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CONTRIBUTION TO THE THEORY
OF PSEUDOCONGRUENCES WITH PROJECTIVE
CONNECTION

JAROSLAV KREJZLIK, Brno
(Received December 3, 1979)

Using basic ideas and conceptions introduced in [1], [2] and results from [3],
the pseudocongruences of (n — 1)-planes with projective connection are introduced
and their projective deformations are studied.

1. Let a special Konig space 2, _, ,,_; be constructed according to [1], p. 71, 72.
Using notation of Gejdelman ([4], p. 281), we shall call these spaces (n — 1)-plane
pseudocongruences with projective connection,

Let a (n — 1)-plane pseudocongruence % with projective connection be given by

the equations
2n

(1.1) VAi= ZwijAja
j=1
n k 2n
w; =Y iUy, gy oony Uy) O :le“ =0,

where w; (k = 1, 2, ..., n) are the Pfaff forms in the differentials du,, du,, ..., du,,
Wy AWy A ... Aw, # 0. The (n — 1)-planes of the pseudocongruence & are P,.., =
= (A, A4;, ..., A,). We call the developable varieties &, of £ (corresponding to the
curves of Q,) varieties with developable developments. The equation of developable
varieties of the pseudocongruence % is

(1.2) [4,,4;,...,4,, VA, VA,,...,V4,] =0.

The first term of (1.2) is a form of n-th degree in du; (i = 1, 2, ..., n). We restrict
ourselves to such pseudocongruences whose form mentioned above is the product
of n linear forms in du; (i = 1,2, ..., n). Let us denote them w,, w,, ..., w,. The
equation (1.2) reduces to

0@, ... 0, = 0.

If nothing other is mentioned then in all our considerations it will be always

(1.3) s=i+ Li+2,...,i+n-1 i=12,..,n
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and the indices i,i + 1, ..., i + 2n — 1 are changed according to the scheme

i, 1, 2, 3, e, h =2, n—1, n
i+ 1, 2, 3, 4, e, n—1, n, 1
i+ 2, 3, 4, 5, veey N, 1, 2
(1.4 :
i+n-—1, n, 1, 2, e, h =3, n—=2, n—1
i+ n, n+lL,n+2,n+3 ..,2n-2,2n~-1, 2n
i+n+1, n+2,n+3, n+4, ...,2n—1, 2n, n+1
i+ 2n—1, 2n, n+1l,n+2 ...,2n—-3,2n-2,2n -1

We shall deal with such pseudocongruences only where forw; = 0,i = 1,2, ...,n
(w, arbitrary, k = 1,2, ..., n, i # k) there exists just one focus and the » foci con-
sidered do not lie in one (n — 2)-plane. Let us choose these foci to be the points
Ay, Ay, ..., A,.

A point 4, to be a focus then

[(VAl)O)¢=05Al’A2,"'7An] =oa (i= 1’2,-":'1)’
i.e.
Alitn = Alitg-1 = - = Ai420-1 = 0,

where the indices are changed according to (1.3) and (1.4).
The fundamental equations of the pseudocongruence & are

n 2n
VA4, =) o4, + Y ade; (=12 ..,n).
51 j=n¥1

Using the specialization
2n
Y ald; - A,

157
Jj=n+1

we obtain the fundamental equations in the form

VA; = oA + Z w;A;,
i=1

2n
VA,'.{.," = Z w(+"'jA.j (i = l, 2, ceey n).
j=1

(L.5)

The foci 4;(i = 1, 2, ..., n) of the pseudocongruence .Z generate n K6nig varieties;
let us denote them (4;) and let us call them focal varieties of the pseudocongruence £.
Let A; be a fixed point of the focal variety (4;). The developments of all the curves
of the focal variety into the local space of 4; are curves with tangents in the n-plane
(Ay, Ay, ..., Ay, A;,,), the s.c. tangent n-plane of the focal variety (4,). This n-plane
is the focal n-plane of the pseudocongruence £.
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In the (n — 1)-plane of the pseudocongruence # the foci 4,, A4,, ..., 4, are
vertices of s.c. focal simplex. For any point of a (k — 1)-plane [4;+1, 4;43, ..., A;4, ),

k=2,3,..:n—1,s.c. focal (k — 1)-plane, the focal directions are
Wiy = Byyz = .. = W4 = 0.

