that

T
/ slg(s)ds < C.
0

From this consideration applying (3.10) we conclude

T T
/ t2+s”6t2u"2 dt<C, / t1+el63ul2 dt<C.
0 0

The rest of the proof is a consequence of (3.9). u

4. Regularity in t.

To obtain some higher order regularity results we consider this slightly modified
problem of PC-1 (the right-hand sides of our system being linear):

Lp(t;u,p) = p(t; Ou, @) + ar(t; u, ) — [d(t;u + v + I(u 4+ v) + 0w, @)+
+9(t; v + G(u +v),9) + p(t;u + v + G(u + v), )+
+9(tu + v+ I(u+v) + 0w,0) + (1, 0}y + (1, 9)H] =0,
Lu(t;v,¢) = p(t; 8}v, ¢) + b(t; 0rv, ) + az(t; v, ¢)—
—[d(t;v + I(u + v), ¢) + g(t; Gv, ¢) + 9(t;u + v + I(u + v) + &0, ¢)+
+o(tiu+v+ Gu+v),6) + (11, 8)y + (1, 4)u] =0
Ve, €Y NH

and the initial functions are taken from PC-1 (variable ¢ is omitted).
The compatibility conditions are in the form (k > 0, integer)

BUPEYQH 0<p<k Uy+r € H
V,eYNH 0<p<k+l1l Voyr€H

(4.2) O Ly(t;u(t),)lt=0 =0 p=0,....k VpeYNH
Ly(t;v(t),$)eeo =0 p=0,....k VéeYNnH

I

where & &
E;;u(t) o = Uy, Et—av(t)

Va
t=0

for admissible a.
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We must use another approximation of operators G, I to obtain suitable a priori
estimates for differences of higher order. This scheme is taken from [3]. (F means

G resp. I)
Fiz = Fr(Zn)(t) + Pi(Zo, - - -, Zk,7)

fori=1,....,n—k;n>ng> k;0<t <t,_x;
t
F.(2)(t) =/ K(t+ kr,s + kr)z(s) ds
]

and P; are polynomials in 7 of degree k with coefficients depending on Zy,...,Z;
and on the integral kernel K.

Let
Ma(z) = ( / K, 3)z(s)ds)
dte =0
. t;
KO =771 [7 K(ti+kr,s + kr)ds
ti-1
6PJK§'i) = (K}i) - Ky'_l))"'-l (partial difference).
Then
(4.3) F;Z=ZK§i)ZjT+Pi 1<iln-k
Jj=1
(4.4) 8 Fyz = (8~ Fiz — My_y(2)) 7~

i-p - p—1 .
(45) &Fz=Y #KPzr+y 6 (527K prizivi-pn) + 8 Pig

i=1 =0

p=1..,k+1;i =2,...,n — k and the elements with the nonpositive indices
vanish. Here P;, = P; for i > p and in P;,, for i < p those terms of P; are missing
which have been used in the second sum of (4.5).

The estimate
i-p ©opl g
(4.6) HeP izl < C [ 143 zlllr + 30 Y I18%2i-pra—dll|
j=1 j=1£=0

holds true for Vp = 0,...,k+1;i=1,...,n—k where ||| ||| = || - || for F = G and
M-l=|-|for F=1I
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We consider the approximation scheme of (4.1) in this form

(4.7) p(ti; 6uiy @) + ar(ti;uiy @) = d(ti;uimy + vioy + Li(u + v) + 8%i-1,9)+
+g(ti;vim1 + Gilu +v),0) + I(ti; wicy + vimy + Li(u + v) + Vi1, 0)+
+p(ti uioy + vic1 + Gi(u +v),90) + (i, @)y + (vi, ) B>
p(ti; 62vi, @) + b(ti; 6vi, ) + a(tis vi, ¢) =
= d(t;;vi—1 + Li(u + v), 8) + 9(ti; Gyv, 6)+
+9(tiuicy +vict + Li(u + ) + 6vi-1,8) + (1, )y + (Vi S+
+p(ti; ui-1 + vic1 + Gi(u 4+ v),4)
Ve, €eYNH;i=1,...,n—k.

