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Some new cardinal inequalities involving
a cardinal function less than the spread and the density

SHU-HAO SUN AND K00O-GUAN CHOO

Abstract. In this paper, a cardinal function, denoted by sqL(X), which is less than both
the spread and the density, is investigated in some details. We prove that, in several
known inequalities involving the spread s(X), the spread s(X) can be replaced by sqL(X).
A related cardinal function, denoted by gL(X), is also discussed.
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1. Introduction
It is well known that in the theory of cardinal function, there are some funda-
mental inequalities involving the spread s(X) = sup{|D|: D C X, D, is discrete}.w,
for example,
“For X € Tp,p(X) < 25X,

“For X compact, |[RO(X)| < 2°(X)»
and the Sapirovskii’s theorem (2, Theorem 5.1): “If X € T; with s(X) < &, then
there is a subset S of X with |S| < 2% such that X = |J{D: D € [S]<*}.”

In this paper, we will prove that, in the above inequalities, s(X') can be replaced
by another cardinal function, denoted by sqL(X ), which is less than both the spread
and the density. Here we define a subset A of a space X with [4| < 2%, where
is a cardinal, to be a strong k-quasi-dense subset of X if for each family U of open
subsets of X, there exist a V € [/]<* and a B € [A]<* such that

(UV)UB 2 (UY),

where [A]$* denotes the set {B : B C A,|B| < x}. If the above property holds
only for open cover U of X, then we say that A is k-quasi-dense. Now let us write

8qL(X) = min{«x : there is a strong x-quasi-dense subset of X},

¢L(X) = min{x : there is a k-quasi-dense subset of X}.
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Mathematics, University of Sydney for its hospitality.
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Remark: Both the cardinal functions s¢L(X) and ¢L(X) were introduce in [4],
while the function ¢L(X) has been discussed further in [5].

It is immediate that ¢L(X) < sqL(X) < d(X), where d(X) is the density of X.
We now prove that if X € T, then sgL(X) < s(X). In fact, let x be such that
5(X) < k. By the theorem of Sapirovskii as quoted above, there is an § C X with
|S| < 2% such that X = |J{D : D € [S]<*}. Thus we need only to show that the
subset S is strong k-quasi-dense in X. Let U be a family of open subsets of X and let
Y = UU be the subspace of X. Then s(Y') < x. By another theorem of Sapirovskii
([2,Proposition 4.8]), there is a subset B of Y with |B| < k and a subcollection V
of U with |V| < & such that Y = B U (UV). Therefore for each b € B, there is a
subset A(b) of S with |A(b)| < & such that b € A(b). Let A = |J{A(d) : b € B}.
Then A is a subset of S with |A] < & such that (UY{) € AU (UV). Hence S is
strong k-quasi-dense and so sgL(X) < s(X). Moreover both s¢L(X) < d(X) and
3qL(X) < s(X) can be strict.

For undefined notations and terminologies, we refer to [3]. We will use the Pol-
Sapirovskii technique for the proofs of our main results.

2. Main theorems
First let us recall the following definition. Let X be a topological space. Then
a family U of nonempty open subsets of X is said to be a pseudo-local base for a

point p € X, if {p} = N{U : U € U}. Then
¥(p, X) = min{|U| : U is a pseudo-local base for p}.wy,
PY(X) = sup{¢(p,X) : p € X}.
Theorem 1. For X € Tp,9(X) < 2°9L(X),
PROOF : Let sqL(X) = « and A with |A| < 2" be a strong x-quasi-dense subset

in X. Let p be any point in X. If ¢ € X with ¢ # p, then there is an open subset
V, of q with p ¢ V, since X € T;. Thus

UtVe:qeX-p}- ¥ - {p).
A}

Since A is strong k-quasi-dense; for such family {: , ;, we can find {gq }a<x € X —{p}
and B € [A]<* with

J Ve UB2 X~ {p}.

a<lk
Let#y = {X -D:DC B,p¢ D}. Then |th| < 2" LetUp = {X -V, : a < &}
and let Up = 3y UlUy. Then {p} = NU,. In fact, let

geX-{p}c |J v UB.

a<lx

Ifqe U V.., then g € V, for some o' < &, sothatq¢X—Vq:,_andq¢ﬂng.
a<<k

Ifg € B, then g€ BNV, C BNV, C V,, and by choosing D = BNV, we see that
9€D. But p¢V, thus p ¢ D and so X — D € UY;. Hence g ¢ NU; and therefore
{r} =NUp. As |Up| < |th] + [Uy| < 2%, we conclude that $(p, X) < 2° and hence
%(X) < 2% =< 244L(X)_ This completes the proof. u
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Corollary. ([2, Proposition 4.11]). For X € To,%(X) < 22X,

Example. Let X, be the Niemytzki plane, X, be the space R with the topology 7 =
{V — A : V is the usual open set in R and A4 is countable}, and let ¥ = X; & X,.
Then sqL(X) = w, but d(Y) > d(X2) > w and s(Y) > s(X;) > 2“.

