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Abstract. This article deals with a special linear operator .S on the vector space V over the Galois
1-1
field Z/IZ of dimension

(/ an odd prime). All invariant subspaces are described in three

ways. The background of this theme is found in the area of the Stickelberger ideal mod I. It is
shown that the matrices of the Stickelberger ideals have a very convenient form for I < 1,000.
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field, Bernoulli numbers, index of irregularity of a prime.
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In this paper the vector space V over the Galois field Z/IZ is considered

(! is an odd prime) with dimension .1-:2—1— For this vector space special linear-

operators S, (1 £ z < I — 1) are defined. The main goal of this paper is to describe
all invariant subspaces of V with respect to the operators S, (Theorem 3.4).

There is defined a special isomorphism F from a group ring R~ (/) (considered
as a vector space) on V and the connection is shown between the ideals of R~ (J)
and invariant subspaces of V with respect to S, (4.3.2).

The theme of this paper derives from the area of the Bernoulli numbers, index
of irregularity of the prime | and the Stickelberger ideal mod I (4.3.3). )

The final Section 5 deals with the normal matrix of a subspace of V. Especially
the normal matrix of an invariant subspace of V with respect to the operators S,
is investigated and it is mentioned that for each prime / < 1,000 the normal
matrix of the subspace of V corresponding to the Stickelberger ideal has a very

. convenient form (5.9.1). -
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J. SKULA

1. NOTATION

Throughout this paper it will be designated by
1 an odd prime,
-1

N"'—'f_"

V = {(a(1), a(2), ..., a(N)) : a(i) € Z/IZ} = (Z/IZ)™ the vector space over the
Galois field Z/IZ (of residue classes mod / on the ring Z of integers) with dimen-
sion N and with componentwisc operations,
L={L2..,N}

Forintegers 1 < x,z <! — 1 put

e(x, 2) 1 if xz=ymodl),0<y<N,
%o -1 if  xz=ymod),N+1sSy<l,

f(x, 2) = e(x, ) xz(mod D), f(x, z)el, »

so f(x, z) j:xz(mod D).
For the vector u = (u(l), ..., u(N)) e V put

Si(w) = v = (v(1), ..., v(N)) e V,

where v(x) = &(x, 2) u(f(x, z)) (x e L). Sometimes an integer o
x e Z will be considered as the residue class mod / containing x.-
According to ([6], 3.4 and 3.5) it holds

1.1. Proposition. (a) For each 1 £z51-1 (ze Z) the mapping S;: V>V
is an automorphism of the vector space V.
(b) For1 £z, 21-1 (z,z € Z) we have

Sy =5, tfandonlyzfz—z

(c)Ifl <z,2,wsl—1(@2,weZ),ws=z.z(modl), then S, = S,,0 S,.

(d) The set {S;: 1 Sz <1 -1, ze Z} with operation e forms a cyclic group
of order | — 1. Generators of this group are the automorphisms Sg, wherel < R £
< | — 1 are primitive roots mod . :

(The operations o means composition of mappings.)

The aim of this paper is to describe all invariant subspaces of the vector space V
with respect to the group ({S, : 1 Sz S 1 — 1}, 0).

Choose a primitive root r mod / (1 < r < I) and denote by S the mappmg S,.
Then

‘ {S; : ISzSI-—lzeZ}—-{S" OSnSI—ZneZ}
and the S,-invariant subspaces of V for each 1 £z </ -1, ze Z are just the
S-invariant subspaces of V.
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SPECIAL INVARIANT SUBSPACES
2. SOME S-INVARIANT SUBSPACES OF V.
2.1. Definition. For a subset 4 = L put

P(A) = {a = (a(1), a(2), ..., a(N)) e V: Z a(x)?*~! = 0 for each a € 4}.
x=1 .

2.2. Proposition. (a) For each sabset A < L the set F(A) forms an S-invariant
subspace of the vector space V and dim #(A) = N — | 4 l (| 4| means cardinal
of A).

