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Probability in the alternative set theory

MARTIN KALINA

Abstract. Random variables and random vectors are studied in detail within the frame-
work of AST. Finally, a stochastic process, which can, in the dependence of “the way of
measurement”, have an arbitrary system of probability distributions, is constructed.
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N

This paper is an application of results of [K] to the probability theory. It is
proved here that if we have any i—dimensional probability distribution, then there
exists an :—~dimensional random vector having the same probability distribution (or
whose probability distribution is indiscernible form the given one in the case of Borel
random vectors). A random vector, which can, in the dependence of “the way of
measurement” (BAF), have an arbitrary probability distribution, is constructed. If
we have a full i-dimensional probability distribution (or a one-dimensional prob-
ability distribution), then this i-~dimensional random vector (or random variable,
respectively) can be chosen to be a set. Last considerations concern stochastic pro-
cesses. We have proved that for any b-consistent system of finitely—-dimensional
probability distributions there exists a stochastic process, having set trajectories,
whose system of probability distributions is exactly the given one (or whose system
of probability distributions is indiscernible from the given one, in the case of Borel
stochastic processes). Finally, a stochastic process, which can, in the dependence
of BAF, have an arbitrary system of probability distributions, is constructed. The
author greatly appreciates the useful discussions with P.Zlatos.

1. Preliminaries.

1.1. The reader is assumed to be acquainted with [V1] and (K]. The notions,
results and notations (in the modification used in [K]) from [Vl] will be used freely
without any referring.

For 0 # c € N,0 # d € N we denote c¢*FN = {b;3i)(b < c*%)}.

We remind some notions and results from [K].

B will denote the system of all Borel semisets, R will denote the class of all real
numbers (oo = {g € Q;(Vj € FN)(¢ > j)} and —co = {g € Q;(Vj € FN)(¢ < —j)}
are assumed to be real numbers, too) and a will denote a fixed infinite natural
number.

Any map F which assigns to each semiset A € B a sequence of natural numbers
{snin < a} suchthat |J ()s; =Aand () Us; =4 (4 and 4 denote the

i€FN j>i i€FN j>i
lower and upper cut of A, respectively, for the definition and basic properties see
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[K-Z]; they are also briefly listed in [K]), is said to be the Borel approximating
function (BAF, to be short).

Let F be a BAF, ) # A € Band B € B. Let F(B) = {b,;n < a} and
F(A) = {cp;jn < a}. The semiset B is said to be F(A), F-observable if there
exists a real number r and a natural number d < a,d ¢ FN such that for each
m < d;m ¢ FN there holds b /cm € r. The number r is said to be the F(A),
F-measure of B, in symbols mp(4)(B) = r. Hence mp(4)<F is a measure having
as its domain the system of all F(A), F-observable classes. -

1.1.1. Theorem. Let A € B have nonadditive cuts and F be a BAF. Then the
measure mp(a),F is c-additive, nonnegative and nondecreasing, Dom(mp(4),r) = B
and if G is any other BAF, then mp(a),F = mG(4),G-
1.1.2. Theorem. Let § # A € B have an additive cut, O C B be any class of
semisets such that

(VBeB)YBG|AIVB2|AIVB=A)=>BcO

and let A : O — R be any nonegative real-valued function such that there holds

(VBeO)YBG|A|= A(B)=0) & (B2 |A|= NB)=x) &
& (B=A= \B)=1).

Then there ezists a BAF F such that O is the system of all F(A), F-observable
classes and mp(a),Fr = A

1.2. We state some modifications of the notions and results form Chapter 10.6 in
[V2].

Let us fix an infinite set u and a proper Sd*-class U. (SDY, is a fixed revealment
of the class of classes Sdy. For the definition and basic properties of revealments
see [S—V]. All the properties of the Sd} —classes, we shall utilize, are also briefly
listed in [G-Z).) ‘

A pair (W,w), where w C u,W C U and W is an Sd*—class, is said to be
admissible (notation W ~ w), if it fulfills the countable system of conditions

(ol 2n & W|2n) & (u\w|2n&[U\W|2n), (neFN).

