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THE GEOMETRY OF NEWTON’S LAW AND RIGID SYSTEMS

MARCO MODUGNO!, RAFFAELE VITOLO?

ABSTRACT. We start by formulating geometrically the Newton’s law for a
classical free particle in terms of Riemannian geometry, as pattern for subse-
quent developments. For constrained systems we have intrinsic and extrinsic
viewpoints, with respect to the environmental space. Multi—particle systems
are modelled on n-th products of the pattern model. We apply the above
scheme to discrete rigid systems. We study the splitting of the tangent and
cotangent environmental space into the three components of center of mass,
of relative velocities and of the orthogonal subspace. This splitting yields the
classical components of linear and angular momentum (which here arise from
a purely geometric construction) and, moreover, a third non standard com-
ponent. The third projection yields a new explicit formula for the reaction
force in the nodes of the rigid constraint.

INTRODUCTION

The original approach to classical mechanics is based on the Newton’s law.
This is still used and popular mainly in the literature devoted to applied sciences
and engineering, even if it is not very sophisticated from the mathematical and
geometrical viewpoint (see, for instance, [9, 12, 13, 26]).

On the other hand, an approach to mechanics based on modern differential ge-
ometry has been developed and became more and more popular in the last decades.
This viewpoint is achieved in terms of Riemannian, Lagrangian, Hamiltonian, sym-
plectic, variational and jet geometry. A very huge literature exists in this respect
(see, for instance, [1, 2, 3, 4, 6, 8, 10, 14, 15, 16, 17, 18, 19, 21, 22, 23, 24]). These
methods have been very successful for understanding several theoretical aspects
and for the solution of several concrete problems, and have stimulated a large
number of further classical and quantum theories.
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In this paper, our aims are more specific and foundational. Namely, we refor-
mulate classical mechanics of a system with a finite number of particles and rigid
systems, in terms of the Newton’s law, in a way which, on one hand, is closer to the
classical treatment of the subjects and, on the other hand, is expressed through
the modern language of differential geometry.

Our approach is addressed both to differential geometers, who could easily get
mechanical concepts written in their language, and to mathematical physicists,
who are interested in a mathematically rigourous foundation of mechanics.

In fact, several ideas have been achieved independently by differential geometers
and mathematical physicists in different contexts and with different purposes and
languages. Sometimes, facts which appear in one of the two disciplines as easy and
elementary may correspond to more difficult and fundamental facts in the other
discipline. We believe that linking those facts provides a new insight on classical
matters and yields new results as well. For the above reasons, from time to time,
we recall some classical facts of one of the two areas which are possibly not very
familiar to experts of the other area.

Thus, this paper, in spite of the sophisticated mathematical language, in com-
parison to the standard literatures of mechanics, analyses concrete mechanical
contents.

On the other hand, this paper provides the classical background for a covariant
approach to the quantisation of a rigid body, which is the subject of a subsequent
paper [20].

The guideline of our approach is the description of mechanics of a system of n
free and constrained particles, including a rigid system, in terms of the Riemannian
formulation of mechanics of one particle.

We start by recalling the mechanics of one free particle moving in an affine
Euclidean configuration space. We express the Newton’s law in terms of covariant
derivative. In several respects, it is convenient to introduce forces as forms (instead
as vector fields) from the very beginning.

Then, we can naturally apply this Riemannian approach to the mechanics of
a constrained particle. We have an intrinsic and an extrinsic viewpoint related
to the embedding of the constrained configuration space into the environmental
space. In particular, we use the Gauss’ Theorem concerning the splitting of the
Riemannian connection in order to get an explicit expression of the reaction force
via the 2nd fundamental form of the constrained configuration space.

Next, we describe the mechanics of a system of n free particles, as one free parti-
cle moving in a higher dimensional product configuration space. For this purpose,
it is necessary to introduce a weighted metric (besides the standard product met-
ric). Of course, in the case on n free particles, we have the additional projection on
the single particle spaces. Furthermore, we have the splitting of the configuration
space into the affine component of the center of mass and the vector component
of relative distances. The 1st splitting can be used to achieve information on the
single particles and is orthogonal with respect to both metrics. The 2nd splitting
has a fundamental role and is orthogonal only with respect to the weighted metric.
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The systematic use of the weighted metric and of the above orthogonal splitting
as a fundamental scheme seems to be original. In particular, we show that the
classical concepts of total kinetic energy, total kinetic momentum, total force, etc.
can be regarded as a direct consequence of the above geometric scheme.