(b) For A< B < L the relatlon S (A) 2 F(B) holds.

() () =V, (L) =0. (0 means zero subspace.)

Proof. a) Clearly, $(4) is a subspace of the vector space V. Let u = (u(1), ...,
..., U(N)) € FS(A), S(u) = v = (v(l), ..., (N)) € V. Then for ae A we have

N

Y o(x)x? ! = Z &(x, 1) u(f(x r)) x24°1,

x=1 x=1

hence

riem! ')Zi‘ o(x) x> = Z u(f (e, 1) (r)* 7 (e(x, 1) = 1) +
x=1

x=1

+ i u(f(x, M) (=rx)** " elx, 1) = =1) =

= Z u(y) .v"' Ye(r,r-) =1 + Z u(y) Y ey, r-9) =

N r=t
=-1)= ;u(y) yai=o,

where r_;€Z, 0 <r_; <, r.r_; = I(mod /). Therefore the subspace ¥(4) -
is S-invariant. . : :
(b) The subspace F(A4) is the space of solutions of the system of linear equations
. N

Ya(x)x* '=0 (acAd),

x=1

over the field Z/IZ w1th unknowns a(l), ..., a(N). The matrix of this system equals
the matrix ' ‘
: (x*" Y (xelL,ae A),

which is of Vandermond’s type, hence its rank is equal to | 4 |. It follows that
dim #(4) =N — | 4].
(c) The assertlons (b) and (c) are evident.

2.3. Deﬁmtlon. We denote by ./V the set of all non-quadra’nc residues .x mod /
(1 <x <!). For xe 4 put :

u(x) = (u(l), ..., u(N)) e V, :
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L: SKULA

where for 1 £ ¢t £ N we have
u(t) — xmdt’

(ind ¢ denotes index of ¢ relative to the primitive root r of 1)
The subspace of the space V generated by the vector u(x) will be denoted by U(x).
Hence, '

Ux)={k.ulx):keZ/Z} and dim U(x) = ].

Since S(u(x)) = x. u(x), U(x) is an S-invariant subspace of the space ¥ and
S(u) = x. u for each u e U(x).

2.4. Proposition. The vectors u(x) (x € N) form a basis of the space V.

Proof. Asdim V = N, it is enough to prove that the vectors u(x) (x € A") are
linearly indepefxdent. ‘

Let c(x) € Z/IZ for x € A4 such that

Y e(x) u(x) (xe #) = o.
(o means zero vector.)
Then
Te(x) X (xe ) =0 for each l<vZEN.
It follows
Se(x) x(xe#)=0 foreach O0ZLi<N-1.

The matrix (x') (xe A, 0 i< N — 1) is of Vandermond’s type, hence
¢(x) = 0 for each x e #”. The proposition is proved.

2.5. Definition. For X < 4/ let U(X) mean the subspace of the vector space V
generated by the vectors u(x) (x € X), U(Q) is defined as zero space. Hence U(X)
is the direct sum of the subspaces U(x) (x € X):

UX) =2 UR) (xe X)
S

and dim U(X) = | X|.
Since the subspace U(x) is S-invariant, the subspace U(X) is also S-invariant.
2.6. Proposition. Let X, Y < A. Then we have
@ UX)cs UY)ifandonlyif X = Y,
b)) UX)=UY)ifand only if X =Y.

Proof. Clearly, (a) implies (b). Suppose U(X) < U(Y) and x € X. Then u(x) €
e U(Y) and hence x € Y. Therefore (a) holds and hence (b) as well.

Between the subspaces U(X) (X < A7) and the subspaces #(4) (4 = L) the
following relation holds.
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SPECIAL INVARIANT SUBSPACES

2.7. Theorem.- Let X < ¥ and A =L — {N - %(indx -1:x eX}. Then

U(X) = 2(A).

