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LINEAR INTEGRAL INEQUALITIES 

MILOŠ RÁB, Brno 
(Received May 2, 1978) 

Since 1918-when Gronwall [4] published an estimate for any continuous non-
negative function x(t) defined in [a, a + A] and satisfying the inequality 

t 

x(t)£a + |x(s)ds, j 8 > 0 
a 

a lot of papers have appeared generalizing this result. Many of them have been 
mentioned or reproved in the monograph by <!>HJiaTOB—IHapoBa [25]. 

The inequalities of Gronwall's type are special cases of an inequality for a monotone 
operator S£, x S f + 3?x in which the solution of y = / + i£y provides an upper 
bound for x (Walter [13]). This result has been proved, for Volterra integral in
equalities, by Sato — Iwasaki [11]. In the linear case, i.e. if a function x(t) satisfies 
an inequality 

(1) x(t)^f(t)+ Jfc(t,s)x(s)ds, 
* a 

an upper bound for x(t) is given by a Neumann series—the solution of the equation — 
t 

y(t) = /(/) -f § k(t9s)y(s)ds~ which represents the best upper bound of x(t). It is 
a 

well known that if k(t9 s) = g(t) h(s)9 the solution of this equation can be written 
in a closed form (see Chu —Metcalf [3]). Putting down the requirement of receiving 
the best possible bound, we can replace the inequality (1) by another one providing 
a simple bound in general case, too. 

The purpose of this paper is to treat inequalities containing multiple integrals; the 
results encompass the major part of papers quoted below. 

There is an elegant generalization of Gronwall's inequality to systems of n linear 
inequalities in m variables published by Chandra—Davies [2]. 

For a better orientation we establish a survey of typical results concerning the 
linear integral inequalities for functions of one variable. In this survey, all functions 
are supposed to be continuous and nonnegative on the interval J « [n» T)9 T £ oo 
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or on the Cartesian product Ix... xl; all constants are supposed to be nonnegative. 
Gronwall (1918) [4] 

f 

x(0 £ f [a*(s) + fi\ ds, t e [a, a 4- h] => x(0 _§ ph exp {dfc}, 
a 

f e [a, a + hi]. 
Reid (1930) [10] 

x(0_./(0+}[ft(s)x(s) + g(s)]ds, 
a 

f(t) £ M =*x(t) = [J g(s)ds + M] exp } h(s)ds 
a a 

XapjiaMOB (1955) [26] 

x(t) <. f(t) + g(t) } h(s) x(s) ds _> x(0 _i /(0 + 

+ g(0 } /(s) fe(s) exp } g(r) h(r) dr ds 
a s 

Cap6apjiH (1965) [23] 

*(0_./(0 + g(0?Ks)x(s)ds; 
f 

CO 00 00 t 

J fh, J gh < oo _» x(0 __ /(O + g(0 J /(s) l»(s) exp J g(r) h(r) dr ds 
f S 

Willet (1965) [14] 

x(t) __ /(O + £ g.(0 } ,̂(s) x(s) ds => x(0 _i E-/(0, 
i = l a 

E ^ D A - i - A ) , A>/ = L V = / + (£y-igi)(«xPJM;-igj)J^/-
a a 

MoBj_jj_j_yjioB---4>HJiaTOB (1972) [21] 

x(0 £ j(0 + g(0 f Kt, s) x(s) ds => x(0 g F(0 exp {G(0 f K(t9 s) ds}, 
d a 

F(t) * sup /(r), G(0 = sup g(r), K(f, s) = sup fe(r, s) 

agr£t <*__*•__* a&rgt 

#HjiaTOB~IIIapoBa (1976) [25] 
1 dk * s dfc 

x(0 _S c + f k(r, s) x(s) ds, ~~1 6 C° => x(0 _S c exp f (fe(s, s) + f ~ (s, <x) d<r)ds 

Paefapatte (1975) [7] 

