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On positive solutions of semilinear elliptic problems

PAvVOL QUITTNER

Dedicated to the memory of Svatopluk Fué&ik

Abstract. In this paper we study the existence of positive solutions of semilinear elliptic
equations. Our method is based on the use of the topological degree and the apriori
estimates of Brézis and Turner.

Keywords: . positive solution, semilinear equation, variational inequality, topological degree
Classification: 35J65, 4TH15, 34B15

1. Introduction and main results. This paper deals with the existence of
solutions of the problem

—Au = f(u) in Q
(1) . u=0 on 02
u>0 in Q

where  is a smooth bounded domain in IRY and f : R* — IR is a continuous
function. Our existence results are based on the following three assumptions

(A1) f crosses the first eigenvalue A, of the operator —A on H(R), i.e.
lim sup f—(-tl < A1 < liminf f_(fl
t—o+ 1 t—+oo ¢

(A2) | f() IS CA+]|t]|™), wherea < (N +1)/(N -1)

(A3) f > =), where A > 0 is “sufficiently” small (more precisely see
Theorem 2)

and they can be easily extended e.g. to the problem

—Lu = f(z,u,Vu) in Q@
(2) u=0 on 0Q
u>0 in Q

where L is a general second-order elliptic operator with smooth coefficients.
If £(0) > 0, then the existence of solutions to (1) was proved under rather general
assumptions by many authors (see P. L. Lions [6] for a survey). If f(0) < 0,
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then the existence of solutions to (1) in a general domain Q was proved under the
assumption (A3) in Smoller-Wasserman (8] for sublinear f and in Castro [3] for
f(u) = Mu? = 1), where g € (1,2* — 1), 2* = 2N/(N — 2). The proof of Castro is
based on the mountain pass theorem and thus it can be used only in problems with
variational structure. Our method is more general, on the other hand we require
more restrictive growth condition (A2) on f. First we use the topological degree
and the apriori estimates of Brézis—Turner [2] to prove that under the assumptions
(A1) and (A2) the variational inequality

(3) ue Kt: (-Au - f(u),v—u) >0 WweK?

(where K+ = {u € H}(Q);u > 0} and (:,-) is the duality between H~(Q) and
H}(R)) has a nontrivial solution and then we use the maximum principle in order
to show that under the additional assumptions (A3) any nontrivial solution of (3)
is automatically a solution of (1).

To be more precise let us formulate our main results for the model problems

(1),(3):
Theorem 1. Let f € C(IR*,IR) satisfy (A1) and (A2). Then the inequality (3)

has a nontrivial solution.

Theorem 2.. Let E € C(IRY,IRY) fulfil (A1) and (A2) with f replaced by E. Then
there ezists A = A(E, Q) > 0 such that for any f € C(IR*,[-)\, +00)) satisfying

() f<E
and
(5) lim mf f( )

the problem (1) has a solution.

Note that using Theorem 2 one can easily prove the existence of solutions to (1)
with f(u) = Mg(u) —1) or f(u)=g(u—3)— ), where A — 0+, g€ C(R,R*)
satisfies the growth condition (A2), g(t) = 0fort <0 and liminf;—4oo ‘-(,9 = 400
or liminf;4oc0 '-(‘9 > )\;, respectively. Finally, let us remark that the growth
condition (A2) can be weakened to

hmsupf() with = N+1

t—+4o00 - 1

in Theorem 1 and Lemma 1 and that the existence of a nontrivial solution of (3)
for f(u)=u?-1, g€ (1,2*—1), was proved by Szulkin [9,Theorem 5.1} using his
version of the mountain pass theorem.
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2. Proofs of Theorem 1 and 2 (for N > 1). We shall write briefly [u instead
of [yudz and weput |lul :=(f|Vu[?)!/2.By c and C we shall denote various
constants which depend only on @ and f (in Lemma 1 and Theorem 1) or on
and E (in Lemma 2 and Theorem 2). First we prove some apriori estimates for the
solutions of (3). The following Lemma 1 is based on the results of Brézis—Turner
[2] (see also de Figueiredo [5]) and so its proof is just sketched.

Lemma 1. Let f € C(IRY, R) satisfy (A1),(A2). Then there ezists a constant
C = C(f,Q) > 0 such that for any s > 0 and for any solution u of the inequality

(6) ueE Kt (—Au— f(u)—s®,v—u)-> 0 WveK?t

we have |lul| < C and ||ufj= < C .

Here ® is the positive eigenfunction of —A on H1(S) corresponding to the eigenvalue
A

PROOF : Let s > 0 and let u be a solution of (6). Putting v = u + @ in (6) and
using (A1) we get

,\,/ud» > /f(u)<1>+s/<1>2 > (z\1+e)/u<I>—C/‘I>+s/(I>2 )

hence fud < C, [ f(u)®<C,s<C.
Putting v = 2u and v = 0 in (6) we get (—Au — f(u) — s®,u) = 0, thus

@) lul? < / fwu+C

Putting v = 2/(N + 1), = (N + 1)/(N — 1), using the estimate f(t) < et + C,
and the Hardy-Sobolev inequality we obtain

/f(u)u < (/f(u)@)v( avilgr__)_ﬁul/(l—v))‘ﬁ
< o [ELEGIEINT < ot

which together with (7) implies ||u]| < C. Now the regularity results for variational
inequalities (Brézis [1]) imply

® lullwar < Clf(v) + 58l < C(llullf,s +1) forany p>2

which enables us to use a bootstrap argument to conclude ||tllL. < C . |

581
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Lemma 2. Let E € C(IRY, IRY) satisfy (A1) and (A2) with f replaced by E. Then
there exists ¢ = ¢(E, ) > 0 such that for any f € C(IR*, IR) satisfying f S E and
for any nontrivial solution u of the inequality (3) we have ||ul| > ¢, llullL= >c.
PROOF : Without loss of generality we may suppose a > 1.