Using the compatibility conditions (4.2) and the identity

k

E\ k-
61kr(t11 255 QO) = Z (0) 6k ur(tj; 6azj+a-—k7 (P)

a=0

the difference of higher order can be made in (4.7) (7 :=i+a—prk:=71 1)

(4.81) P(ti; 67wy, ) + a1 (ti; 8Pui ) =
= d(t;; 8P (ui—1 + vi—1 + Li(u 4+ v) + vi—1), ) + 9(ti; 6P (vie + Gi(u +v)),0)+
+9(ti; 8P(uio1 +vie1 + Li(u 4 v) + 6vim1), ) + (8 i, )y + (8P4 o)+
+p(ti; 6P (tiz1 + vim1 + Gi(u + v)), p)+

pr—-1
+) (Z) 8% [=p(ti; 67 un, ) — a1 (ti; 6%un, )+

a=0
+d(ti; 6%(un + ve + In(u + v) + 6vi), ) + 9(£:;8%(ve + Gal¥ + p)), )+
+9(ti;6%(ux + v + In(u +v) + bv), ) + p(2i5 6% (un + vu + G(y + ), )] +

P
+ Y KPo(Ua, Vas ),

a=0

where KP,(z,w,p) is a linear combination of 6‘r(§;y,¢p),,(i)(0,y @) for
r=p,a1,d,9,9,p;6 =0,t1;y = z,w;i=0,...,p. e

(4.8) P(ti; 671 2vi, 6) + b(ti; 671 vi, 6) + aa(ti; 6703, 6) =
= d(ti; 87 (vi—1 + Li(u + v)), 4) + 9(ti; 6°Giv, 4)+

+9(2i; 67 (vic1 + vicr + Li(u + v) + 6vie1), 6) + (6P pasi, ¢

+(6Pvi, d) i + p(ti; 6P (ui-1 + vi-1 + Gi(u + v)), ).

p—1
+ 3 (2)87 [oatts 674 70m,8) ~ Mt 67 1.

a=0
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—ag(ti; 6%vn, @) + d(ti; 6%(ve + In(u + v)), ¢) + g(ti; 6°Grv, ¢)+ .
+ ‘!9(t,; 60(1‘5 + vk + I,r(u + ‘0) + 6”&)7 ¢) + P(tl; 60("& + v + Gﬂ'(u + v))a ¢)] +
p ptl

+3 ) KHap(Ua, V3, 9),

a=0 =0

where K Hog(z,w, ¢) is the same type as K P, but for r = p,az,b,d,g,9,p (the
terms with nonpositive indices vanish).

Theorem 4.9. Let k > 0 be an integer and the conditions (2.2), (2.5)-(2.9) for
T w=A=k+1, (2.10)-(2.18) and (2.15)-(2.23) and (4.10) for w =k + 2, (2.24)-
(2.26) for w =k +1, (4.2) are satisfied.

(4.10) 8D(¢; z,w)| < ¢lz| lw| Vz,weH j=1,...,w
Then the solution u,v of (4.1) satisfies

, 0%u € Loo({0,T"),Y) N Loo({0,T"), H),
8%v € Loo({0,T),Y)NC((0,T"), H), 8% € Loo({0,T"), H)

fora=0,...,k+ 1;VT' < T and the estimates

(4.11) 6P will + 167 us| + |87+ vi | + |67 20i| + D (187 uiff*r < €

=1

hold true for p=0,...,k;Vn > ng;i=1,...,n—k.