*(0 & f(t) + f g(s) x(s) ds + f g(s) f /i(r) x(r) dr ds, 
a a a 

f s 

/(O nond^creasing *+ x(t) S f(t) [1 + f g(s) exp f [g(r) -f* A(r)] dr ds 
« a 
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Beflb (1965) [18] 

x(0 ^ ci + g(0 {c2 + c3 J lh(s) x(s) + í íc(s, r) x(r) dr] ds} => 
a a 

t M 

=> x(0 = c. + g(0 [c2 exp {c3 í (g(s) A(s) + í fc(s, r) g(r) dr) ds} + 
a a 

t $ t r 

+ cic3 J (h(s) + J íc(s, r) dr exp {c3 f (h(r) g(r) + J* fc(r, u) g(u) d«) dr} ds] 
a a s a 

Vencková (1977) [12] 

x(t) S /(O + í ' 7 — T - ^ T í - í S('o)*('o)dťo ••• dt2(,-i => 
a a a P\*n) a a 

~x(t) g /(Oexp } ' T - . ' T -^TTÍ •••} «(řo)dř0 ...dí2.-i. 
a a ì POJ i 

In the sequel let Rn denote the real n-dimensional, euclidian space of elements 
('i t ••• > tn)- As usual, we shall use R instead of it1. Let E be a set in /*"+1. We shal 
mean by C(E> R™) the class of continuous mappings from E to Rm. If/is a member 
of this class, one writes/e C(K, i*m). Another accepted significations: i*+ = [0, oo), 
R" = (-oo ,0], J = [r0, -T), T g oo. Finally let us define Dk+i = {(/, ti9 ...9tk)e 
e/*k+1, t0^ tk^ ... <:ti^t < T}. 

fin 

Theorem 1. Let vk(tt tlt..., tk)9 - ^ - ( ' , ti9..., tk)eC(&+\ R+)t * « l , . . . , f t . 

For t/(/) e C(J, i*+) fe/ as define 

t 
Ka[«] (0 = W*.'.'-)«('*) df:*. 

« • 

K*[«](0 = } f -k]lvk(t, t, t2 t1)tt(ft)drjk...dt2, k = 3, .... n 
*o 'o to 

K[«](0 = t>i(^o«(0 + £a*[«](0. 
*--2 

«i[«](0-}• -&-(», <i)w('i)<l»i, 

S*[«](0 = } J •••T-srfc <i '*)«('*) d.» ... d.i, fc - 2,.... n 
to *o fo < 7 1 

s[«] (0 =£$,[«] (0. 
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Suppose a(t), b(t), x(t) e C(J, R+) and 

(2) 

x(t) ^ a(t) + b(t)[$ v^utjx^jdti + ... + f J... J v„(t,tl,...,tn)x(tn)dt„...dt1. 
a to to to 

Then 

(3) x(0 = a(0 + b(t) J (R{a] + S[a]) (s) exp J (R[ft] + S[b]) (r) dr ds. 
V *o s 

Proof. Denote 
t t tt rM_t 

K0 = WMi)*(* i ) <--*! + ... + f f... f vn(t,r1,...,Ox(f„)drl,...dt1. 
»o 'o «o 'o 

Then x(t) = a(r) + *(/)!>(/) and v(t) is nonnegative and nondecreasing. Since ur(t), 
u2(t) e C(J, R+), Ul(t) = M2(0 imply R[Ul] (t) <: R[u2] (t) and S[w,] (t) = 5[w2] (0, 
we obtain the following bound for the derivative v'(t): 

v'(t) = R[x] (t) + Six] (t) = R[a + bv] (t) + S[a + bv] (t) = 
= (R + S) [a] (0 + (R + S) [bv] (t) = (R + S) \b] (t) v(t) + (R + S) [a] (t). 

t 

Multiplying this inequality by exp{— f (K + 5)[b](s)ds}, it may be written in 
'0 

the form 

[v(0 exp { - f (R + S) [b] (s) ds}]' ̂  (R + S) [a] (t) exp { - f (R + S) [b] (s) ds}. 
'0 to 

Integrating from f0 to t we receive with respect to v(t0) = 0 

t,(0 exp { - f (R + S) [b] (s) ds} <i f (R + S) [a] (s) exp { - f (R + S) [b] (r) dr} ds, 
*o to t0 

and, 

v(t) ^)(R + S) [a] (s) exp ) (R + S) [b] (r) dr ds. 
to s 

Since x(f) ^ a(t) + 4(f) i?(f), the proof is complete. Th. 1 contains the results from 
the papers [1], [4], [5], [6], [10], [16]-[20], [22], [24]-[28] as special cases. 