The indices are changed according to (1.4).

For each vertex A, all the directions satisfying the equationw; = 0(i = 1,2, ..., n)
are focal directions. The foci A; generate varieties of the dimension n. We restrict our

consideration to the case when all n focal varieties are of the dimension »n.

2. Let & be a (n — 1)-plane pseudocongruence with projective connection given

by the equations (1.5). Without loss of generality, we may assume

wi = du‘
and we obtain

(2.1) VA; = dudyy, + Y, 044,
=1
wU = Z a:‘j duk.
k=1

The variations of parameters and local frames compatible with

3

(2.2) 4,145 = duy, @ 4n =0

are given by

(2.3) u; = u(iK;)
2n
(2.9 A= pudi,  Ain= Zl Hisn,jA;,
js
where

HisHaz oo Mgt | Bieg, il =1

G=n+1,n+2,...,2n—1).
From (2.1) we obtain easily

. B du,
(2.5 @ ivr = Py l(”i+l.i+1a:,l+l + Hitnivd) —/—,
dg,
- du,
a-l's = W 1ﬂssa:s_:_ ’
di,
and
_ _ . du, dit, du; .
(26) a'ii+n,n+s = Wi 1”ssai-Hl,»+s dﬁ‘ du: dﬁj fOl‘ J 4: S5
, a du, .
d{+n,n+s = #ll l(ﬂssaij+n,n+l - ”H'”'j) dﬁi for ] =%
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wherej=14,i+ 1,...,i + n — 1 and the indices i,i + 1, ...,i + n — 1 are changed
according to (1.4).
From (2.5) and (2.6) we obtain

_ _ - R . du;
a;s - a;+n,n+s = Wy ‘[”sx(a:s - al+n,n+s) + 2”i+n, s] _-d_:— .

U
We may specialize the frames in such a way that

(27) a:s - a?+n,n+s =0 and Hitn,s = 0.
We obtain

di;
(2.8) A; = wd;, Aiyy= ”i+n,i§t + ﬂﬁ‘aTJHn-

Let us introduce the notation

(29) his = a:s = a:+n,n+ss
n n
Vais = Z a{s d“j’ .’ #: i’ Vﬁis = Z a{+n,s+nd“j, J * S.
j=1 i=1

We may specialize the frames of a pseudocongruence % with projective connection
in such a way that & is given by the equations .

(2.10) VA‘ = du‘A,-+,, + Z w,,AJ,'
Jj=1

n n
VAin= leH-n,rAr + Z Oitp,n+jAnsjs
r= j=1
where for i # j
(DU = hlj dui + Va(j, (Ui+,|,j+n = h‘j du_’ + Vﬂij'

The most general variation compatible with (2.2) and (2.7) is (2.3) and (2.8).
After these variations we obtain

(21l) Eis = ui-i- I”ss'idiy_:" hisa

du, di,
* dit, du,

Vdis = ﬂl’?luss Vais’ VnBis = Hl: 1” Vﬂis‘

3. The dualization .?;'_,, of the Konig space &, , is the Konig space of the type

Py -1, defined by the construction B ([1], p. 73). The dualization £* of the pseudo-
congruence % is again a pseudocongruence. Using the dual frames

(3'1) Ei = (_l)i+l[Ah seey Ai-—l’ AH-I’ seey A2n]’

the pseudocongruence #* is formed by the (n — 1)-planes P,_, = [E"*!,E"*2, ..., E*"]
(Ps_, being the local centers of #*) and the connection is given by the equations
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3.2 VE"" = —duE' —j};lwm,ms“',

n n
VEl = - Z w,+,,.,E'+" - Z wj‘Ej,
r=1 i=1

where for i #Jj
wj; = hj;du; + Vay,, Ojip,i+n = hydu; + VB,
The foci of the dualization are
Ei*n (i=12,..,n).
As a consequence of passing to the dualization, we obtain the following substitution

lg A E' duy hy Vo, VB Wy 1

3-3) L* E"" Ay, —dug hy —VB, —Vay, —Wjtn,i+n

where the indices are changed according to the scheme

i,jv:' 1 2 .n n+ln+2..2n
i+nj+nn+ln+2..2n1l 2 o n

The natural correspondence ¥ — £ * is hence developable.