Proof. I. We show that U(X) = &(A4). Let xe X and u(x) = (u(l), ..., u(N)).
Then x™" = u(v) for each 1 < v < N. For ae A4 the integer ind x + 2a — 1
is even and ind x + 2a — | = O0(mod / — 1). Therefore we have

N . N
Z xmdvUZa—l = Z (rmd x+ 2a—l)md v(mod l) =

v=1 v=1

2
2 (rind x+2a- l)ll (mOd D= O(mod D.

u=0

N
It follows that ) u(v)v?**~! = 0 hence u(x) € £(A).

v=1

11. Since dim U(X) =|X|=N—-|4]| =dim £(4), we get UX) = F(A).

3. ALL S-INVARIANT SUBSPACES OF V

In this Section we give description of all S-invariant subspaces of the vector
space V. The proofs use the known results concerning the structure of a linear
operator in an n-dimensional vector spave over a number field that hold also
for the field Z/IZ as.it is possibly easily to see. The notions and these results from
this branch are taken from book [2] by F. R. Gantmacher, Chapter VII. Especially
we use the notion of minimal polynomial of a vector space (with respect to a given
linear operator) and ,,The First Theorem on the Decomposition of a Space into
Invariant Subspaces” ([2], Chapter VII, Theorem 1).

3.1. Proposition. The polynomial ¥(A) = AY + 1 (considered over the field Z//Z)
is the minimal polynomial of the space V with respect to the linear operator S.
Proof. Recall that the minimal polynomial ¥(4) is the non-zero monic polynomial
over Z/IZ of the least degree such that for each u e V we have ?(S) (u) = o.

If ueV, then S”(u) = SM(u) = §,_,(u) = —u, s0 ¥(S) (u) = o.

Let u; = (0,0, ...,0,1,0, ...,0) e V, where 1 is situated on the ith position.
The vectors u; (1 £ i< N) form a basis of V.

For0§n§_l

let x(n) be the integer, 1 < x(n) < N, e, = 41 such that

e,/"x(n) = 1(mod /). Then §" = 87 = S, according to 1.1 (c), where w is the
integer, 1 < w </ -1, w = r(mod /). Hence $*(u,) = e,u,,. Since for 0 < n,

1-3 . C :
m< 3 the equality x(n) = x(m) follows n = m, the vectors $°(u,), S'(u,), ...,
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L, SKULA

1-3 .
.»§ 27(u,) are linearly independent hence x(S)(u,) # o for each non-zero
polynomial x(4) over the field Z/IZ of degree < N. The proposition follows.

3.2, Remark Clearly
YA = +1=IH1-x) (xeN)

over the field Z/IZ. The polynomial 4 — x is the minimal polynomial of the
subspace U(x) with respect to the operator S for-each xe A4". The conversion
of this assertion holds as well:

3.3. Proposition. Let U be an invariant subspace of V with respect to the operator S
with minimal polynomial 2 — x (x € A") (over Z/IZ). Then U = U(x).

Proof. Clearly, U is a non-zero space. Let u = (u(1), ..., u(N)) e U, u # o.
There exists 1 <i < N such that u(/) 0. For 1 Sj<Nlet 1z=</~1
with the property zi = j(mod /). There exists k € Z/IZ, 0 # k such that k. u =
= S,(u), hence 0 # k. u(i) = &(i, 2) u(f(i, z)) = +u(j). Thus u(j) # 0 for each
Isjs N

Put v = u(1)"'u = (v(1), ..., o(N))e U. Then v(j) # 0 for each 1 < j < N

and o(1) = 1.
. a) For 1 £a,b £ N we have v(a) . v(b) = e(a, b) . v(f(a, b)). Namely, there
exists k € Z/IZ, k # 0 such that k. v =S,(v) = (w(1), ..., w(N)). Sincé 1 = (1),
we get k = w(l) = ¢(1, a) v(f(1, a)) = v(a), thus v(a).v(d) = k. v(b) = w(b) =
= &(b, a) . v(f(b, a)). ,

b)Let 1 <c,d<N,e=+1,n a posmve integer and ¢" ed(mod /). Then
v(c)" = ev(d).