J

PROOF : By multiple application of z; = ) éz;7 + z, the following can be
=1

obtained

8°2i = L(Zay- -, Zp1) + 3_ 7a5(T)j5
. j=1
where y; = 672;;0 < a < p—1;¢;j(7) being polynomials in 7; L, being a polynomial
in 7 the coefficients of which are depending on Z,,...,Z,_1.
The assertion of the theorem can be proved using the same technique asin [11]. m

5. Regularity in t,z.

Let Q@ C RY be a bounded domain with Lipschitz continuous boundary. In
this section we prove the regularity in ¢,z variables in the interior of the domain
in concrete function spaces. The regularity results for the hyperbolic part of the
system are comparable with those in [3] and the ones for the parabolic part are worse
than in [3]. This fact is due to coupling the both types of equations (hyperbolic
and parabolic).

Let r>s>0,Y — H,W3 C H C W§,W; CY C Wy, (the notation W* being
adopted for W: ()
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al(t;z,w)= Z /al‘,-j(z,t)D’.zD"wdz,
Q

liLlil<r

ax(t; z,w) = Z /agyi_,-(x,t)Dsz"wdm,
Q

lil.lil<r

W20 = 3 / ¢i(2,t)DizDiw da,
liLlilgr 78

p(t;u,v) = Z /p,-j(z,t)DjuD"vdz,
liblilgs 79

btu,v)= Y / bij(z,t)DuD'v dz,
lillil<s 7%

Wtyuv)= 3 / 9,;(z,t)DiuDv dz,
lillil<s 79 )

d(t;u,w) = ) > / dij(z,t)D'wDiu dz,
lil<r 1j1<s 7

p(t;w,u) = Z Z / pij(z,t)D*wD’u dz,
fil<r 1i]<e ¥ ®

Yu,v € W3;Vz,w € Wy.
We consider @, Q € Ly(J, L2(2)) such that

(5.1) (u(t), o)y + (v(t),0)n = /QQ(I,t)‘P(x) dz = (Q(t), )

(5.2) (), 0y + (v(t) o) = /0 Qz, p(z) dz = (Q(t), ¢)

Vo € D(Q) for a.e. t € J (D(N) being the set of all C-smooth functions with
compact support in ).

Now we state a well-known regularity result from the theory of linear elliptic
equations (see [8, Chap.4, Th.1.2]) which we use to obtain regularity results in
z-variable.

Theorem 5.3. Let a > 1 be an integer-and t € J be fized. Let a(t;u,u) >

Crllul? - Ca|ul},, la(t; u,v)| < Csllul| ||v]|,Vu,v € IX’; Suppose that (5.4)-(5.6) are
satisfied where

(5.4) a;j(z,t) € C¥1(Q) ¢i =max{0,|i|+a —r -1}

Vi, |j] < k; (C®! is the set of all v € C(R) for which Biv is Lipschitz continuous
in Q,Vji| <gq)

(5.5) a(t;u,v) =R(v) Vv e D(Q) where R € (V;’;"‘)

(5.6) AReW;, ™, Vi|<a-1 (W{"” = (v‘i/;“)‘) .

313
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Then u € W) ‘l';‘: and the estimate

lelwy+ey < CE@) (uuu+ )3 Ilaikllw,‘.+,)

lil€a—1
holds V' C Q with &' C Q. (The constant C(Y') depends only on Q',Cy — C3 and
the norm of a;; in C%1(%).).

For coefficients of bilinear forms a;,az,p,b, ¢, d, p,¥ we shall assume
(5.7) a1,i53 62,53 9ij; pij € CHr 1P (T x ()

where ¢; , = —r+1 (), will be determined) and C*'%!(J x Q) is the set
ofallv € C(:7 X Q) for which DiDiv are Lipschitz continuous in J x £ V|j| <
a, 0<i<pB.

(5.8) Pij, bij, dij, ¥i; € Cm"");p’l(.] x )
mip =il +Xp—8—1, 0<p<k.
Theorem 5.9. Let the assumptions of Theorem 4.9 be fulfilled. Suppose (5.7),

(5.8) for A\p =(k+1~-p)(r—3),0<p<k Denotea,=X\—r1,0p =Xp+r. If
U,GW,”"forOSpSk,V,EWf" for0<p<k+1 and

Q.0Q € Loo(J,Wy")  for0<p<k,

then
8u,0v € Loo({0,T'), Wh3, ) for p=0,...,k; VI'<T
where u,v is the solution of (4.1).