A finite system of admissible pairs {(W;,w;);¢ < k} is said to be a partition if
U{W;;i <k} =U,U{w;;i <k} =uandforeachi < j <k W;nW; =0=w;Nw,.

Let A = {{(Wa,ws);n <k}, B = {{Sm,Sm);m < j} be two partitions. By AA B
we shall denote the following

AAB = {{(WoNSp,waN3p)in <k,m<j}.

The partitions A, B are said to be compatible (notation A||B) if AA B is partition,
too.
For any admissible pair (W,w) we define p(W,w) = {(W,w),(U \ W,u \ w)}.
Obviously p(W, w) is a partition.
C is said to be a cluster of partitions if
1.) (VA €C) (A is a partition)
2.) (VA,BeC)(AABE€C).
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Obviously, if C is a cluster of partitions, then for each A, B € C A||B holds.
For the proof of the following lemma the author is indebted to P.Zlatos.

1.2.1. Lemma. LetC be a countable cluster of partitions, X C U be an Sd*-class
and w C u be a set. Then there ezist a set x C u and an Sd*~class W C U such
that  ~ X and W ~ w, and for each P € C P||p(X,z) & P|p(W,w).

PROOF : Fix a set w C u. We shall prove the existence of an Sd*—class W having
the required properties.

Let C = {P;;i € FN} be an enumeration of the given cluster C. Denote P =
Po - A P;. Then obviously P; i is a partition for each i. Let P = {Yej,ui5);5 <
i€ FN } Obviously for each j <1 7 there exists an Sd*—class W,J CY;; such that it
fulfils the following countable system of conditions:

(IWijl 2 n & lwnyijl 2n) & (¥ \ Wij| > n & | \ | 2 n),(n € FN).

Denote W; = UW:')'- Then p(W;,w)||P; immediately follows, and hence also

j
(Wi, w)||Px for each k¥ < i. We prolong the sequence {W;;i € FN}. Since for
eachi € FN and k <i p(W;,w)|| P holds, there exists a © € N \ FN such that
p(Weo,w)]|| Px holds for each k € FN. Now, it is enough to put W = Wg.

The existence of a set z, having all’the properties required, can be proved simi-
larly. This can also be proved by a simple modification of the proofs of Theorems
10.6.1 e and h in |V2]. ]

The following lemma is obvious.

1.2.2. Lemma. LetC be a cluster of partitions and P be a partition such that for
each A € C A||P holds. Then C =CU{P}U{PAA; A €C} is a cluster of partitions.
If C is a countable cluster of partitions then C is a countable cluster of partitions,
too.

1.2.3. Lemma. There ezists a cluster of partitions C such that for each Sd*-class
W C U there ezists a set w C u for which w ~ W and p(W,w) € C, and for each
set £ C u there ezists an Sd*-class X C U for which z ~ X and p(X,z) €C.

PROOF : Let {{ia,Wa);ia € {0,1},a € 02} be an enumeration of the codable
system {(0,w);w Cu}U{(1,W); W CU & Sd},(W)}. Using transfinite induction
we shall construct a sequence of countable clusters of partitions such that for each
a€Q C, will be the first countable cluster of partitions (in a fixed enumeration of
all countable clusters of partitions) for which Co 2 U{Cg; 8 € an§1} and p(W,,w) €
Co in the case io = 1(p(W,wq) € Cq in the case i, = 0). w (W, respectively) is the
first set (Sd*—class) in a well order of the class {w C u;w ~ Wo} ({(W CU; W ~
we & Sdi(W)}) such that for each f € a N and each P € Cg p(W,,,w)"P (or
(W, wa)uP respectively). Such a set w (Sd*-class W) is guaranteed by Lemma
1.2.1. By Lemma 1.2.2 such a countable cluster C, does exist. Put C = U{Cq; €
Q}. Obviously, since {Cqo;a € R} is a monotone system of clusters, C is a cluster,
too, and it has all the properties required. ]
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1.2.4. Theorem. There ezists a bijection T : u = U such that for each X C u
Set(X) & Sdy(T"X) holds.