Then, the formulation of a a constrained system of n particles can be easily ob-
tained from the above scheme, by repeating the scheme of one free and constrained
particle.

Eventually, a particular care is devoted to the analysis of a system of n particles
with a rigid constraint.

First we study the geometry of the rigid configuration space, distinguishing
the non degenerate and degenerate cases. Then, we formulate the kinematics and
mechanics of a rigid system according to the above scheme. In particular, we show
(Section 4.2) that the classical formula of the velocity of a rigid system (well-known
in mechanics) can be regarded as the parallelisation of a Lie group (well-known
in differential geometry). This fact yields an interpretation of the inertia tensor
as a representative of the weighted metric induced by the parallelisation. In this
context, we exhibit a new explicit intrinsic expression of the angular velocity via
the inertia tensor (Corollary 4.8).

By combining the splitting of center of the mass and the splitting of the con-
strained configuration space, we obtain a splitting of the tangent and cotangent
environmental configuration spaces into three components: the component of cen-
ter of mass, the rotational component and a further orthogonal component to the
configuration space (Theorem 4.10 and Theorem 4.11). This splitting is reflected
on all objects of the rigid system mechanics, providing a clear geometric interpre-
tation of some classical constructions of mechanics and new results as well. For
instance, the total momentum of forms arises from our geometric scheme via the
projection on the rotational component (Corollary 4.12). Moreover, a special ap-
plication of the above splitting is the explicit expression of the reaction force on
every node (Corollary 4.21). This formula seems to be new and possibly useful in
engineering applications.

We assume all manifolds and maps to be C*°. If M and IN are manifolds, then
the sheaf of local smooth maps M — N is denoted by map (M, N).

1. PRELIMINARIES

In this paper we use a few non-standard mathematical constructions. In order
to make the paper self-contained, we start with some introductory notions.

Scale spaces and units of measurement. In order to describe in a rigorous mathe-
matical way the units of measurements and the coupling scales, we introduce the
notion of “scale space” [11].

We define a scale space U as “positive 1-dimensional semi-vector space” over
IR". Roughly speaking, this has the same algebraic structure as IR™, but no
distinguished generator over JRT. We can naturally define the tensor product
between scale spaces and ordinary vector spaces. Moreover, we can naturally
define the rational powers UP/? of a scale space U. Rules analogous to those of
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real numbers hold for scale spaces; accordingly, we adopt analogous notation. In
particular, we shall write U° := R, U~! := U*, UP := @PU.

In our theory, these spaces will appear tensorialised with spacetime tensors. The
scale spaces appearing in tensor products are not effected by differential operators,
hence their elements can be treated as constants.

A coupling scale is defined to be a scale factor needed for allowing the equality
of two scaled objects and a unit of measurements is defined to be a basis of a scale
space.

We introduce the scale spaces T of time intervals, L of lengths and M of masses.

We will consider time units of measurement ug € T, or their duals u® € T*.

Generalised affine spaces. In this paper, we need a more general definition
of the standard notion. Namely, we introduce generalised affine spaces associ-
ated with (possibly non Abelian) groups. This generalisation is suitable for the
description of the configuration space of rigid systems.

A (left) generalised affine space is defined to be a triple (A, DA, 1), where A is
a set, DA is a group and [: DA x A — A is a free and transitive left action. For
the sake of simplicity, we often denote the generalised affine space (A, DA,!) just
by A.

For each o € A, the left translation l,: DA — A: g — go is invertible.

A generalised affine map is defined to be a map f: A — A’ between generalised
affine spaces, such that, for a certain o € A, we have f(a) = Df(ao™!)f(0), for
alla € A, where Df: DA — DA’ is a group morphism. We can easily prove that,
if such a Df exists, then it is unique and independent of the choice of 0. We say
Df to be the generalised derivative of f. For example, if o € A, then the left
translation l,: DA — A is a generalised affine map and its derivative is just the
identity.

Now, let us consider a generalised affine space A associated with a Lie group
G. Then, there is a unique smooth structure of A, such that the left translation
l: G x A— A be smooth. Let g be the Lie algebra of G. It is easily proved that
the affine space A is parallelisable through a natural isomorphism TA ~ A x g.