PROOF : We transform the identity (4.8) in this way:

1. Sum up (4.8), and (4.8),.
2. On the right-hand side, there is zj(z = u,v) only in terms of the type
§PFi2(F = G, I - see (4.5)) i.e.

ifp=0 in KDz

ifp>1  in KPe1y (= K®

Zyy + Z&’Zﬂ'}) .

=1

3. We replace all the terms of the type §*Fgz using (4.4), (4.5) and we put
those members which include §”z; on the left-hand side and the others on
the right-hand side.
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In this way the following can be obtained

(5~10) A (tn[‘vun&p ] [Sav‘ﬂ) = —p(t.,é"“u.,go) p(t ;6P+2 vn¢)"

—b(ti; 67 vy, ) + (6PQ, ©)+(6°Q, ¢)+
k k41

+ Z Z Kaﬂ(Uuy Vﬁr ‘/’1¢) + Z ZLU)(tI»é’ulv 51”3& ¢)

a=0 =0 =1 j=0

=RP([p.8]), V.4 € D(Q),

where
Ar(ti; [6%ui, 87vi), [, B]) == ai(ti; 8Pu;, ) + ag(ty; 6Pv;, @) —
—r KD {d(ti; 87 (ui + v3), @ + ) + 045 67 (i + vi), ¢ + $)+
+ p(ti; 67(ui + vi),p + @) + g(ti; 8 vi, ¢ + 6) + g(2i; 6P ui, )}
and

Kop(u,v,z,y) is a linear combination of §'r(ty;z,w), 67r(0; z, w), r(")(O;z,‘w) for
1=0,...,555 =0,...,p+ Liz=u,vjw==z,y;7 = a1’021b1pvd’gy19’p
and
Lgl)(t,u,v,x,y) is a linear combination of §™r(t;z,w) for 0 < m < p+ 1;z =
UV, W =T,Y;T = a1,02yb1d1p3g’197p'

Let us denote 6?z; := [6Pu;, 6Pv;] for 0 < p < kand X, := W;:l:’;(r_') X W{,‘;’;('_’)
with summation norm ||| - | ||.

Setting p = k in (5.10), using Gronwall’s lemma, (4.11) it is easy to see that for

F([e, 8]) = p(ti; 87wy, ) + p(ti; 87 2vi, 6) + b(ti; 67110y, )
we have
feW;"xW,; "  Vw,|wl <r-s.
For i = 1, applying the regularity of @, Q,Ua, Vj it yields
RO e w; T x Wy
and so by virtue of the theorem 5.3 we get 6%z1 € X,. Moreover 6Pz, € X; for
0 < p < k because

Pz =27, + 26"“21-1'.
=1
In the case i = 2 we proceed in the same way as for i = 1 using 6?27 € X, for
0 < p < k. We obtain 8% 2, € Xi. Successively for ¢ = 3,...,n — k can be obtained
(5.11) 165zl S C(Q)  Vn2neii=1,...,n—k.

Analogously as for p = k, this procedure can be repeated for p = k — 1 in order
to reach

(5.12) 65zl <COQ) Vn2ng i=1,...,n—k.
Gradually the following can be obtained
(5.13) 162 2] l|k41-p < C(Q), 0<p<kV¥n>ny i=1,...,n—k,

from which we conclude the proof, ]
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Remark 5.14. In faf:t the domain Q'(= Q) of the regularity of zi(z = u,v)

cha.ngeks in each step ¢ = 1,...,n and p = 0,...,k. But in the end we can take
n

QCc NNy,

p=0i=1
Remark 5.15. For the case H < Y we refer the reader to [3, Remark 5.12].
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