PROOF : Let us fix a cluster of partitions C, guaranteed by Lemma 1.2.3. Then

for each z € U there exists an T € U such that p({Z},{z}) € C (and conversely

for each y € U there exists a § € u such that p({y},{¥}) € C). Because of the

compatibility of all partitions in C such an T € U (or a ¥ € u) is uniquely given.

Define T = {(Z,z);z € u}. Then by 1.2.3 T has the required property. ]
Theorem 1.2.4 has the following, maybe surprising, consequence

1.2.5. Corollary. Denote By the least o-ring containing all Sd*-classes and B,
the least o-ring containing all subsets of u. Then *By and B, are isomorphic.

2. Probability theory.

Denote Bq the least o—algebra containing all Sd—classes Y C Q. A function P :
Bq — R is said to be a one—dimensional probability distribution if it is nonnegative,
o-additive and P(Q) = 1.

Let A be a nonempty Borel semiset and F' a Borel approximating function. A
function X : A — Q is said to be a random variable with respect to F if for each
B € Bq (X~')'"B is F(A), F-observable and the function D : Bg — R defined
by D(B) = mp(a),r((X~1)"B) is o-additive. The function D is said to be the
probability distribution of X.

Obviously the probability distribution of each random variable is one~dimensional.

2.1. Proposition. Let A be a Borel semiset having nonadditive cuts and X : A —
Q be such a function that for each B € Bq (X~ ')"B € B holds. Then X is
random variable with respect to any BAF and its probability distribution does 'n,ot
depend on the choice of the BAF.

PROOF : follows immediately from Theorem 1.1.1. u

Particularly, if u # @ then any set function z : u — @Q is a random variable with
respeet to any BAF and its probability distribution does not depend on the choice
of the BAF.

Let P and D be two one-dimensional probability distributions and S an indis-
cernibilty equivalence on Q. Denote ¢ the least o-algebra containing the system
{S"u;u C Q}. P and D are said to be indiscernible with respect to S if for each
B € ¢, P(B) = D(B).

2.2. Lemma. Let P and D be two one-dimensional probability distributions and
S an indiscernibility equivalence on Q. Then the necessary and sufficient condition

for P and D to be indiscernible is that for each set u C @ P(S"u) = D(S"u)
holds. '

PROOF : The system {S"u;u C @} generates the o-algebra ¢, hence the o-
additivity and finiteness of P and D imply their indiscernibility. ]

An indiscernibility equivalence S on @ is said to be an interval one if there exists
a linear Sd-order <; such that there holds

(Vz,y € @)z <1y & TzSy) = (Vz € §"{z})(z <1 ).
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The notion of interval indiscernibility equivalences has been firstly introduced in

2.3. Theorem. Let P be a one-dimensional probability distribution and S an
interval indiscernibility equivalence on Q. Then there ezists a set random variable
z, whose probability distribution is indiscernible from P with respect to S. Moreover,
ifv C Q is such a set that S"v = Q, then the random variable = can be constructed
in such a way that rng(z) C v.

PROOF : follows immediately from Theorem 2.11, stated below. ]

Since by proving of Theorem 2.11 we shall utilize only Lemma 2.10, in the proofs
of 2.5 — 2.8 we shall also refer to 2.3.

In the sequel we shall assume ¢ > 2.

Denote BQ the least o-algebra containing the system {E; x --+ x E;; (V1 < k <
i)(Ex € Bg)}. For each i > 1 and each 1 < k < i define a function vk : @' — Q
by the formula ¢xi(q1,- -+, ¢) = -

A (not necessarily o-additive) function P with Dom(P) C B, and Rng(P) C R
is said to be an i-dimensional] probability distribution if it is nonnegative, for each
1 < k < i and each B € Bqg (¢;')"B € Dom(P) and functions Dy : B — R
defined by Di(B) = P((¢y;')"B) are one-dimensional probability distributions.

An i-dimensional probability distribution P is said to be full if Dom(P) =
and if it is o—additive.