4. From (2.1) we obtain the following invariant forms of the pseudocongruence.
(4.1) Point forms

Piy,izy i = Val'n,l'z Vaiz,ig oo Vaik-;,l'k vaik,in

(4.2) Hyperplanar forms

(Pi’.;.iz,...,ik = Vﬁh,i; Vﬂlz,i; oee Vﬁik-n,ik Vﬂ‘k,h’

where k is the order of the form.

The indices of these forms are generated by all the permutations of numbers
1,2, ...,ntaken k at a time. The forms having the same cyclic order of indices are
. n!
equal. The number of each of these forms is CETh
It can be shown that

_ (ph...i_/_llj’ (phi_y...ik
(ph cedgondgigegoic =
(ph(j

B=jsk-1.

Similar relations are true for the hyperplanar forms. With respect to these relations
it is sufficient to consider the forms of second and third order only.

The set of point forms of second and third order will be called the point element
of the pseudocongruence and the set of hyperplanar forms of second and third order
will be called the hyperplanar element of the pseudocongruence.
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(4.3) Focal forms

du,
Fi: - Vais Vﬁsi dui .
(4.4) Pseudoasymptotic forms
Vo, du,
G = VBisdu;
For the study of projective deformations we must introduce the forms
(45) ‘l’is = (a?+n,i+n - alsl) dus'

The substitution (3.3) will be completed by

L @iy Fis Gis Yis 1
(46) g*: (P?;...ik Fix I/Gi: wis

5. Let & be a (n — 1)-plane pseudocongruence with projective connection given
by (2.10). Let 2 be another pseudocongruence; we denote all expressions connected
with & by a tilde. Let the frames associated with & be specialized in the same way
as those associated with 2.

Let C: & — £ be a correspondence between % and & given by the equations

(5.1) du; = Y. my;du;,
j=1
where
det | my; | # 0.

The correspondence associates to a (n — 1)-plane P,_, € La(n — 1)-plane P,_, € &
CP,_y = P n—1-

The correspondence C: &% — 2 is called the projective deformation of order k
if for each (n — 1)-plane P,_, of the pseudocongruence .Z there exists a collineation
K: P,,_; = P,,_, such that the pseudocongruences K& and 2 have the analytic
contact of order k along the (n — 1)-plane P,_, = CP,_,. We say that K realizes
the projective deformation C of order k.

The conditions for the correspondence C to be a projective deformation of the
first order consist in the existence of the collineation

2n

(5.2) Kd;=Yc,A, (j=1,2,..,2n)
r=1
and such a form $, that it holds

(53) K[Zh;iZ,"";in] = [AI’AZ""’An]
KV[4,, 45, ..., A,] = V[Ay, Azs ..., A,] + 8,[4;, 4,5, ..., 4,].
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From these equations we get

and further

Cis = Cisnstn = 0; dui = Cit1,i+1Ci42,i+2 - Cren, i1+ Aty

and (5.1) may be reduced to -
du‘ = du,.

Proposition 1. The correspondence C: & — 2 is the projective deformation of the
first order if and only if C is developable. The collineation realizing this deformation
transforms the focal formations of the pseuclocongruencc £ into the corresponding
focal formations of the pseudocongruence .