We prove this assertion by mathematical induction with regard to n. The case

n = 11is clear. Let this assertion hold for n 2 1 andlet 1 SC, DS N,E= +1
and let C**! = E. D(mod 0. ,
~ There exist integers ¢, 6,6 = +1,1 <6 < N such that C" = ef(mod /). We
have v(C)" = ev(é) and according to a) v(d). v(c) = &, c) . v(f(J, ¢)). Further
€0, ¢) (3, c) = C6 = eC"** = ¢E. D(mod I), hence f(5, ¢) = D and ¢E = (9, c),
thus o(C)**1 = £v(3) . o(C) = Ev(D).

c) It holds v(f) = x™* for each 1 S tSEN.PutR=re= lin case r < i2
and R=/—yr, g¢= —1 in case r > /2. There holds xv(j) = e(j, r) o(f(j, 7))
(1'£j £ N), hence x = xv(1) = &(1, #) v(f(1, r)) = ev(R), which follows ex = v(R).
Let 1 S 1< N, n=indt. According to b) (c_- R,d=1t e= e”) we get v(f) =
= g"0(R)" = x", thus x™* = u(r), .

Assertion c) ylelds v = v(x) and smce cach vector from U 1s a multnple of v,
we have U ='U(x).
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SPECIAL INVARIANT SUBSPACES

3.4. Theorem. Let U be a non-zero S-invariant subspace of the space ¥, dim U =
=m (1 £ m £ N). Then there exists X = N, | X| = m such that U(X) =

Proof. Let G(4) be the minimal polynomial of the space U with respect to S.
Then G(A) divides the polynomlal Y(A) = AN + 1, hence there exists X < 4" with
the property

G =TIG~-x (xeX),

(considered as a polynomial over the field Z/IZ). The First Theorem on the
Decomposition of a Space into Invariant Subspaces then yields

U=Y U, (xeX),
®

where U, is an S-invariant subspace of V with the minimal polynomial 4 — x.
Proposition 3.3 then implies Theorem.

4. CONNECTION WITH THE GROUP RING (Z/IZ)[G]

4.1. Notation. Throughout this Section we shall use the following notation:
G a multiplicative cyclic group of order / — 1,
s a generator of G; thus G = {1 = 5% s, ..., s' "2},
R() = (Z/IZ)[G] the group ring of G over the field Z/IZ; thus R() =
1-2
={Y as' :a,e Z/IZ},
i=0

1-2 . '
RN ={e=YaseR():0=a,+a;,yforeach0 i< N -1},
, i=0

. F the mapping of R~(J) dnto V defined as follows: F(a) = u = (u(l), ...,
1-2

ceny M(N)) € V, o= z aisie ‘.R—(l) and for 1 é X é N, u(x) = al_l_i"dx(a,_l =
i=0

= dy),
F, the mappmg of R~(/) onto R~(J) for an mteger n deﬁned by the formula
Fy o) = s". a(x e R™(])).

We consider the subring R~ (/) of the ring R(/) as the vect,or space qvex." the field
Z//Z. Then F is an isomorphism of the vector space R~ (/) onto the vector space V
and the mappings F, are automorphisms of the vector space ‘.R‘(I).

4 2 PTOPOSltlon Let z be an tnteger, 1 < z <l- 1 n=ind z. Then
Fo FnoF— S ) Ei""«'i“" Cie e el
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Thus the following diagram is commutative:

- Fol

R7(1) < v

F S
n 2
R7(2) E v

1-2

Proof. Let u = (u(1), ..., u(N)) e V, F"'(u) = a = Y a;s' e R(), F(a) = p=
i=0

1-2
= Y bs'eR™()) and F(B) = v = (v(1), ..., »(N)) e V. For each integer j let
i=0 :

a;=a;,where0 i</ —2,i=jmod! - 1)
Thenfor1 S x<Nand0=<i<!/—2wehaveu(x) =a_; 45, bi=a;_,and v(x) =

= b!—l-indx = Qo indx-n = G_indxz = Q—inde(x,2)f(x,2) — F—inde(x, z)—ind f(x,2) —
= &(x, z) u(f(x, z)) = u(x). It follows S,(u) = v and the proposition is proved.

