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THE DIFFERENCE MATRICES OF THE CLASSES
OF A SHARMA-KAUSHIK PARTITION

BHU DEV SHARMA AND NORRIS SOOKOO

ABSTRACT. Sharma-Kaushik partitions have been used to define distances between
vectors with n-coordinates. In this paper, “difference matrices” for the partitioning
classes have been introduced and investigated. It has been shown that the difference
matrices are circulant and that the entries of a product of matrices is an extended
intersection number of a distance scheme. The sum of the entries of each row or
columns of the product matrix has been obtained.

The algebra of matrices generated by the difference matrices of the classes of an
SK-partition have another natural basis. The relationship between these two bases
has been given.

1. INTRODUCTION

Sharma-Kaushik partitions were introduced by Sharma and Kaushik [10], who
defined matrics in terms of these partitions. Metrics so obtained were used in
the study of error-corresponding codes by Kaushik [3, 4, 5, 6, 7, 8], Sharma and
Dial [9] and Sharma and Kaushik [11]. Sharma and Kaushik [12] also studied the
algebra of Sharma-Kaushik partitions.

Matrices such as incidence matrices have proven useful in the study of graphs
and other combinatorial structures. In this paper, we introduce and study “differ-
ence matrices” for the classes of a Sharma-Kaushik partition.

In Section 2, we present definitions used in this paper. In Section 3, we prove
that difference matrices are circulant and that the entries of the product of dif-
ference matrices are extended intersection numbers of a distance scheme. We also
obtain the sum of the entries in each row or column. Section 5 is devoted to the
algebra of matrices generated by the set of difference matrices of the classes of a
Sharma-Kaushik partition.
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2. DEFINITIONS AND NOTATIONS

Delsarte’s [2] definition of association schemes, adopted by us, is as follows:

Definition. Given a set X with at least two elements, and a set of relations
R ={Ro,Ry,...,Rn}, where N is a positive integer, (X, R) is called an association
scheme if

1. Ro={(z,z) |z e X}.
2. Foreach:=0,1,...,N
Ri_l :{(yax) | (xay) ERi}GR-

3. For any three integers ¢, j, k = 0,1,..., N, there exists a number c;;;, such
that

|{z € X |(z,2) € Ri,(z,y) € Rj}| = ¢, forany (z,y) € Ry.
Also ciji; = Cjik-
In this paper, X shall be the ring of integers modulo ¢, ¢ > 2, i.e.,
X =F,={0,1,...,¢—1}, addition (+) modgq.

SK-partitions, introduced by Sharma and Kaushik [7], are defined next.
Definition. Given Fy, ¢ > 2, a partition
P = {BO; B17 RS Bm—l}'
of Fy is called an SK-partition if
1. By={0},andg—a€eB;ifa€eB;,;i=1,2,...,m— 1.
2. fae Byand b€ By, 4,7 =0,1,m...,m—1, and if j precedes ¢ in the
order of the partition P, written as ¢ > j, then

min{a,q — a} > min{b,q — b} .

3. Ifi>5(i,j=0,1,...,m—1)and i #m — 1, then
1
|Bil > |Bj| and |By,—1| > §|Bm72|7

where |B;| stands for the size of the set B;.
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Weight of an element with respect to an SK-partition P.
Given an SK-partition P of F, the weight Wp(a) of any element a of Fy is
given by
Wy(a) =1, if a€ B, i=0,1,...,m—1.

Also, if F}" is the direct product of n copies of F; and x = (v1, x2,...,7,) € F7,
then the weight of x with respect to P is given by

= pr(xi).

Ify = (y1,92,---,¥yn) € F, then the distance between x and y with respect to
P is given by
dp(x,y) =Wp(x—y).

Definition. Given an SK-partition P of F,, let

P P P
Rd,n,P — {Rg,n, ’Rtli,n Rd n, }

n(m—1)
where
R;-Ln’P = {(va) € (FJ)Q | dP(va) :Z} ) i:O,l,...,m(n— 1)

(EF, R%™P) is called the distance scheme over F'.

Definition. An extended intersection number of (Fy, R*"F) is given by

Cﬁ’fl?i___7ia(x,y) = |{(zl,zg, .oy 2n) € th | (z1,21) € R‘-”’P

(21,22) € Ri"l’P, ooy (zn,y) € R4 P}|

Thi1
Notation. If T is a ¢ X ¢ matrix, the entry in the (x+1)-th row and the (y+1)-th
column is called the (z,y) entry of T, (x,y =0,1,...,q — 1), (cf. Delsarte [2]).
Definition. Given an SK-partition P = {By, B1,...,Bn_1} of Fj (the ring of
integers modulo ¢), the ¢ x ¢ matrix B; (i = 0,1,...,m—1) is called the difference

) . — 1, if x—yeB;
matriz of B, if the (x,y) entry of B; = )
0, otherwise.