The tangent collineation K is of the form

n
(5-4) KZ;‘ = QiAi’ KZH» = QlAHn +'-21 ci+n,rAr’
where
0103 ... 0 = 1
and
n
(5.5) T, = 0 — 0, 9, = i‘_/_:l(fu - Qi—lciﬂl,idui)'

The dual collineation K*: P},_, - P3,_, is given by
(5.6) K*Ei*—n - erEi'Fn’

n
K*Ei = Qi—lEi - Z Qi—lgr—lcnﬂ',iEr"'
r=1

This collineation is tangent to the correspondence C: & — £*.
The correspondence C is a projective deformation of the second order if and only

if there exists (for each (n — 1)-plane P,_, € &) a tangent collineation K satisfying
(5.3), (5.5) and

.7 KV[4,,4,, ..., 4,] =
= V3[4, A, ..., 4,] + 29, V[Ay, A, ..., 4,] + ()[4, 45, ..., 4,).
There is

(5.8) V[A4,,4,,...,4,] =i§ {odda,, 4,, ..., A,] + dufA;s1, Aiss, ooy Aienlds

n
V[A“'l’ Aiszs ooy A“"] = lel+r.i+r[Al+l’ Airzs ey At+n] +
r=
=1

+ _Zl{(hi,i"-r dui+r + Vﬂl,i+r) [A"l'l’ A‘.g.z,'..., Ai"'ll-l’ Ai+"+’] +

+ (h“"»‘du“" + V“H"") [A" Al+r+l’ Aivrszs ooes Al+r+n-1] -
= Oppni[Ai A, ooy Apsn-g] + (~1y0-D dugy [Aisrs1s Airrszs ooos Asranl}
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The indices are changed according to (1.4).

Consequently
(5.9) VA, Ay, . A = )[4y, Ay ooy 4] +
+;§::1 '4:‘:1{(0” QU[A, s 1y Ayrgs ooy Aieyy] +
+ (Q%uy + duwiy,iv0) [Aivys Aivzs oos Aiaal} +
+ 3 T D LAty Ausrrs s Ausrsa] +

+ (Val+r,l du; — Vﬂi+r.l du;y,) [Ai’ Aigrits ey Ai+r+u~l]}'

The indices are changed according to (1.4).
From (5.9), an analogous equation for V2[A4,, 4,, ..., A,] and (5.5) we obtain

(5.10) KV[4,,4,;,...,4,] = V[4,,4,, ..., 4] +
+ 29, V[4,,4,,...,4,] + )[4, 4;, ..., 4,] +
i+n—-1 n
+ Zl i_zl¢:"+1,i+2 ..... i+n~1[Ai+l’ Ai+2’ eeey An]’
where
(.11 ¢:+l,i+2,+,i+n—1 = (Ti+s,i+s — 1) du; — 2Qi_lci+n,idui27

s
i+1,i+2,+,i+n—-1 —

= Vais dus - Vﬁis dui - QsQi—l(V&is dus - Vﬁis dui) - ZQ(_ ch-n,sdui dus'

If Cis a projective deformation of the second order then there exist such functions
Citn,i> Ci+n,s that

i — B’ —_
(512) ¢H—l,i+2,+,l+n—1 - ¢i+1,i+2 itn—-1 = 0.

From (5.10) and (5.11) it follows

1 ~i ~ i
(5.13) Ciins =0, Citn,i = 7(a:+n,i+n - a:i - a;+n,i+n + a;i) Qi»
(514) Qi Vais = Qs V&isa Q; vﬁis = 0 Vﬂis
(5.15) ai+n,i+n - a?l = ag+n,i+n - ag.

Eliminating g, from (5.14), we get

(5.16) V&,, V&,‘ = Vaig Vash V&U V&jr V&"' = vaii Vaj' Va'i
(5.17) Vﬁ‘, Vﬁ,l = Vﬂis Vﬁsh Vﬁu Vﬁjr Vﬁri = Vﬂ‘i Vﬁj' Vﬂ'i
(5.18) Vay, VB, = Vo, VB,

(5.19) Va;, = Va‘,

VB' is vﬁ is )
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The indices i, j, r are generated by all the permutations of numbers 1, 2, ..., n taken 3
at a time. The indices having the same cyclic order are taken once only.

With respect to (4.1)—(4.5) we have
(5.20) 5’:, = Pis> a’ljr = Pijrs (‘;; = (p:ﬂ a’;r = ‘P;r

‘ FI'S = Flsa Gls = Gis’ 'pis = .l’ls'
We can prove easily that these conditions are necessary and sufficient.