4.3. Remark. The ideals of the ring (/) can also be characterized as follows:

4.3.1. An additive subgroup I of the ring R™(l) is an ideal of the ring R™(l) if and
onlyifs.I < L
Proof. Clearly, if I has the given property, then it is an ideal of R~ (/). Let I
-1
s(l—s2)e

be an ideal of K (/) and let x € L Denote by f the element l-; 1
-1
€ R~=(I), where 1 is considered as an element of Z/IZ. Since R~ (/) = (1 — s 2 )R()), .

Lha! I+1 =t
there exists ye R(/) such thata = (1 — s 2 )y. Thenf.a = > s(1—-52 ) y=

-1
=s5.(l—52)y=s.a which implies s.x € I.
According to 4.3.1 there holds

4.3.2. A subset I of R~ (l) is an ideal of the ring R™(l) if-and only if it forms an
F,-invariant subspace of the vector space R~ (l) for each integer n.

According to [5], Proposition 3.9 the ideals of the ring R ~(/ are in the one-to-one
correspondence with the subsets X of 4" by the formula

CXeN 2 XN =R"D[][6c-%» (xeX), .

(s‘ —x is considered as an element of R(/)). #(X) is a subspace of the vector space
R-(I) and according to [5], Proposition 3.3 the system of elements ay (1 £ L <
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£l-2,Lodd, rp,é¢X)(1sr,£1—1, r, =r(mod/) for an integer n) forms

2
r_,.s'. The image F(#(X) is then
(1]

1
a basis of the subspace #(X), where a; =
i

an S-invariant subspace of V, whose basis is formed by the elements F(x;) = u(r.),
and then F(#(X)) = U(AN — X).

We have got in this way another proof of Theorem 3.4.

The general situation looks like the following:

S-invariant subspaces of V. subsets of A~ « ideals of R=())
U=UW) =4 = .
=FfN — X))o X={r_ps 1 beb — A} o NV - X) =
1 =R N.[[6Ec~-x)(xe ¥/ = X)

A= L—-—{N —%(indx —-1): xeX},

subsets of L

4.3.3. Special case. If we put A={l <a gl—%i; l/B,,} (B, means the
Bernoulli number), then | A | = i(/) the index of irregularity of  and according to [6],
Theorem 2.4 (c) F(AN — X).= J(I) is the Stickelberger ideal mod . The set X
is then equal to the set {r_,,,, : 1 < b < 1—72-1, I¥B,} v {r}.

The images of some concrete elements from the Stickelberger ideal 3~ (1) in the

isomorphism F are described in Section 4 and 5 of [6].

5. THE NORMAL MATRIX OF A SUBSPACE OF V

All matrices are considered over the field Z//Z.

5.1. Definition. A matrix M = (m;;) of size mxn (m < n) is said to be in normal
Sform if there exist integers 1 < j; < j, < ... < j,, < nwiththe following property:
1 for j =j,,
m;; =10 for j < j;,
0 for j=j, 1 kS<mk#1i,
1 £ i £ m. Thus the columns with subscriptions j,, ..., j, form the unit matrix
of order m and the elements of M standing in the left of ones of this unit matrix
are zeros. The number m is rank of M. v
It is clear that any nonzero matrix C can be transformed in a matrix M in normal
~ form by a sequence of elementary row operations (i.e. multiplication of a row by
a nonzero element from Z//Z and addition to a row another one) and omitting
rows containing only zeros. ‘ | o
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This matrix M ir defined uniquely by this property and we will call it the normal
Jorm of the matrix C.