Let A be a nonempty Borel semiset and F be a BAF. A function X : A — Q' is
said to be an i—-dimensional random vector with respect to F' if for each 1 < k < ¢
the functions Yy : A — @ defined by Yi(y) = ¢4i(X(y)) are random variables with
respect to F. A function D, with Dom(D) C B} and Rng(D) C R, such that for
each B € B, B € Dom(D) if and only if (X~)"B is F(A), F - observable and
for each B € Dom(D), D(B) = mp(a),r((X~')"B), is said to be the probability
distribution of X.

Obviously, if X is an i-dimensional random vector, then its probability distribu-
tion is i—dimensional.

2.4 Remark. The need of the ability of modelling of random vectors, whose proba-
bility distributions are not full (so—called vectors of incompatible random variables),
follows from some considerations on quantum physics. As well shall see in Theo-
rems 2.5-2.7, in this theory it is possible to model random vectors with arbitrary
(not necessarily full) probability distributions. Hence it is an alternative to prob-
ability theories utilized in quantum physics (e.g. quantum logic). Moreover, this
theory enables us, in a natural way, to create a common look both at the world
of the classical (Kolmogorov’s) probability theory and at the world of elementary
particles.

Let (Sy, ..., S;) be any i-tuple of indiscernibility equivalences on Q. By x{S;;1 <
j < i} we shall denote the indiscernibility equivalence S on @' for which §"{(q1,
é: ,4)} = {(81,.-,8i) € @%;8,51q1 & --- & 3;S:q;} holds for each (g1,...,4) €

1]
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Let P and D be two i-dimensional probability distributions and (Si,...,S;) be

any i-tuple of indiscernibility equivalences on Q. Denote S = x{S;;1 < j <1} and
¢ the least o—algebra containing the system {S"(uy,...,u;);(V1 < j <#)(u; C Q)}.
P and D are said to be indiscernible with respect to S if for each B € ¢ there holds
B € Dom(P) iff B € Dom(D) and if B € Dom(P), then P(B) = D(B).
2.5. Theorem. Let P be an i-dimensional probability distribution, (Si,...S;) be
an i-tuple of interval indiscernibility equivalences on Q. Then there ezists a BAF
G and a Borel i-dimensional random vector X with respect to G, whose probability
distribution is, with respect to S = x{S;;1 < j <1}, indiscernible from P.

PROOF : For 1 < k <1 denote Dy the one-dimensional probability distributions,
defined by Di(B) = P((¢;;')" B). Further denote vx C @ such sets that Sjvi = Q
and put v = v; X --- X v;. Let |v| = c. Put A = U{c"N x {n};n € ¢}. Obviously A
is a Borel semiset, having an additive cut. Let {yn;n € c} be an enumeration of v.
We will define a function X : A = v by X~Y(y,) = ¢FV x {n} for any n € c. Hence
X is a Borel function, and for each B € B, (X~!)"B € B and |(X~)"B| = ¢FV.
An easy computation gives |4] = ¢FN, too. By Theorem 2.3 there exist such
random variables = with rng(zx) C v; that their probability distributions Py are
indiscernible, with respect to Sk, from Djy.

By Theorem 1.1.2 there exists a BAF G such that for each B € Bg and each
1<k <1 (X1 ((pr!)"B) is G(A),G - observable, Pi(B) = mg(a),c((X™!)"
((¢7)"B)), and for each B € ¢, where ¢ is the o-algebra corresponding to S,
the class (X~1)"B is G(A),G - observable if and only if B € Dom(P) and if
B € Dom(P), then P(B) = mg(a),c((X~')"B). Hence X is a Borel i-dimensional
random vector with respect to G and its probability distribution is indiscernible
from P with respect to x{S;;1 < j <:i}. ]

As one can easily check, using the construction of the proof of Theorem 2.5, we
can prove the following

2.6. Theorem. Let (Sy,...,S;) be any i-tuple of interval indiscernibility equiva-
lences on Q. Then there exists a Borel function X such that for each i-dimensional
probability distribution P there ezists a BAF F, for which there holds that X is
an i-dimensional random vector with respect to F and its probability distribution is
indiscernible form P with respect to x{S;;1 <j <i}.