Theorem 2. Let vk(t9 tl9...9tk)9 Vk(t9 tl9 ..., tk)e C(Dk+1
9 R

+) and let Vk be 
nondecreasing in f, 

VkiUh, . . . , f*)^ max t?fc(s, ti9 ...,ffc), k -= 1, ...,n. 
tk£sgt 

Let R[u] (f) be defined in the same way as R[u] (t) in Th. 1 replacing there vk by Vk. 
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Then the inequality (2) implies that 

(4) x(t) < a(t) + b(t) } K[a] (s) exp J £[&] (r) dr ds, t e [t0, T). 
fo S 

Proof. It is seen from (2) that for each t e [t0, A], A < Tthe following inequality 
is valid 

x(t) < a(t) + fc(0 [ } V,(h, t^x^dt, + ... 
fo 

f ' 1 fn 

+ 1 f ••.J^(fc,r1,...,ril)x(Odrll...di1]. 
fo fo f0 

ptry 

Since -~- = 0 for t e [i*0, A] and k = 1,...,«, Th. 1 forces the validity of (4) for 

t e [t0, A], especially for * = A. Thus the theorem is proved since A may be chosen 
arbitrarily in [t0, T). 

Note. Let A(f), B(t) be continuous, positive and nondecreasing functions, A(t) ^ 
= max a(s), B(t) ^ max A(s). Then the inequality (4) can be simplified to the follow-

fo^sS-f fo<.s<.f 

ing one 

*(0 § .4(0 exp {J3(0 J R[l] (s) ds}. 
fo 

In fact, in view of (4) we have 

x(t) 5i A(t) -f B(t) ] R[A] (s) exp J K[B] (r) dr ds g 
fo s 

< .4(0 + fi(,) J A{t) ^ (5) e x p f B ( t ) ^py] ( r ) d r d i = 

fo s 

= >KO[i-exp{B(of«[i]dS}i::;0] = 
s 

= .4(0e)cp{B(f)J^[-1](s)ds}i 

•0 

For n = 1 see [21]. 

Theorem 3. Let vk(t, tx, ..^ ^ g c^+i, ^ f ^ ^ ..., , t ) e £(£,*+., R-y 

Suppose 

.1«. " J "* ( f''-»•••' r - ) d ' - ••• d'» < °°> 
00 00 Q& 

11 "J.-^C'i. •''*)d'* ...d«i>-co 
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and define for admissible u(t) e C(J, R+) 

00 

P2M (0 = W t , ' , ' 2 ) «('2) df2, 

00 00 00 

P*M(0 = í Í ••• Í »k(t, t, t2, ...,tk)u(tk)dtk ...df2, fc = 3,..., n, 
» «j » k - i 

P[«](0-«i(u)«(0 + t**M(0. 
k = 2 

e,M(0 = í-^-o,íi)-(fi)df., 
00 °° °° dv 

e*M(o = i J - j"-^f(f,fi,...,t)k)«(f*)dft...df., t - 2  
»»i »k-i ° i 

CM(0-t&M(0. 
* = i 

Leta(t),b(t),x(t)eC(J,R+), 

](P - C) M (s) ds < 00, J (P - 0 [b] (s) ds < 00 

and 

x(t) й a(t) + b(f) [ J Ыf, f.)x(í:)df. + ... 

00 00 00 

+ ff... f ü„(ť,f, f„)x(fя)df„...dfЛ. 
t »1 «»-! 

Then 

x(t) = a(t) + b(f) 1 (P - S) M (») exp J (Q - P) [b] (r) dr ds. 
r s 

Proof. We shall proceed in the same manner as in the proof of Th. L Let 

00 00 00 00 

K 0 = J t>.(f,f.)x(f.)df. + ... + J J... f t>„(f,f., ...,fB)x(fB)dff)...df.. 
» » »1 » n - l 

Then 

f'(0 = - P [ * ] (0 + CM (0 = -P[« + H (0 + CD- + *»] (0 -
= (<2-P)M(0 + (C-P)[H(0. 

