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Von Neumann regular rings and the Whitehead property
of modules

JAN TRLIFAJ

Absiract. First, we prove in ZFC that no (von Neumann) regular ring derived from a group
ring is an Ext-ring. Then we prove that the assertion “every regular Ext-ring is completely
reducible” is consistent with ZFC.
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In [5], a project for studying associative rings by means of extension properties of
modules was developed. The basic notion there was that of the Whitehead property
of modules. A module N is said to have the Whitehead property provided either N
is injective or, for each module M, Ext(M, N) = 0 implies M is projective. In [5],
rings such that each (left) module has the Whitehead property were called (left)
Ext-rings. Their classification is a natural starting point of the above mentioned
project.

The basic fact about Ext-rings is that they fall into two classes: the artinian,
and the (von Neumann) regular ones (see [5, Theorem 3.4]). On the one hand,
the theory of artinian Ext-rings is fairly developed: there is a complete descrip-
tion of the nonsingular and of the “small” singular ones (see [5, Theorem 8.1 and
Theorems 4.1-4.6], respectively). On the other hand, examples of non-completely
reducible regular Ext-rings are missing. In fact, [5, Theorem 6.3] shows that there
are no examples of cardinality less that 2%o,

In the first section, we prove that the most promising candidates — derived from
appropriate group rings by adding necessary nets of idempotents — actually fail
to serve as the right examples. Roughly speaking, the main obstacle here is that
the left “fundamental” ideal is non-trivial and it does not “support” the canonical
simple module.

In the second section, we prove that the search for the examples of cardinality
> 2% in ZFC is in vain. Namely, the assertion “every regular left or right Ext-ring
is completely reducible” is consistent with ZFC. The proof of this fact is based
on a uniformization principle (Lemma 2.2) due to S. Shelah, which was kindly
communicated to the author by prof. A. Mekler.

For the basic notation and facts used in the sequel, the reader is referred to [1]
and [2].

1. Simple von Neumann regular rings derived from group rings.

Definition 1.1. Let K be a field, J a right linear space of dimension 2% over K
and Q = Endg(J). Let G = (G,0) be a (non-commutative) group such that
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the following conditions are satisfied: card(G) = 2%¢; there exists a sequence of fi-
nite (non-commutative) groups (G» | n < ®g) such that G is a dense subgroup
of the group [],, <y, Gn endowed with the product topology induced by the discrete
topologies on Gn, n < Ro. For each n < Ro, put p, = card(Gr) (> 1). Clearly, we
can w.l.o.g. assume that the support of the group Gy, is p,(= {0,...,pn-1}) and 0
is the null element of the additive group G, = (pn, On)-

For n < Rg denote by m, the projection of G onto p,. Let {bs | h € G} be a basis
of the right K-module J. For g € G define ay € Q by agb, = byor Vh € G. Put
Py = {0} and, for each 0 <n < Rg, P, = {(z0,...,Zn-1) | z: < pi Vi < n}.

Put g =1 € Q and, for 0 < n < Ry and z = (z9,...,Tn—-1) € Py, define e, € Q
by e, by = by provided h € G and hx; = z; for all ¢ < n, and by e, b, = 0 otherwise.
Forn < Rq let E, = {e; | z € P,}.

Denote by R the subring of Q generated by {a, | ¢ € G} U U
Clearly,

<y En U K.

R={g€Q|3n<NoVz,y € Palgy: €G3k €K:g= Y  kyeyay,. e}
z,yEE,

In the following lemma, we list the elementary facts about R we shall need in the
sequel. Further details and properties can be found e.g. in [4, § 3].

Lemma 1.2. (i) The ring R is simple non-completely reducible and directly finite,
J is a simple faithful module, K = End(J) and dim(J) = 2%,

(ii) Let n < Ro, g € G and e € E,. Then ageai_y € E, and the mapping
Y : Ep > E, defined by e = agea_y) 18 bijective.

(ii1) Let 0 < n < No, g €EG and e, f € E,. Then e = e, and f = ey for some
z = (z9,...,Zn-1) € Py and y = (Yo0,...,Yn—-1) € Pn. Moreover, faze # 0 iff
gmi = Y; @i (—x;) for alli <n. If fage #0, then fag = fage = agqe.

PROOF : Easy. n
Lemma 1.3. The ring R i3 isomorphic to its opposite ring R°P.