Let u be a nontrivial solution of (3) with f < E. Since E(t) < (), —¢€)t for t <t,,
we have

(9) null2 = /f(u)u < (/\1 —E)/u2 + /(.>' )C(ua+l + 1) .

Moreover,
(10) / @ < =,
bY
(11) Cutt < Cllul*t < —lul® i Jul<ec,
{.>‘., 3/\1

meas{u > t,} t

IA

2/(a+1) (a=1)/{a+1)
Jow < (L) ()
{v>t0} {u>t,)

< Cllull? (meas{u > to})(*~D/l=+D)
hence
(12) -/(->t.] C = Cmeas{u>t,} < §i—l||u||2 if Jlul<e.
From (9)—(12) it follows that ||ul| > ¢, |lullz= > t,. ]

PROOF of Theorem 1: Let H be the Hilbert space H!(Q2) with the scalar product
((u,v)) := f VuVv and let P be the projection in H onto K. Then the inequality
(3) is equivalent to the equation

vueH : u—PF(u) = 0,

where F: H — H is a compact map defined by ((F(u),v)):= [ f(u)v.
Putting B. := {u € H;||u|| < ¢}, using Lemma 2 and the homotopy H(t,u) :=
u —tPF(u) we get

deg(I — PF,0,B,) = deg(I,0,B.) = 1,

where deg is the Leray-Schauder degree and I is the identity in H. Hence to
prove the existence of a nontrivial solution of (3) it is sufficient to show deg(I -
PF,0,Bc) =0 for some C. According to Lemma 1 and the homotopy invariance
property of the degree we have

deg(I — PF,0,B¢c) = deg(I — PF,,0,B¢),



On positive solutions of semilinear elliptic problems 583

where ((Fo(u),v)) := [(f(u)+ s®)v. Thus it is sufficient to show that the in-
equality (6) has no solution for s sufficiently large, which follows from the proof of
Lemma 1 (we have shown s < C under the assumption of solvability of (6)). ]

PROOF of Theorem 2: Let f € C(R*,[—),+00)) satisfy (4) and (5) and let u be
the nontrivial solution of (3) whoee existence is guaranteed by Theorem 1. It follows
from (8) and Lemma 1 that u € W2?(Q) for any p> 2, hence u € C'*(Q) for
any v < 1. Moreover,

(13) lullcrr < Cllullwar < Cllf(w)llzr < Cllull,

where v = 1— N/p. In what follows choose p such that a < (N +v)/(N —1) and
choose z, € @ such that K :=u(z,) = max.equ(z). According to Lemma 2 we
have K > ¢ > 0. First we shall prove that for ¢ = CK~Y/(¥N-1 (with suitable
C > 0) we have

B(z,):={zeR";|z—z,|<€} C O
(14) K
u(z) > ) for any z € B.(z,) .

To prove this let us choose z; € Q such that | z,~z; |= min{| z,~Z |; u(z) = K/2}
and u(z;) = K/2. Using (13) we get

%— = |u(z1)-u(zo)] < /1 | Du(z, + t(z1 — z,))(z) — 2,) | dt
o

IA

1
C/ |2y -2, "t K%t = C|z -2z, |'t" K*,
()

hence | z; —z, |> CK(-2)/A+) > CK-1/(N=1) ' which implies (14).
Now let us denote by z the unique solution of the problem

-Az = f(u) in Q
z2=0 on 90

where f~ = max(0,—f). By the maximum principle we get z > 0in 2 and using
standard regularity theory we obtain

(15) lzfler < Cmax f~ < CA.

Putting w:=u+2 weget —Aw = f+(u)+pu, where u is a nonnegative measure,
thus w is superharmonic and positive in , w > u.

Choose 6 =6(R) >0 such that Qj:= {z € Q;dist(z, ) > 6} is connected and
OBs(z)N Qs #0 forany z € Q.
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Let yo € 8Bs(%o) N Q5 be fixed and let u, be the solution of the problem

—~Auy, =0 in Bs(y,)
Uy =w on 9B;s(y,) .

Then w>u, on Bs(y,) and (14) implies
C / w > C / u
9B4(y.) 8Bs(v.)

O measn-1(0Bs(v) 1 Bules) 2 C,

uy(Yo)

v

where C = C(6) >0 does not depend on u and f.

Using the Harnack’s inequality we get uy(z) > C for any z € Bys(y,), hence
w>C on Bss(yo)

Choose a fixed covering |, Byss(yi) of Qs with y; € Q5. Without loss of
generality we may assume y, € Bas/s(y1), hence

w(z) 2 C w>C w>C for any z € By/s(y1)-
Bysss(z) Bys(ye)

Repeating this argument m-times we get w > C on .
Let us be the solution of the problem

-Aus =0 inﬂ\h_;
u; =0 on 9Q
us=C on 99 .

By the strong maximum principle we have us(z) > C dist(z,dQ) for any z € Q\ Qs
and some C > 0. Hence w(z)> C dist(z,00Q) for some C >0 and any z € Q.
Now (15) implies u =w —2 >0 in , provided A is small enough.

Note that the decomposition u = w —~ z was used also by Castro [3]. ]
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