Archivum Mathematicum

Adrijan Varbanov Borisov
On the integral geometry of the linear subspaces in a biplanar space
Archivum Mathematicum, Vol. 19 (1983), No. 2, 63--70

Persistent URL: http://dml.cz/dmlcz/107157

Terms of use:
© Masaryk University, 1983
Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to

digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz



http://dml.cz/dmlcz/107157
http://project.dml.cz

ARCH. MATH. 2, SCRIPTA FAC. SCI. NAT. UJEP BRUNENSIS
XIX: 63—70, 1983

ON THE INTEGRAL GEOMETRY
OF THE LINEAR SUBSPACES
IN A BIPLANAR SPACE

ADRIJAN V. BORISOV
(Received February 2, 1982)

Let J, and K, be fixed skew linear subspaces of the n-dimensional real projective
space P,, such that dimJ, = p, dimK, =¢q, p<q and p+ g=n— 1. The
biplanar Kleinian space Bf'? has P, as the underlying space and its fundamental
group G, consists of all collineations of P, preserving J, and K. The subspaces J,
and K, together form the absolute of Bf'?. The dimension of G, is equal to L =
=p*+¢*+2p+9q) + 1

We use a family of biplanar frames R, = (4,4, ... 4,.,B,B, ... B, ) having
the following property: the vertices 4,, 43, ..., 4,4, liecin J,and By, B,, ..., By,
lie in K,. An arbitrary element of G, has the form

p+1

xi=yayx;, i=1,.,p+1,
j=1
q+1

Yo=Y by, u=1,..,9+1,
v=1

where 4 = det (a;;) # 0 and B = det (b,,) # 0. Without loss of generality we can
suppose that
0] - A.B=1.

Let

p+1

dA, =Y ol4;,, i=1,.,p+1,
i=1

g+t

dB, =Y yiB,, u=1,..,q+1
ox=1
be the infinitesimal transformations of Ry, where the 1-forms

1
(o{ = -z-l Al .o A]—],dA(A]-(-x cee A'+1 l’
@ {
*: = F'Bl ) B'—‘ dB.BU"‘l ..-B‘.'.“
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satisfy the structure equations
p+1 X
Dw{:Zw?Aw,", i,j=1,...,p+1,
k=1
q+1
Dyu=Y yuAyy, uwov=1..,9+1
w=1
and the unique non-differential condition
pt1 X qt+1
3 2o+ Y Yu=0,
i=1 u=1

which is a consequence of (1). If we consider the homogeneous coordinates

Ai(a“,az:j ey ap+1.i,0, 0, ---,0), i = 1, ey P + l’

“
' (Bu(()’ 07 ""0, b[ua b2u9 ""bq+1.u)’ u= la s q T+ 1

of the vertices of R, then from (2) we get

;1P l !
(% 1 2+t 1 94!
'll:: = F Bwv dbwu = "E‘ Z bwu dBWv’
w=1 w=

where 4,; and B, are the cofactors of the elements a,; and b,,, respectively.

2. Let L, (0 £ ¢t £ p) be an arbitrary linear subspace of BE'% without common
points with the absolute. Using the method of L. A. Santalo in [6], we find
~ conditions for the density of L, to be invariant with respect to G,. Assume that L,
is determined by the linearly independent pointsM, = A, 4+ B, ,M, = A, + B,, ...,
M,,, = Ay, + B,,,. The isotropy group of L, is given by the following com-
pletely integrable Pfaffian system ‘

where
j””=19"'st+l; a=t+2,...,p+];
B=t+2 ...,9+1.

We now consider the (¢ + 1)(n — t)-form

t+1 p+1 q+1 t+1

O] =AL A oira A '/”A/\(wz Al

A=1a=t+2 p=t+2
By the well-known criterion of S.-S. Chern [4], there exists a unique bxplanar
density (6) of L, iff D(dL,) = 0. But
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t+1

DAL) = Y [(p + D} + (g + DYl AdL,
A=1
and D(dL,) = O iff

t+1

o) LI+ Dai+@+Dyi]=0.

From (3) we see that (7) holds iff p = ¢ and ¢t = p. Thus obtain the following
theorem:

Theorem 1. The subspaces L, have the density (6) invariant with respect to Gy, iff
P =qandt=p.

The theorem shows that the only case in which the linear subspaces L, without
common points with the absolute have a biplanar density is one of maximal
dimension t = p and B)'? = B,}",,. The latter means that the biplanar space is the
generalized biaxial space. Thus we obtain a new characterization of the generalized

biaxial space.

Remark. One can analogously show that the linear subspaces which have
common points with J, and K, have no density invariant under G,.

Let us now consider the set of m-tuples of skew linear subspaces X, =
= (L,,, L,,, ..., L,,,) without common points with J, and K, and whose dimensions
t; satisfy the condition

t +t,+ .+ t,+mSp+ 1.