2.7. Theorem. There ezists a function X such that for each i-dimensional proba-
bility distribution P there ezists a BAF F such that X is an i-dimensional random
vector with respect to F', whose probability distribution is P.

PROOF : .Again, we can use the construction of the proof of Theorem 2.5. We
get a function Y with Rng(Y) = v C Q' such that for each B € Bb,(Y'l)”B €B
and |(Y~!)"B| = A, (A being an additive o-cut). By Theorem 1.2.4 there exists
a bijection T : v ~ Q' such that for each U C v, Set(U) & Sd},(T"U). Hence,
since Sdy C Sd}, (see [S—V] p. 115), for each B € B,,(T~)"B € Bé)' Hence it is
enough to put X =T oY and the assertion follows.

Theorems 2.6 and 2.7 have the following consequence for the one-dimensional
case. ]
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2.8. Corollary. (a) Let S be an interval indiscernibility equivalence on Q. Then
there ezists a Borel function X such that for each one-dimensional probability dis-
tribution P there ezists a BAF F such that X is a random variable with respect to
F, whose probability distribution is, with respect to S, indiscernible from P.

(b) There exzists a function X such that for each one-dimensional probability
distribution P there ezists a BAF F such that X is a random variable with respect
to F', whose probability distribution is P.

2.9. Proposition. Let A 75 @ be a Borel semiset, having nonadditive cuts, and
i22. IfXj: A— Q for1 < j < i are random variables with respect to a BAF, then
the function X : A — @', defined by X(z) = (X1(z),...,Xi(z)) for z € A, is an
t-dimensional random vector with respect to any BAF, zts probability distribution is
full (i.e. o-additive and having its domain B:? ) and does not depend on the choice
of the BAF.

PROOF : Since X, for each 1 < j < 4, is a random variable, for each B €
B, (X; 1Y"B € B. Hence for each B € Bg andeach1 < j <i,(X~ l)"(((,o"l)"B) €
B. Obviously, since X is a function and classes of the type (p; 1Y'B for B € Bq
and 1 £ k < i generate the whole o-algebra BQ, it holds that for each B €

{2, (X~1)"B € B. Hence Theorem 1.1.1 implies the assertion of this proposition.
]

The following lemma is a straightforward generalization of Lemma 2.2. Therefore
its proof is omitted.

2.10. Lemma. Let P and D be two full i-dimensional probability distributions and
(S1,---,8;i) be any i-tuple of indiscernibility equivalences on Q. Then the necessary
and sufficient condition for P and D to be indiscernible is that for each i-tuple of
subsets of Q (uy,...,ui), P(S{uy X --+ x SP'u;) = D(S{uy x --- x S}'u;) holds.

2.11. Theorem. Let P be a full i-dimensional probability distribution and (S, ...,
Si) be an i-tuple of interval indiscernibility equivalences on Q. Then there ezists
an i-dimensional random vector z, whose probability distribution is indiscernible
form P with respect to x{S;;1 < j <i}. Moreover, if (vy,...,v;) is any i-tuple of
subsets of Q such that for each 1 < k < i, Sjvx = Q, then the random vector z
can be constructed to have rng(z) Cvy X --+ X v;.

PROOF : Since P(Q') = 1 and P is o-additive, for each 1 < k < i there exists an
at most countable class Dy C vx such that

(Vg € Q)(P((px)"(Sk{a})) >0=> Si{g} NDx #9) &
& (Vz,y € D)z # y =]zSky).

The indiscernibility equivalences Sk, for 1 < k < ¢, are interval ones, hence there
exists an i-tuple of linear Sd-orders (<3, .-, <;) such that for each 1 < k < ¢ there
holds

(Vz,y € Q)(z <x y & 1z5xy) = (Vz € S{{z})(z <k v).
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Let Wi C v be a countable dense class in Sk, containing Dy, for any 1 < k < i.
For each 1 < k < i denote {zjk;j € FN} a sequence of subsets of W} such that
for each j there holds z;sRj + 1,z C zj4xx and U{zs;j € FN} = W;.Denote
Z; = 251 X eee X Zji.