5.2. Definition. Let 0 # U be a subspace of the vector space V. The coordinates
of vectors of a basis # of U form a nonzero matrix

A = (u(l), ..., u(N)) (u = (u(1), ..., u(N)) € B)
of size dim U x N. We call the normal form M of the matrix U the normal matrix
of the subspace U.
Clearly, M doesn’t depend on the basis 4, size of M equals dim U x N and the
row vectors of M form a basis of U. The normal matrix of the whole space V
is the unit matrix of order N.

53. Let =,£ U 3 V be an S-invariant subspace of V,let 4 = L(J # A4 # L)
and U = ¥(4),and let r =| 4| (0 < r < N).
There exist uniquely determined integers

0=§0<2§€l<£2< <€r—1<ér:Na
such that for xe L, &, < x < §,,.,(0 £ kK < r — 1) rank of the matrix
(xZﬂ—la élf:lla €k2:215 “wésa—l.) (aEA)

of size r x(r — k + 1) equals r — k. (Since rank of the matrix (t2°"!) (ae 4, te L)
of size r/N equals r (Vandermond’s type)).

Let 1 i< N,i¢{&,¢&,, ..., &} Then there exists 0 < k < r — 1 such that
§ < i < &, Since ranks of matrices

(758850 L 87D (aed),
@G5Th 08T (aed)

equal one another and equal r — k, there exist uniquely determined integers
0 x, <I(1 g‘yér—-k)suéhthat

(*) BT Zé,f:,‘ X;, = O(mod ).

Put for 1 £j < NG ¢ {&y, ..., &)

1 for j =i,
, my;=<x;y for j=&(l £y Sr—k),
0 otherwise.

5.3.1. Theorem. The matrix M = (m))(1 £ i S N,ie{¢,&, ..., &L 1 Sj s
< N) is the normal matrix of the subspace U. ‘
" Proof. According to definition the matrix M is in normal form-and has size
dim U x N'since dim U = N — r. It remains to prove that every row vector of M
béflongs to U. Using (*) and the fact U = #(A4) we obtain the Theorem.
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SPECIAL INVARIANT SUBSPACES

5.4. Definition. We call a subset 4 = L normal (for the prime l) if A = or
A=LorQ # A # L and the normal matrix M of the subspace #(4) of V has

the form
= (E, X), |
where E is the unit matrix of order N — | 4| and X is a matrix of size N — | 4| x
x| A]l.
The following two Propositions are immediate consequences of Theorem 5.3.1.
5.5. Proposition. Each one-element subset of L is normal for. the prime .

5.6. Proposition. Let Ac L,J # A# L,r=|A4|and B= {a — a* :a€ A4},
where a* is the least integer in A. Then the following assertions are eqdivalent:_

(a) A is normal for the prime I,

(b) det (x**) (be B, N — r + 1 £ x £ N) = O(mod /),

() det (2x — 1)*®) (be B, 1 £ x < r) % 0(mod /).

We can see easily

5.7. Proposntlon. Let 351% 11. Then each subset A = L is normal for the'

prime .
We also obtain by easy computation: -

5.8. Proposition. Let I = 13. Then each subset A = {1,2,...,6}is riormal for 13

except - . ‘
(a) A={1,3,5}orA={2,4,6}, S _

(b)) A={l1,4} or A = {2,5} or A= {3,6}. : e T

In case (a) the normal matrix M of $(A) has the form

[10x, 0y, z
M=01x20y222
-000 1y3Z3
and in case (b) .
(100 x, 0y,
010x,0y,
001 x30 (1’
0000 1y,

x5 Yis z,é Z).
The numbers X;» Yi> 2; can be computed by means of the equahtles (*). Thus,
e.g. for 4 = {1, 3, 5} we have

100050
M=}018000
000108
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and for A = {2, 5}

100100
’ 01000 12
M=loo01100
00001 12
59. Let Az{l =a<—— l/BZa} Z=Au{—l——;——l—}. Using tables of

indices ([3]) and tables of irregular primes ([4] , s. also [1], Table 9) we can derive:

5.9.1. Proposition. For each prime I, 3 < 1 < 1,000 the sets A and A are normal
Sfor the prime l.
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