Theorem 2. If X € T; with sqL(X) < &, then there is a subset S of X with
|S| < 2% such that X = |J{D : D € [S)<*}. In particular, d(X) < 2°9L(X),

PROOF : Let A be a strong k-quasi-dense subset of X. Since X € T, it follows
from Theorem 1 that ¢(X) < 2*.

For each p € X, let U, be a pseudo-local base for p with |Ufp| < 2*. By transfinite
induction, construct a sequence {S, : 0 < a < k*} and a sequence {U, : 0 < a <
k*} of open collections in X such that

(i) 1Sal <€2%, 0<a<«kt

(i) Us ={Vel,:pe | Ss}, 0<a<kh

f<a

(i) if V € [Ua)S*, B € [A]S* and BU(UV) # X, then S, — (BU (UV)) # 0.

Now let
S = ( U s,,) UA.

a<kt

Then S is the required subset. First, we note that |S| < x+.2% + 2% = 2%, Next,
let p€e X. If p € S, then nothing to prove. f p¢ S, thenp ¢ |J S,. For each
+

a<lk

g€ U Sa g # pso that we can choose a V; € U, such that p ¢ V;, and hence
a<st
pEU{Vz:9€ U Sa}. On the other hand, since 4 is strong k-quasi-dense, there
a<kt

<k
is Be[A]S* and M € [ U Sa] such that

a<xt

(U Vq)UFQU{VqHIG U s12 U S

qEM a<xt a<st

qEM
there is a' < k* such that M C Sq; that is {V; : ¢ € M} € [Ux

(ii1), Sar41 — (( U V,) U -B_) # 0, which contradicts the fact that
qEM

It remains to prove that p € B. If p ¢ B, then ( U V,) UB # X. Since |M| < &,

}Sn- Hence, by

(U Vq) UEQ U Sa Qsa'-l-l-

qEM a<st

This completes the proof. ™
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Remark. Our results generalize the theorem of Sapirovskii [2, Theorem 5.1) as
quoted above.

Now, recall another inequality [2, Theorem 5.3]: For X € T3, nw(X) < 2°(X),
where nw(X) = min{|V| : V is a net for X} is the net weight for X. Using Theorem
2, we can strengthen the above result in replacing the spread s(X) by sqL(X).

Theorem 3. For X € Tz, nw(X) < 28L(X),

PROOF : Let sqL(X) = «. By Theorem 2, there is a subset S of X with |S| < 2*
and X = J{A: 4 C §,]A| < «}. Then the family N' = {N : N C §,|N| < &} can
be easily checked to be a net in X of cardinality < 2* (cf. [2, Theorem 5.3]). Hence
nw(X) < 209L(X), n

Remark. The result of Theorem 3 was also announced in (4, Theorem 2.12]; but
in our proof, the result of Theorem 2, which was not mentioned in [4], is essential.

Remark. The following inequality follows immediately from Theorem 3: For X €
T, |X| < 234L(X)¥(X)

Recall that a space X is said to be of point-countable type if for each point p € X,
there is a compact set K such that p € K and K has countable character. Note
that for X € T3 of point-countable type, ¥(p, X) = x(p, X) and ¥(X) = x(X),
where x(p, X) is the character at p and x(X) is the character of X.

Next, consider the following inequality involving the cardinality |RO(X)| of reg-
ular open subsets of X [2, Corollary 7.7]: If X € T; is compact, then |RO(X)| <
22(X)_ In fact, the above inequality holds if X € 73 is of point-countable type (cf.
[2, p-30]). We will prove that this inequality can be improved.

Theorem 4. If X € T3 is of point-countable type, then

|RO(X)| < 2%9L(%),

PROOF : For any space X, we have |RO(X)| < mw(X)*X), where mw(X) is the
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n-weight of X and ¢(X) is the cellularity of (X). Clearly ¢(X) < sqL(X). Hence

|[RO(X)| € mw(X)*9L(X)
= (mx(X)d(X))* "X

= wx(X)'qL(X)d(X)'"L(X)

L(X)
< mx(X)*9HX) (2-"1L(X )).q y (using Theorem 2)

= mx(X)* X0
< x(X)*et®
= (X)*9L0), (since X is of point-countable type)

sqL(X)
< (2"L(x)) ! y (using Theorem 1)

= 984L(X)

As an immediate consequence, we have:

Corollary. If X € Ty is of point-countable type, then w(X) < 2°9L(X) | where w(X)
is the weight of X.