We recall that any manifold M which is endowed with a parallelisation TM =~
M x F'| has a natural linear connection V: TTM — VTM, where VI'M is
the space of vectors which are tangent to the fibres of the natural projection
TM — M. More precisely, we have TTM ~ M x F x F x F, and V is just the
natural projection on the subspace VI'M ~ M x F x {0} x F.

2. MECHANICS OF ONE PARTICLE

First, we review the one free and constrained particle mechanics as an intro-
duction to our formalism and a pattern for next generalisations.

2.1. Free particle.
Configuration space. We define the time to be a 1-dimensional affine space T'

associated with the vector space T := T ® IR. We shall always refer to an affine
chart (z%) induced by an origin tq € T and a time unit of measurement u° € T.
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We define the pattern configuration space to be a 3-dimensional affine space P
associated with an oriented vector space S. We shall refer to a (local) chart (z?)
on P. Latin indices i,j,h, k will run from 1 to 3.

We shall also be involved with the tangent space TP = P x S and the cotangent
space T* P = P x §*. We shall refer to the local charts (z¢,4) of TP and (z°, ;)
of T*P and to the corresponding local bases of vector fields 9; and forms d’. We
also denote by (2%, 4%, %, &) the induced chart of TTP, with (9;,8;) and (d’, d")
the corresponding bases of vector fields and 1-forms; we have the chart (2, i?, #%)
of VTP.

The parallelisation of P induced by the affine structure yields a flat linear
connection V (see the Preliminaries).

We equip S with a scaled Euclidean metric g € L? ® (§* @ §*%), called pattern
metric, which can be regarded as a scaled Riemannian metric of P

g P -1 (T*"PRT*P).

We denote by g the corresponding contravariant metric. We have the coordinate
expressions g = g;; d' ® & and § = ¢" 9; ® 9;, with g;; € map(P, L? @ IR) and
g € map(P, L72®R). The associated flat isomorphism and its inverse, the sharp
isomorphism, are denoted by ¢°: TP — L? ® T*P and ¢*: T*"P — L~2 ® TP.
The metric g and an orientation of S yield the scaled volume form 7 € L3 ® A3S*
and its inverse 77 € L*3 ® A3S.

The Riemannian connection associated with g coincides with V. We denote
the vertical projection associated with V by v: TT P — TP and the Christoffel
symbols by I .

Kinematics. We define the phase space as the 1st jet space of maps T' — P
JP:=Tx(T'@TP)=TxPx(T"'®5).

The induced chart of Jy P is (20, z°, zf).

A motion is defined to be a map s: T' — P.

The 1st differential, the 2nd differential, the velocity and the acceleration of
a motion s are defined to be, respectively, the maps

ds: T—-T'@TP, &s:T—-T'eT(T'®TP), jis:T— P,
Vds: T - T ?QTP.

By definition, we have jis(t) = (t,ds(t)) and Vds = v o d?s.
Moreover, by taking into account the splittings

T!'@TP ~Px(T'®8),
T'RT(T'@TP) ~ (Px(T'®8))x (T"'®8) x(T*xS)),

we can write ds = (s, Ds), d?s = (s, Ds, Ds, D?s), Vds = (s, D*s), where Ds: T —
T~! ® S is the standard derivative of s.
We have the coordinate expressions

(xia 336) o dS: (Sia 805l) ) (xia 336, 357(‘)7 xBO) o d28: (Sia 805ia 808i7 8305l) 9

(xovxiwxé) Ojls:(x07 Si7 808i) ) (xiwié()) 0 Vds:(5l7 8gsl + (F;Lk 0 S) 8()Sh a()sk)
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With reference to a mass m € M, we define the kinetic energy and the kinetic
momentum, respectively, to be the maps

K:T'@TP— (TPL*eoM)®R :v— 2mg(v,v)
P:=DK:T!'@TP - (T'@L2@M)@T*P:v—mg’(v).

We have the coordinate expressions K = 1 m g;; &) &) and P =m g;; &) /.
Dynamics. In our context, the force acting on a particle is given a priori on the

the phase space. Moreover, it is convenient to introduce the force as a co—vector.
Thus, a force is defined to be a map

F:hP— (T2eL°eM)@T*P.

The force F' is said to be conservative if it factorises through J; P — P and can
be derived from a potential U: P — T 2 ®L2®@M® IR by the equality F = dU. If
the force is conservative, then we define the associated Lagrangian to be the map
L:=K+U.