Proposition 2. Let C: & — & be a developable correspondence. The cor-
respondence C is a projective deformation of the second order if and only if pseudo-
congruences .Z and & have the same point and hyperplanar element, the same focal
and pseudoasymptotic forms and the same forms y,,.

Substitution (3.3) and (4.6) yields

Proposition 3. Let C: &£ — & be a projective deformation of the second order.
The correspondence C: #* -+ Z* is also a projective deformation of the second
order.

6. Let C: & —» & be a projective deformation of the second order. According to
(5.4) and (5.13) the osculating collineation realizing this deformation

(6.1) KA, = 0,4;, KAjrn = Cianidi + Qidiss

where ¢;4,,; is determined by (5.13).
The dualization C: £* — 2* is also a projective deformation of the second order
and the osculating collineation realizing this deformation is

(6.2) KEi+" = Qi-lEl-*."I’ KE’-——‘ —ei—zci+n,iEi+" + Q[—lEi,

where c¢;.,,; are determined by (5.13).
If expressed in terms of points, relations (6.2) give (6.1).

Proposition 4. Let C: & — &£ be a projective deformation of the second order
and (6.1) be its osculating collineation. The projective deformation C: £* - @* is
realized by the same osculating collineation.

Let C: & — £ be a projective deformation of the second order. Suppose that
(5.13) and (5.14) hold. The osculating collineation is (6.1). We shall say that C is
weakly singular, (singular, strongly singular) if C,:(4,)— (4,) is a projective
deformation of order one, (two, three) and it is possible to realize the deformations C;
by the same collineation. '

There is
KA4; = oA;, KVA4, =0, VA, + (estii + Civnudu) A, +

n—1

+ Zldui_(e.wu.‘,m = @ihiivr) Aisrs
r=

i=12,..,n
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The correspondence C to be weakly singular we obtain

6.3 Qsh~u = ;hys.

Proposition 5. Let C: & — & be a projective deformation of the second order.
C is weakly singular if and only if (6.3) holds. Further we have
KV24, = ¢, V2 A, + 2ot + Civmidu) Ay + [0idty + 0, duiTiyp, +
+ 0th + (T + Dyyniin — 03) QuiCiypn s + dPuciy, ] 4, +

n-1
+ Zl{wl,i+r[ei+rd(egl ) + 0(Titnitn — Ti+r,i+r)] +

i+r

+ Qisr QU4 vy — 0 U040 i1y} Apsye

The correspondence C to be singular then we get (6.3) and

dg;
de,

Proposition 6. Let C: & — £ be a weakly singular projective deformation. C is
singular if and only if (6.4) holds.

Carrying out similar consideration for the correspondence C: £* - £* and
using substitution (3.3) we get.

(64) Qsa)i+n,s = inl'-i-n,s, Ti+n,i+n = T = Ql‘—le

Proposition 7. Let C: & — & be a weakly singular (singular) projective defor-
mation. Then the correspondence C: £* — £* is also weakly singular (singular).
To solve the problem of the strongly singular projective deformation let us

simplify at first the osculating collineation. By a suitable choice of local frames we
obtain

KA, =A;, i=12 ..,2n.
In this case we have
‘ e=1, Z:+n,i+n - 5:: = a;+n,i+n—' a:i
and the equations (5.14) and (5.15). If C is a singular projective deformation then

Tis = Titn,s = Tii = Titni+n = Vitn,s4n = 0.
Further

,Kzi = A;, KVA;=VA4;, KV4;=V4, + dugt, s, idi,
K Vsl;di = VSAI- +3 duit”,,i VA; + (.) Ai +

n—1

+ z {—2 dui‘”i.i+rti+n,i + (wi,i+r dui+r + wi+n.i+n+rdui) Ti+n+r} AH-r'
r=1

As the equations @4, du;y, + O4p i4n4, du; = 0 are not satisfied identically
all the forms t;; = 0 (i,j = 1,2, ..., 2n).

Proposition 8. If C: & — £ is a strongly singular projective deformation, pseudo-
congruences % and & are identical.
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