In the last part of the paper, we will establish some new inequalities involving
the cardinal function ¢L(X). First, let us recall the following definitions (cf. [2,
p.54]). Let U be an open collection of X and p € X. Then

ord(p,U) = |{U €U : pe U}};
ord(Y) = sup{ord(p,U) : p € X};
psw(X) = min{ord() : for any p€ X,[ |{U €U :p€ U} = {p}}.

Theorem 5. For X € T,d(X) < psw(x)ﬂ'(x).

PROOF : Let psw(X) = A,qL(X) = &, U an open cover of X such that for any
p€ X,{p} ={U €U :pe€ U} and ord(/4) = A and let A be x-quasi-dense subset
of X. We write Yy = {U € U : p € U}. Use transfinite induction to construct a
sequence {B, : 0 < a < £t} of subsets of X and a sequence {U, : 0 < a < st} of
open collections in X such that

() 1Bal < 3%, 0<a<nt;

(i) U = {V:VGU,,,PE’U Bg}, O0<a<«st

<a

(iii) ¥V € [Ua]S*, D € [A]$* with (UV)U D # X, then B, — ((UV)UD) # 0.
Let S = |J B, U A, then |S] < k*.0* 4+ 2% = A*. It remains to show that

_ a<lnt
S=X.
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fpeX-5,thenpg¢ | Ba,soeachg€ |J Ba, We have ¢ # p and thus
a<kt a<st
there is V;, € U, with p ¢ V,, and that {V;: g€ |J Bs} 2 U Ba. Hence there
a<st alst

isasubset M C |J B, with |M| <« and D € [A]=" such that

a<st

€3] U v%uD2 | B

since A is k-quasi-dense. Now for any ¢ € M, V, n( U B,) # 0, thus we can
choose b(q) € V;N( U Ba) so that V; € Upy. Since |{b(q) q € M}| < k, there

a<lrt

is o/ < k* with {b(q) : ¢ € M} C By; that is {V, : ¢ € M} € [Us]S*. Since

pgS,p¢ Aandsop ¢ D; thatis | J V, | UD # X. Then use (iii) to conclude
gEM

that By — (( U V,) u D-) # 0, contradicting (1). This completes the proof. ®
9EM

Remark. It follows from the theorem that, for X € T;,

lXI < psw(x)qlf(x)?’w(x) = 2qL(X)paw(X)‘

However, a better inequality has been proved in [6],: For X € T,

’X' < 2L’(X)psw(X)’

and it is easy to show that L*(X) < ¢L(X).
Corollary. [4, Theorem 1.11]. For X € Ts, d(X) < psw(X)1%),

Lemma. For any topological space X, sqL(X) < ¥(X)qL(X), where ¥(X) =
min{k : every closed subset in X is the intersection of < k open sets }.

Theorem 6. For X € T3, K(X) < 20LO¥(X) " yyhere K(X) denotes the number
of all compact subsets of X.

PROOF : Let ¢L(X)¥(X) = x. By the above lemma, we have sqL(X) < «. Then

using second remark of Theorem 3 to conclude that |X| < 2°94X)¥(X) — 2% Since

P(X) £ ¥(X) £ k and X € T;, for each p € X, we can choose a collection V,

of open neighborhoods of p, closed under finite intersections, such that |V,| < &

and ({{V :V € V,} = {p}. Let V= | Vp, let W be all unions of <  elements
peEX

of V,andlet ¢ = (WU (DN(X-K)) : W € W,D € [A]5")}, where 4 is a
strong k-quasi-dense subset in X. It remains to prove that the complement of
every compact subset of X is the union of < k elements of G. Let K C X be
compact. Since ¥(X) < x, we see that X — K = |J{F, : 0 < a < &} with each
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F, closed. Fix a < &. Then for each p € F,, use compactness of K to obtain
V, € V, such that KNV, = 0. Since {V, : p € Fo} 2 F, and sqL(X) < &, we
can find W, € W and D, € [A]S* such that Wy UDq 2 {V, : p € Fa} D Fa. Let
Ga = Wa U (DaN(X —K)). Then Go € 6,GaNK =0and X - K = | Go.
a<k

This completes the proof. ]

Remark. This result gives a partial extension of the following [2, Theorem 9.5]:
For X € T, K(X) < 2¢(X)¥(X)_ I fact, it can be easily checked that e(X)¥(X) =
s(X)¥(X) and so e(X)¥(X) > ¢L(X)¥(X).

Example. The following example shows that the inequality in the remark can
be strict. Let X be the Niemytzki plane. Then ¢(X)¥(X) = 2“w = 2¥. But
¢L(X)¥(X) = d(X)¥(X) = w so that e(X)¥(X) > ¢L(X)¥(X).
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