3. DIFFERENCE MATRICES

Theorem 3.1. The difference matriz B; (t=0,1,...,m=1) is a circulant matriz,
for any SK-partition P = {By, B1,...,Bm_1} of F.
Proof. Since

—qy=(@+¢1) = (y+41)

the (z,y) entry and the (z 441,y +,1) entries of B; (i =0,1,...,m— 1) are equal
forx,y=0,1,...,m—1. O
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Corollary. For any positive integer a, B;, x B; X --- X B, (i1,02,...,in =
0,1,...,m —1) is a circulant matriz.

Proof. From the fact that the product of any two circulant matrices is circulant
(Davis [1]), it follows that B;, X B, X -+ X By, (i1,42,...,i, =0,1,...,m—1) is
circulant. [

We next show the relationship between difference matrices and extended inter-
section numbers (cf. Sharma and Sookoo [13]).

Theorem 3.2. Let P = {BO7 Bi,...,Bm—1} be an SK-partition of F,. The (x,y)
entry of By, X By, x---x By, (i1,i2,...,iq = 0,1,...,m—1) is equal to the extended
intersection number CZ l:y__’- coovia(z,y) of (Fy, RYLEY for a € {2,3,...}.

Proof. First we establish the result for a = 2. The (z,y) entry of
Eil X Fiz

q—1
= Z [(the (z, 2) entry of B;,) x (the (z,y) entry of B;,)]

Hz € F, | the (z,2) entry of B;, is one of the (2,9) entry of B, is one}‘
=|{zeF,|(x—2)€B;,, (—y) € By, }|.

Assuming that the result is true for a (a > 2), we have

d,l, P
C’Ll 12,.uey 1q (I7 Za)

= (21,22, 201) € Ff 7V [ (w,21) € REVT, (21, 20) € RGMT,
(22,23) € R;_ig,l,P, o (a1, 2q) € R;_ia,l,P}‘ .
Next we have the (z,y) entry of
Bi, x By, x -+~ x By,

= Z [(the (z, z4) entry of B;, X By, x -+ X B;,)
2a€F,

X (the (zq4,y) entry of Eia+1)]

> Gz, za1) € Fgt | (w,21) € RV,
2, €F,

(21,22) € Ri"l’P, (22,23) € Ri’l’P, ooy (Za—1,2a) € Rf{;l’PH
x (the (zq,y) entry of B;_,,)]
[{(21, 22, . 20) € F | (2,21) € REVP (21, 20) € REVE,

dl,P dl,P obLP
(22,23) € R, 5 (2ayy) € R7Ju,+1 }’ Cilh. iar1 (x,y)

showing that the result is true for a+1. By induction the result holds for a €
{2,3,...}. O

We next look at the sums of the entries in the rows and columns of B;, x B;, x
- X B;, to determine the relationship these sums bear to the SK-partition P.
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Theorem 3.3. Let P = {By, B1,...,Bm-1} be an SK-partition of F,, and let

B; be the difference matriz of B; (i = 0,1,...,m —1). For any posztwe integer
a > 1, the sum of the entries of each row and column of B;, x B, x --- X B,
(11,12, i =0,1,. —1)is |B;,| X |Biy| X -+ X |By,|.

Proof. From the previous theorem, it is clear that for € {0,1,...,m — 1}, the
sum of the entries in the z-th row of

B x B, x - x B,
= > Ol (@)
YEF,
= Hbuba o ba €FY [z —y=bi+by+--+bg
yeF,
and Wp(ba) =ia (0 =1,2,...,a)}|
(refer Theorem 4 of Sharma and Sookoo [13])
= [{(b1,b2,...,bs) € F | bo = By, (@ =1,2,...,a)}|
= |le| X |le| X X |Bza|

Since B; (i = O, 1,...,m—1) is symmetric, the sum of the entries of each column
is also |Bj, | x |Bi,| x - ]Bia : 0

4. ALGEBRA GENERATED BY THE DIFFERENCE
MATRICES OF THE CLASSES OF AN SK-PARTITION

The following definitions and notation (cf. Delsarte [2]) are now required.

Definition. Let P = {By, B1,...,B;u_1} be an SK-partition of F, and let B;
(i=0,1,...,m — 1) be the difference matrices of P. The Bose-Mesner algebra of
P is the algebra generated by the B; (i =0,1,...,m —1).

Definition. Given an SK-partition {P = By, B1, ..., By—1} of F,, the matrix 7
is called the representer matriz of By, (k=0,1,...,m —1) if

1, x € By, x € Fy
0, otherwise

Tr(x,x) = {

Tk(x7y):07 377éy7 $5y7€Fq

Remark. Clearly 7,75 = 6, 57, 0 <7, s < n where 6, 5 is the Kronecker symbol.

Notation. Given ¢ X ¢ matrix S and the partition P = {By, By, ..., Bmn-1} of
Fy, let
szqilsTkS* (k=0,1,...,m—1)

where 7 is the representer matrix of By, and S* is the conjugate transpose of S.
We make use of the following matrix (cf. Wallis, Street and Wallis [14]).
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Definition. The matrix S of order ¢ is

1 1 1 1 ... 1

1 w w? w=1)

1 w2 w4 w2(n—1)

1 oD 2D (n=1)(n—1)

where w = cos 27” + isin 27”
Remark. Let F = ¢~'/2S. F is unitary. Also S diagonalizes B (i = 0,1,
coo,m—1).