Fix a j > 1. Let zj&t = {ynk;n < j} and assume that for each m,n < jm < n
implies Ymr <k Yynk. Denote

(n,k) = {q € Q; (Yn-1,k <k ¢ <k Ynk & \yn-1,kSkq)V
V (¢Skyni)} for 1 < n < 5,

(0,k) = {9 € @ <k yor V ¢Skyor},

(G, k) = {9 € Qyj-1,6 <k ¢ & Ty;j-1,kSkq}.

Take an infinite set u and a function z; : 1& — z; such that mp(,,),p((x;])"{(ynhl,
ey Ynird)}) = P((n1,1) X -+ x (n;,7)) for any (ny,...,n;) € {0,1,...,5} and a
fixed BAF F. Obviously, since P is full, such s function z; does exist for each j > 1.

Prolong the sequence {z;;j > 1}. Since for each j > 1rng(z;) C vy X --- x v;,
there exists a ¢ € N \ FN such that rng(z.) C vy X :-- X v;. Moreover, by the
construction of {z;j > 1}, Zc can be chosen in such a manner that

(1) since Dy C U{zjk;j € FN}, for each g € Q and each 1 < k <4

mp),r((22)" (051" (Si{a})) = P((e&)"(Si{a})),

(2) since Wi = U{zji;j € FN} is dense in Si, and because of (1), for all i-tuples
of rational numbers (¢1,-..,¢:;) and (¢3,...,t;) such that g <i t; for each
1<k<i

mpe,F((z2)" (S{{s € @ <18 Sita}) x - x
x(Si{s € Q;qi <is<iti})) =
=P((S'{s€Q;q <181 1)) x - x (SI'{s € Q;qi i s Siti})).

By Lemma 2.10, we are to prove that for each i—tuple of subsets of Q(wy,...,w;),
P(S{wy X «++ X S'w;) = mpe) r((z71)"(S{wr X -+ x S'w;)) holds. Since each
of the indiscernibility equivalence Sy is ordered, S}wy is the union of an, at most
countable, system of classes of the type Sy {s € Q;qx <k s <k tx} for g, tx €
Q. Hence, because of the o-additivity of P and (2), P(S{w; x --- x Sfw;) =
mpew),F((z71)"(S{wr x -+ x Sf'w;)) holds for each i-tuple of subsets of
Q (w1,...,w;). n

2.12. Remark. Theorem 2.11, roughly speaking, says that the whole Kolmogorov’s
probability theory is reduced to Laplace’s scheme.

In the remainder of this paper let b be a fixed infinite natural number. Denote
I the class of all nonempty finite subsets of b and a = {|u| x {u};u € I}. Define
for each i > 1 and 1 < k < i a function ¥y : Q° = Q! by Yu((q1,...,q)) =
(915-+- k=1, Qk+1,---19i). Further take a function ¢ : Ua — b such that for each
u € I and each k € |ul,t(k,u) is the k-th element of u in the natural order of N.
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For each u € I let P, be a |u|-dimensional probability distribution. Then the
family P = {Py;u € I} is said to be a b-consistent system of finitely—dimensional
probability distributions if for each u € I and each ¢ € b, ¢ ¢ u, there holds

(1) B € Dom(P,) if and only if (\I’i;l|+1,k)"B € Dom(P,yy.}), where k < |u| is
such that t(k,uU {c}) = c.
(2) if B € Dom(Py), then Pu(B) = Puu()((¥}1414)" B)-

Let A # @ be a Borel semiset and F be a BAF. A function X : Ax b — Q is
said to be a stochastic process with respect to F, if for each u € I the function
Y, : A — Q!*l, defined by Yy (w) = (X(w,t(0,v)),...,X(w,t(Ju| — 1,u))), is a |u)-
dimensional random vector with respect to F. The system P = {P,;u € I}, where
P, is the probability distribution of the corresponding random vector Y,,, is said
to be the system od finitely—dimensional probability distributions of X. For each
w € A the function T : b — Q, defined by T'(c) = X(w, c), is called the trajectory
of X.