PROOF : Define £ : R — R by (Ez,yePn kyseyag, €)= E:,yEP,. kyzeza(_g, .)€y
Then ¢? = ¢ and ¢ is easily seen to be a ring anti-automorphism of R. n

Lemma 1.4. Let H be any periodic subgroup of G and Iy = 3,y R(1 — ax).
Then Iy # R. If H is infinite, then Hom(R/Iy,J) = 0.

PROOF : Assume there are m < Ry and 0 # h; € H,i < m, such that ;. R(1 -
ap;) = R. For each i < m, denote by p; the order of h;. Take n > 1 such that
for all 4,7 < m there is some k < n with h;mg # h;mi, and gn = [[;j<aP; 2 &
for all # < m. By 1.2 (ii), we can renumber the elements of E, so that E, =
{f,‘ l < qn} and flaho = ahofo,.. . vfeo*laho = ahof‘,o_z,foaho = aho‘feo—l- Then
fi(1 = ano) = —ano fo(l = ano)*+ — a(py—1yho f2(1 — an,). Moreover, since for each
i < m there is some 0 # z; < g, such that ap, fy = fz,an;, we see that for each
1< m, fz;(l“aha) € Z,,-;ekq,, Rfi(1—ap,). In particular, there are s; € R,: <m,
such that Yicpm $i(Xrizkcqn fr(1=an;)) = 1, whence fo(Eicm $i( X zih<qn fr(1=
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an;)fo)) = fo and for each 0 # j < gn, fo(Ticm 5i( s, ke, fr(1 = an)fy)) = 0.
By 1.2 (11), we get Ei<m fos,'fo and Ei(m Z:‘.#J’(gn fOsifj(l'_ah.' )_Ei<m fosifo =
0. Hence fo = 3. EI#K% fosifi(1 — as;). Since s; € R for all i < m, there
exist p < Rg and e € Ej such that n < p,efo = foe = e, and for each 7 < m there are
ki € K and g; € G such that es; = ekiag;. Thus e =37, 3 .. kieag f;(1~
ap;). By 1.2 (iii), we infer that e = Y ;. kieag, (1 — as;). By 1.1, this implies that
the identity ) ;. kiag;(1 — an;) = 1 holds true in the group ring KG. But the
left-hand side of the identity consists of an element of the fundamental ideal of KG,
a contradiction.

.If H is infinite, then {j € J | (1 —ax)j = OVh € H} = 0 whence
Hom(R/Iy,J) =0 n

Theorem 1.5. The ring R is nesther a left nor ¢ right Ext-ring.

PROOF : Assume R is a left Ext-ring. By 1.2 (i), R is simple and non-completely
reducible whence, by [5, Theorem 3.4], R is regular.

First we prove that G is a periodic group. Assume g is a torsion-free element
of G. Then 0 = Ker(1 — ay) C J. Take r € R such that (1 —ag)r(1 —ay) =1 - q,.
Then r(1 —ay) =1 and (1 — ay)r = 1, since R is directly finite. On the other hand,
since g is torsion-free, we have Im(1 — az) N {bs | h € G} = 0, a contradiction.

By 1.4, there is a maximal left ideal L containing I. Then M = R/L is a non-
projective simple module. Let N be a non-injective module. Denote by I(N) the
injective hull of N. Since the sequence

Hom(M, I(N)/N) — Ext(M, N) — Ext(M, I(N)) = 0

is exact and Ext(M,N) # 0, we conclude that the module I(N)/N has a socle
sequence with homogenous factors isomorphic to direct powers of M. Hence, all
non-projective simple modules are isomorphic to M. In particular, M ~ J, in
contradiction with 1.4.

Thus R is not a left Ext-ring and 1.3 completes the proof. ]

2. Consistency of the complete reducibility for von Neumann regular
Ext-rings.

Definition 2.1. Let « be am infinite cardinal such that cf(k) = Ro. Let E be
a stationary subset of k* such that E C {a < &% | cf(@) = No}. A sequence
(ny | v € E) is said to be a ladder system provided for each v € E(n,(3) | 1 < Ro)
is a strictly increasing sequence of ordinals less than v such that sup;<x, 7 (%) = v.

Lemma 2.2. The following assertion is consistent with ZFC:

UP: “For each cardinal k with cf(k) = Ry there are a stationary subset E of x+
satisfying E C {a < k* | cf(a) = Ro} and a ladder system (n, | v € E) such that for
every cardinal A < k and every sequence (h, | v € E) of mappings from Ro to X there
is @ mapping f: k+ — X satisfyingVv € E 35 < RgVi > j: f(n,(2) = hu(3).”