This can be shown as follows:

From the history of circulant matrices (refer Davis [1] ), we know that if C' is a
circulant matrix, then

C = F*AF,

where A is a diagonal matrix having the eigenvalues of C' on its main diagonal.
Hence -
B, =F*\F,

where A; is the diagonal matrix of eigenvalues of B;. Therefore

— 1 1 1
B, = -——S)Ai(——5“>::—SA¢V. 0
Lﬁ Vi q
In the following theorem, which is based on Theorem 2.2 of Delsarte [2], we

show that {J | k=0,1,...,m — 1} is a basis of the Bose-Mesner algebra and we
show the relationship between this basis and {Bj | k =0,1,...,m — 1}.

Theorem 4.1. Let P = {By,Bi,...,Bmn-1} be an SK-partition of F,. There
exists an SK-partition P’ = {B),B{,...,B,,_1} of F; such that the set of J/s
(i =0,1,...,m — 1) form a basis of the Bose-Mesner algebra of P, where J; =
q 1S7:S* and 7; is the representer matriz of B.. Also, if B; (i =0,1,...,m —1)
is the difference matriz of B; and X, (i = 0,1,...,m — 1) are the eigenvalues of
B, then

m—1
Br=Y MJi  (k=0,1,...,m—1).
=0

Proof. Let A be the Bose-Mesner algebra of P. Every matrix in A is circulant,
since the sum or product of circulant matrices is also circulant (refer Davis [1]).
Hence each matrix B in A is diagonalized by S. Therefore there is a diagonal
matrix Ap having the eigenvalues of B on the main diagonal such that B =
¢ 'SApS* As B varies over A, Ap varies over a subset A’ of the algebra @ of
g X g matrices with complex entries. It is easy to show that A’ is a sub-algebra of
(@ and that
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I: A’ — A is an isomorphism if

I(A) = ¢ 1SAS*, VAeA.

Let B(®) A have the maximal number n’ of distinct eigenvalues, the eigenvalues
of B(®) being Ao, A1, ..., An/—1 and let A g be the matrix in A’ corresponding to
B(©) . There exists a partition P’ of Fy into n' classes By, (¢ =0,2,...,n" —1)
such that

n'—1

AB(e) - Z Ad’ﬁb
=0

where 7, is the representer matrix of be.

If A has the eigenvalues )\; in rows j!, ji,..., 5%, then B! consists of the
following elements of F, : ji,j%,...,ji.

We show that the 7,,’s are all in A’, by showing that each is a linear combination
of powers of Ag).

Since the A; are all distinct, there exist polynomials f,(z) such that

fr(Ai):(Sr,i for r,i:O,l,...,n’fl.

Let f.(2) = (= Ro)z=M) . (@A) (2= Awa) where the factors

A=) = A1) o (N = Ap) o (A — A1)
with the cap are the factors missing.
It is easy to see that 7’s are mutually orthogonal and so

(AB(E))t = )\67‘0 + )\tl’l'l + -+ /\;/717‘7«/,1
for any natural number ¢. Hence

fr (AB(S)) = fr()\O)TO + f’!'()\l)Tl +--- 4+ fr()‘n’—l)Tn’—l =Tr,

since fr(Ai) = 0r ;-

Since Agey € A, 7y (¥ € {0,1,...,n" — 1}) is also in A’, as it is a linear
combination of powers of Ag). Since the 7,’s are linearly independent, n’ < m,
because the dimension of A is m.

We now show that the 7, generate the whole of A’, so that n’ = m. Let Ap be
an arbitrary element of A’ having n” distinct eigenvalues, oy (¥ =0,1,...,n"—1).
Clearly there exists a partition Q" of Fy, with n” classes >

n—1
A = Z QT
$=0
where {7y | ¢ =0,1,...,n"” — 1} is the set of representer matrices of Q)"

It is easy to show that T, is a function of Ap in the same way that we showed
that 7, is a function of Ag). Hence 7 € A’.
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We show by contradiction that each 7, (¢ = 1,2,...,n") is a linear combination
of the 7y’s (¥ =1,2,...,n/).
Suppose that there exists some ¥ such that 7, is not a linear combination of
the 7. Clearly B
A=7+4+2n+ - +n'7 + 1007y

has more than n’ distinct numbers on the main diagonal. So the matrix in A
corresponding to A has more than n’ eigenvalues, contradicting the maximality

of n’. Hence each 7y (¢ = 1,2,...,n") is a linear combination of the 7, (¢ =
1,2,...,n).
Thus each element in A can be expressed in terms of the 7 (¢ =1,2,...,n/).

Therefore m < n'.
Since we have already shown that n’ < m, we have n’ = m. So the 7, form a
basis of A" and so the Jy; are a basis of A.
Finally,
Ek = qilsAEkS* ,

where AEk is the diagonal matrix of eigenvalues of Bj,. Therefore

m—1

Ek :qils Z };Ti S*
i=0
where the \; are the eigenvalues of B).. Hence

m—1 m—1
Br=» Mg 'SmS =) AJ.
=0 =0

([
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