By an easy consideration we can get that, if X is a stochastic process with respect
to a BAF, then its system of finitely—dimensional probability distributions is b-
consistent.

Let {Py;u € I} and {Dy;u € I} be two b-consistent systems of finitely—dimensio-
nal probability distributions and {Sn;n € b} be a system of indiscernibility equiva-
lences on Q. {P,;u € I} and {D,;u € I} are said to be indiscernible with respect
to {Sa;n € b}, if for each u € I, P, and D, are indiscernible with respect to
x{Sn;n € u}.

2.13. Theorem. Let {P,;u € I} be a b-consistent system of finitely-dimensional
probability distributions and {S,;n € b} be a system of interval indiscernibility
equivalences on @ such that there holds (3w C Q)(Vn € d)(Sh,w = Q). Then
there ezists a BAF F and a Borel stochastic process X with respect to F, whose
system of finitely~dimensional probability distributions is, with respect to {Sp;n €
b}, indiscernible from {P,,u € I}. Moreover, X can be constructed in such a way
that iis trajectories are sets.

PROOF : Denote ¢ = |w| and A = {f; f : b = ¢FV}. An easy computation gives
that for each j, each {t; € b;k < j} and {gi € ¢FV;k < j}

1) |A] = FN = |[{f € 4;(Vk < 5)(f(te) = ar)}]

holds. Define a function X : A x b — @ by X(f,n) = f(n). Obviously X is a Borel
function. By Theorem 2.3, for each n € b there exists a random variable z, with
rng(z,) C w, whose probability distribution D, is, with respect to S,, indiscernible
from P(,}. By Theorem 1.1.2, (1) implies the existence of a BAF F such that

1.) for each n € b and each B € Bq, {f € 4; f(n) € B} is F(A), F - observable
and mp4),r({f € 4; f(n) € B}) = Da(B),

2)) for each u € I and each B € ¢4, where ¢, is the o-algebra corresponding
to X{Sn;n € u}, the class E = {f € 4;(f((0,u)),..., f(¢(Ju| - 1,u))) € B}
is F((A), F - observable if and only if B € Dom(P.), and if E is F(A), F -
observable, then mp(4),r(E) = Pu(B).
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Hence X is the searched Borel stochastic process. ]

As one can easily check, using the construction of the proof of Theorem 2.13, we
can prove the following

2.14. Theorem. Let {S,;n € b} be a system of interval indiscernibility equi-
valences on Q such that there holds (3w C Q)(Vn € b)(Sw = Q). Then there ezists
a Borel function X such that for each b-consistent system of finitely dimensional
probability distributions P there ezists a BAF F such that there holds: X is a
stochastic process with respect to F', whose system of finitely-dimensional probability
distributions is indiscernible from P with respect to {Sp;n € b} and the trajectories
of X are sets.

2.15. Theorem. There ezists a function X such that for each b-consistent system
of finitely-dimensional probability distributions P there ezists ¢ BAF F such that
X is a stochastic process with respect to F, whose system of finitely-dimensional
probability distributions is P, and whose trajectories are sets.

PROOF : Denote U = {f;f : b — Q}. Obviously U is an Sd-class and by
Theorem 1.2.4 there exists a bijective function T : b — U such that for each
E C b,Set(E) & Sdy,(T"E).

Put A = U{dFN x {n};n € b} and take a function ¥ : A — b such that for each
n € b, Y} (n) = b¥N x {n}. Hence |A| = bFN = |Y~!(n)| for each n € b. Define
the function X : A x b — @ by X(w,t) = T(Y(w))"{t} for eachw € A and ¢ € b.
Obviously X has the required properties. n

2.16. Remark. From the physical point of view we can consider a system of
probability distributions of a stochastic process to be the result of a measurement,
running in time, and the Borel approximating function to be the way of the mea-
surement. Then Theorems 2.14 and 2.15 say that measuring some phenomena, in
general, arbitrary results can be obtained in dependence of the way of measurement.
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