Assume that L, is determined by the linearly independent points M,, M,,..., M, ,,
and L,, by the linearly independent points M, ,,, M, .3,..., M, 4,4+, and so on,
where M; = A;+ B;,i =1,...,t;+ t, + ... + t,, + m. In the exterior product

(8) dZ, = dL, AdL, A ... AdL,

the factor (for 1 £ s< m)
dL,, = 4\ [A @AY AN 03A /\ Vo AN (@h: = v,
s a's a’y "y Us
: by ot +SS A, B S+ o+t + s,
ISa, =ty +...+t,_  +5—1, L+ o+t +s+ 150 Sp+ 1,
L+ ..+t +s+ 1S <qg+1

is the exterior product of all left sides of the equations of the completely integrable
Pfaffian system, which determines the isotropy group of the element L, . It follows

from :
tyt+ta+...ttytm

DEI)= Y [(p+Do;+(q+ DYiIAdE,

A=1

and the criterion of S. S. Chern that a necessary and sufficient condition for



existence of the biplanar density (8) of the m-tuples X, is
tytta+..Ftmtm

Y [p+Daf+(@+yij]=0.

a=1
From (3) we conclude that the above equality has place iff p = ¢ and
th+t+ o+t +m=p+ 1
Hence we have

Theorem 2. The m-tuples X, have the invariant density (8) under G, iff p = q
andt, +t; + ... +t,+ m=p+ 1.
The Theorem 1 is the special case m = 1 of the Theorem 2. Remark that the
existence of invariant density for X, in Bj;%, is established by G. Stanilov [3].
Let X, be an arbitrary system of h + s + m skew linear subspaces
L.L,, .., L,L,L,,..L,L,,L,,..,L, which satisfy the conditions
Ale“ clJ, ,l=Jqu. < K,, (al=JlL,.) Nn{J,vK)=29,

P+R+h+m<Sp+1, Q+R+s+msqg+1,

where
] s m
P=2Pb Q=an, R=Zra
A=1 o=1 a=1
and
D= dimLu, A=1, .., h
9, =dimL,, c=1,..,s,
-r,=dimL,, a=1,..,m

Suppose that the linear subspaces L,, (A=1,..,h), L, (6=1,..,5), L
(a =1, ..., m) are determined by the linearly independent points

Ln = (AP;p4+A’ AP—p;.+l.+1) s Apia)s
Lq. = (BQ-Q.+0’ BQ‘!:*“"“ ] BQ*")’
Lr. = (Mk—r.«l-u Mk-v.+¢+l’ sees MR+|)9

thre MR—'."'C'F. = AB+.+. + Bp+.+., E = P + R + h — I, and F = Q + R +
+s—r,fore=0,1, . The completely integrable Pfaffian system, which
determines the xsotropy group of X, has the form

olt = 0, Yiz =0, ol =0, Y2 =0,

® o2 - VAR =0,

where
P-p,+4Si; SP+A 1SA5h, _
18, sP-p+4-1, P+i+15j,Ssp+1,
@-¢+0Su,£Q+9,  1s506<s,

66 .



(10) 1fv,£0-¢q,+0 -1, Q+o0+1Z5y,89+1,

Etasé SE+r,+a, lsasm,
lsnsE+a-1, E+r,+a+1sn,sp+1,
F+a<o,sF+r,+a, 0<s 00,
1st,£F+a-1, F+r,+a+1=5t,5q+ 1

After exterior differentiation of the form
(11) dZ, = Awf} AYis Al Ay A (@FT2E2 — YEiats

which contains as factors all left sides of (9) (the indices have the ranges (10),

we get
P+R+h+m Q+R+s+m

DAZ) =[(p+1) Z wi+(Q+s)Zw,+(q+1) ’Z Ve +

+ (P + h)z volAdZ,.
v=1

It follows from (3) that the form dZ, is closed iff
P+R+h+m p+1 Q+R+s+m e+t

(P+1) ‘_Zl w§+(Q+s)l§1w}+(q+1) ;l ¢:+(P+h)§1¢3=0.

It is riot hard to see that the above equality is possible exactly in one of the following
three cases:
@ P+R+h+m=p+1, OQ+R+s+m=q+1;
(12) (ii) P+h=p+1, s=0,m=0;
(i) Q+s=qg+1, h=0,m=0.
Therefore we get the following theorem:

Theorem 3. The systems X, have the biplanar density (11) only in the cases (12).