PROOF : By [3, § 2]. -
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Definition 2.3. Let R be a regular left hereditary ring such that R is not com-
pletely reducible. Let (e; | ¢ < Ro) be a set of orthogonal idempotents of R. Let
k and E be as in 2.1. Let (n, | v € E) be a ladder system. For each o < «*
denote by To the a-th canonical projection of the module R(***) onto R. Let

€ R*Y) be such that 1,74 = 1 and lomg = 0 for all B # a € k*. De-
ﬁne a module M = R("+)/G where G = 3 Rgyi, and for all v € E and all
t < Ro : i, (i) = €, guiT™y, = —e; and ¢,iTq = 0 otherwise. .

Lemma 2.4. Assume UP. Let R be a regular left hereditary ring such that R is
not completely reducible. Let N be a non-injective module. Then N does not have
the Whitehead property.

PROOF : Let (e; | ¢ < Rg) be a set of orthogonal idempotents of the ring R.
Put A = card(N). Take & > )\ such that « > card(R) and cf(x) = Ro. By UP,
there are a stationary subset E of x% such that E C {a < &t | cf(a) = R}
and a ladder system (n, | v € E) such that for every sequence (h, | v € E) of
mappings from Ry to A there is a mapping f : k¥ — ) satisfying Vv € E3j, <
Ro Vi > j, : f(n,(2)) = hy(i). Let M and G be the modules corresponding to
R,(ei |t < No),k,E and (n, | v € E) by 2.3.

First, we prove that M is not projective. Put My = 0 and for each 0 < o < &%
define Mo = 3 5., R(1p + G). Then (My | @ < &%) is a x*-filtration of M.
Assume M is projective. Since R is regular there are a set of non-zero idempotents
{fa | @ < ¥} C R and an isomorphism ¢ : M — @Y ocn+ Rfa. Put No =0 and,
for each 0 < @ < k*, No = ® 3_p, Rfp. Then (N, | & < &7) is a x*-filtration of
o(M). Since the set C = {a < k% | Im(¢ } Ma) = N,} is closed and cofinal in ¥,
there exists some v € ENC. In particular, R/ & 3, .y, Rei =~ ¢(M,41)/¢(M,) C
® Y ,>y Rfa, whence the module M, 4, /M, is projective, a contradiction.

We shall prove that Ext(M,N) = 0. Let ¢ : Hom(R*"), N) — Hom(G, N) be
given by ph =h | Gfor all h € Hom(R("+), N). Since there is an exact sequence

Hom(R("+),N) 5 Hom(G, N) — Ext(M, N) - Ext(R*"), N) =0,

it suffices to prove that ¢ maps onto. Let r € Hom(G,N). Clearly, there is
a bijection b: N — A, For all v € E and i < Ry, define k, (i) = b(g,:z) € b(e;N).
For all v € E and ¢ < j,, put 6,; = ;57! f(n,(i)) provided there are p € E
and k < R such that j, < k and n,(¢) = n,(k), and §,; = 0 otherwise. Define
a mapping y € Hom(R("+),N) by

1ay = b1 f(a) provided there are v € E and ¢ < Rg such that j, < i

and a = n,(1),

lay = Yic;.(bai — gaiz) provided a € E,

1,y =0 otherwise.
Then g,iy = €i(ln, i)y — 1vy) = guiz forall v € E and i < Ro. Hence
Ext(M,N) =0, and N does not have the Whitehead property. ]
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Theorem 2.5. The assertion “every regular left or right Ext-ring is completely
reducible” is consistent with ZFC.

PRrOOF : Assume UP. Let R be a regular non-completely reducible left Ext-ring.
By [5, Theorem 6.2], R is left hereditary. By 2.4, no non-injective module has the
Whitehead property, a contradiction. Dually, we prove that every regular right
Ext-ring is completely reducible. Now, the result follows from 2.2. n

Theorem 2.6. The equivalence of the following three assertions is consistent with
ZFC:
(i) R is a left non-singular left Ext-ring,
(i1) R is a right non-singular right Ext-ring,
(iii) either R =S or R=T or R = SHEBT, where S 1s a completely reducible
ring and there is a skew field K such that T s Morita equivalent to the upper
triangular matriz ring of degree 2 over K. '

PROOF : By 2.5 and [5, Theorems 3.4 and 8.1]. =
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