Since t<0 is nonnegative, nonincreasing and (fi — P) [« x] (f) = (o - P) [«2] (t 
«i(0 ^ «2(0. it is (fi - P) [bv] (t) = (o - P) [b] ( 0 * 0 . Hence 

. V(t) = (C - P) M (0 KO + (Q - P) M (0 

42 



and 

[t>(0 exp ] (Q - P) [t>] (s) dsj _> (£ - P) [a] (r) exp] (6 - P) [*] («) ds. 
t t 

Taking in account that v(co) = 0, we receive from this inequality 

v(t) = J(P - Q) [a] (s) exp J (6 - P) [6] (r) dr ds 
r s 

and the theorem is proved. 
For n = 1 this theorem has been proved by Cap6apjiM [23]. 
In the special case a(t) = ceR+

9 b(t) s 1 and vk(t9 tt, ...9tk) = fx(tx) ...f*(t*), 
where fx, ...,f„ e C°(J9 R

+)9 Th. 1 gives for x(t) satisfying the inequality (2) the 
estimate 

*(0 .£« exp { J/.(».) dit + - + }/i(ti)},/2(t2).TL(Ud<....d(1}. 
'o 'o 'o 'o 

This result can be sharpened by using another method of the proof (see [7] for 
/i = 2). 

Theorem 4. Let flt ...,/„ C°(J, R+) and let 

x(t) ^ c + //.(**.) x(r<)df. + ... + } Mh))Mh) •••Tfn(tn)x(tn)dt„ ... dr, 
*o to *o *0 

on /, 
rhe/i 

(5) x(0 = c[l + J ft(f,) dr, + } / ifc) J f2(t2) exp J f2(*3) d*3 At2 Ait + 
•o r0 to to 

+ .- + }/i0i).[L-i(rB-i)exp'7V.-i(O+/.('.)] dr.... drt. 
*o *o to 

Proof. Let us define for any u(t)e C(J9 R+) 

Lnti(0 = "(0+Jfn(s)w(s)ds, 
to 

t 

Lku(t) = u(t) + J fk(s)Lk+1u(s)ds, k = n - 1, ..., 2, 
*o 

t 

L1H(0 = c+|/1( s)L2«(s)ds 
•o 

and let us denote 

"i(0 - LiMt), uk{t) = LM-A), * = 2 n 
so that 

«*(0 * «*+i(0-
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The functions ut(t) satisfy the following system of differential inequalities 

u\ ^fiU2, 

(6) u't ^ftu2 + ... +/,f/ i+ l f i = 2, ...,/* - 1, 

Un ^flU2 + ... +/„-2W„-i + (/w-i +-/„)*/„. 

In fact, since x(0 ^ ui(0> it holds ui = fxL2x ^fiL2ui = / iu2- Assuming that the 
first k — l ( k ^ / i — 1) inequalities are valid, we have 

u'k = "I-i +-/*£*+iw*-i -^/lW2 + — +-/k-iw* +fkLk+1uk = 

= /it/2 + ... +-/k*/*+i. 

For k = n it is 

u; = u;.! +/„wn^1 ^ / t / 2 + ... + / n - 1 u n + - / X 

and the statement is proved. From the latter inequality it follows 

n 

< -S £ /"„, 
i = l 

so that 

(7) u . , ( 0 g c e x p } £ / ( s ) d s . 
fo .= 1 

If we know the estimate for t/<+i, we receive from the inequality (6) written in the 
form 

"I S£/*U| + /,ti,+1, 
*=-i 

that 

(8) ii/O = exp {*£ } fk(s) ds} [c + j exp { - £ J fk(r) dr f(s) u i+,(s) ds], 
* = 1 t0 t0 * = 1 r0 

for i* = w — 1, ..., 2, and, 

n ( 0 S c + J/!(s)w2(s)ds. 
•o 

Hence starting from (7) and using (8) for / = n - 1, . . . , k we receive 

»~*-i t t 

un_k(t) £ c exp { I J f(s) ds} [1 + J /„-*(*„-*) x 
< a s l to t0 

xexp7 /„.k+iWdt(l + ... + {1 + 77»-i('n-i)x 
fo ro 

xexp u'[/>-i(^) + /„«]dtdf,,..} ...>df,.*] 
'0 
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and 
«(0 g c[l + iMhKl + |V2(t2)expjf/2(T)dT{l + ...[1 +'"fL-i(t»-i)x 

*o *o to to 

xexp7V--iW + /.(*)) <fr]<*'i.-i -}*2>df1] 
*0 

which is equivalent to (5). The proof is complete. 
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