Theorem 3 allows us to determine in a simple manner the systems Z, with
invariant biplanar density. As an example, we consider the four-dimensional
biplanar space B}'* with absolute of a line J, and a plane X,. From Theorem 3
the possible cases are:

Lh=2s5s=3, m=0,P=0,0=0, R=0;
ILAh=2,5s=2,m=0,P=0,Q0=1, R=0;
M.h=1,s=2,m=1,P=0,0=0, R=0;
IV.h=1,s=1, m=1,P=0,0=1 R=0;
V.h=0,s=1,m=2P=0,0=0, R=0;
VL h=0,s=1,m=1,P=0,Q0=0,R=1;
VIL h=2,5s=0,m=0,P=0,0=0, R=0;
VI kh=0,s=3, m=0,P=0,0=0, R=0;
IX.h=0,5s=2, m=0,P=0,0=1, R=0
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Ifpy, =py= ..=p=0,9,=¢q;,=... =q,=0and r, =71, = ... =1, =0,
then the systems X, consist of # + s + m linearly independent points: 4 points
in t,, s points in K, and m points outside J, U K. This special case is considered
in [1]. An analogue of Theorem 3 for B%,% is proved in [2].

3. Here we give a geometric interpretation of the biplanar density of some systems
of special linear subspaces.

Example 1. Let h =2, 5s =2, m =0 and choose p;, =0, p, =p -1, q, =0,
g, = q — 1. The conditions (i) in (12) are satisfied and, from Theorem 3, the
systems X = {(a point in J,) + (a (p — 1)-dimensional plane in J,) + (a point
in K,l) + (a (¢ — 1)-dimensional plane in Kq)} have an invariant biplanar density.
The subspaces are chosen to be skew. Let

2,2 = {pr = (Al)’ Lpz = (A27 K Ap+1), Lq, = (Bl)7 qu = (BZ’ SARE) Bq+l)}-

Then the density of the systems X is given by the following 2(p + ¢)-form

p+1 q+1

(13) dz; = /\ (@) A ) A /\ Wi A

In view of [5], we get an other expression for (13). At least one of the coordinates
(@115 8215 s p14,1,0,0, ..., 0) of the point L, and at least one of the coordinates
0,0, ...,0,by5, b3y, ..., byyy,y) of the point L, are non-zero. Let a,,,,; # 0,
b,+1,1 # 0. Setting

Xlzail/ap+1,1’ Yuzbul/bq«rl,l,_ ’=11 ,P+1,“=l,sq+1n

from (5) we obtain

1 da
w‘l = 7 p+1,1 Z Ay dX, + __._51*_1-_1.5“’
Ap+1,1
(14) 1 db
'f’:="§ q+llZBvudY +Tq—tl’i'slu’
v=1 q+i, 1

where d,, is the well-known symbol of Kronecker.
It follows from (4) that the (p — 1)-plane L, and the (g — 1)-plane L,, have the
have the equations
LPZ: Al‘lxl + A21x2 + ... + A,,lx‘, + A,,“'lxw., = 0,
yl = O yz = 0 .---,yq+1 = 0
=0, x,=0,...,%,, =0,
Bllyl + Byya + o+ Bu¥o + Byiy 1¥4e1 = 0.

L,:

92

At least one of the coefficients Ay, 4215 ---» Ap+1,1 in the first equation of L,,
and at least one of the coefficients Byy, B2y, ---» Bysay ; in the latter equation of

68



L,, are non-zero. Suppose that Ap+1,1 # 0, Byyy,y # 0. Then, setting

a; = An/ApH.l’ i=1 —~p+ 1,
Bu_':Bul/-Bq*l.l’ U= 1’ ’q+ l',
from (5) we get

1 P dA
o = “ZApH.l Z ay; doy, — ‘1‘4—":&1—'511,
s k=1 P11
(15) . ib ap dByiy,
u F q+ T, Lv:l vu v Bq+1,1 1u

Putting (14) and (15) in (13) we have

a A PHLfp B artop A
d2;=( p+1.t4p+1.1) ( "“-IB"“") A (@X; Ada) A )\ (@Y, AdB,).
i=1 u=1

But
ap+1’1Ap+l'l = A(OCXXI + aee + apo + l)-l,

bq+l.1Bq+l,1 = B(f,Y, + ... + ﬁqu + 1)—1
and therefore
p q
A\ AX; A dx) A A (dY, A dB,)
i=1 u=1

[ Xy + oo+ a,X, + LIPY B Yy + o+ B Y, + 1|

dz) =

Example 2. Let 4/ = 2, s = 0, m = 0 and choose p, = 0, p, = p — 1. Then the
conditions (ii) in Theorem 3 are satisfied. The systems 2, which consist of skew
(point in J,) + ((p — 1)-dimensional plan in J,) have the biplanar density

p+1

dz; = A (0} A o).
i=2

As in Example 1, using the same notations, we obtain

>

(dX; A dy)

1
i

|

1

dr; = L
P Xy A e 2 X, + 1P

Example 3. Let h =0, s = 2, m = 0 and choose ¢, = 0, g, = ¢ — 1. Clearly,

these values satisfy the conditions (iii) in (12) and hence the systems X7 of skew

(point in K,) + ((4 = 1)-dimensional plane in K) have the invariant biplanar

density
qg+1

dy = A\ WiAg).
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Using the notations of the Example 1, we have

A @Y, AdB,)

" =1 .

VB .+ B Y, H 1
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