We say that a motion s fulfills the Newton’s law of motion if
(2.1) mg’ (Vds) = F o j1s.

It is remarkable that we can link the formulation of dynamics in terms of the
connection V with the Lagrangian approach, directly without any reference to
variational or Lagrangian calculus. In fact, the following Lagrange’s formula holds

mg’ (Vds) = (D(&»IC ods) — 9;Kods)(d' os).

By the way, the above formula provides quickly the Christoffel’s symbols of V.
Hence, the coordinate expression of the Newton’s law is

mgij (8§8j + (Fflk 08) Dos™ 8osk) = D(@-IC ods) —0;Kods = F;ojs.

In the particular case when the force is conservative, the Newton’s law of motion
is expressed by the Lagrange equations

D(3¢£0d8) —0;Lods=0.

2.2. Constrained particle.
We assume an embedded submanifold of the pattern Euclidean affine space as
configuration space of a constrained particle.

The mechanics of a constrained particle has two features: an intrinsic and an
extrinsic one. According to the intrinsic viewpoint, the particle behaves as a ‘free’
particle moving in an [-dimensional Riemannian manifold; hence, according to the
intrinsic viewpoint, we can repeat the scheme of the previous section. On the
other hand, the environment space adds an exterior geometric structure: the 2nd
fundamental form, which measures the deviation of the submanifold from being
an affine subspace of the environmental space. Then, according to the extrinsic
viewpoint, we interpret the reaction force in terms of the 2nd fundamental form
of the constrained space.



THE GEOMETRY OF NEWTON’S LAW AND RIGID SYSTEMS 203

Configuration space. We define the configuration space for a constrained parti-
cle to be an embedded submanifold of dimension 1 <[ <3

icon: PCOH — P .

Thus, by definition of embedded submanifold, for each p € Pqy, there exists a
chart (xl) of P in a neighbourhood of p, such that P, is locally characterised by

the constraint {z/*1 =0,...,2% = 0}. Then, (y',...,9") == (2'|p...,---,2'|P...)
turns out to be a local chart of P.o,. The functions y', ... ,yl are said to be local
Lagrangian coordinates and the functions z/*1, ... 2 to be local constraints. From

now on, we shall refer to such adapted charts.

For practical reasons, we shall adopt the following convention:

— indices i, j, h, k will run from 1 to 3;

— indices a, b, ¢, d will run from 1 to [;

— indices r, s, t will run from [ to 3.

We have TP|p_,, = Pcon x S and T*P|p_,, = Peon x S™.

We have the natural injection Ticon: TPeon — TP|p., C TP and its dual
projection 7 1= T*icon: T*P|p,,, — T*Pcon, with coordinate expressions
Ticon(X?0y) = X0, and 7(w; d*) = w, d°.

We consider the orthogonal subspaces

TLPCOH = {X € TP|Pcon | g(X, TPCon) = 0} - TP|Pcon )
T Peon ={aeT*Plp.., | a(TPcn) =0 CT*P|p

con *

The vector fields 0, are tangent to Py, while the vector fields 0, are transver-
sal. If 0, € T+ Pcon, then the adapted chart (z') is said to be orthogonal to the
submanifold.

The subspace T'| Peon consists of the forms of the type w = Zl+1<r<n wy d",
i.e. of forms whose “tangent” components vanish.

The restriction

Gcon ‘= i:ong: Pcon - L2 & (T*Pcon & T*Pcon)

of the pattern metric g to Pcoy is a scaled Riemannian metric, which will be called
the intrinsic metric. Its coordinate expression is geon = (geon)ab d* ® d°, where we
have set (geon)ab ‘= gab|P..,- The contravariant form of geon will be denoted by
Geon- We stress that, in general, the [ x [ “tangent” submatrix of (¢*/) is different
from the inverse of the matrix (gq»); they are equal if and only if the adapted chart
(x%) is orthogonal.

The intrinsic metric geon yields the Riemannian connection V.

With reference to a mass m € M, we define the intrinsic kinetic energy and the
intrinsic kinetic momentum

Keon i=i*"K: T ' @TPeopn — (T2RL2M)®@ R v %mgcon(v,v),
Peon ‘= i"P: T ' @TPeon — (TP RL2@M) QT P: v — mg’con(v),

with coordinate expressions Keon = % ™M Geon ab Y yb and Peon = M Geon ab Y* db.
Let us analyse the orthogonal splittings of the tangent and cotangent spaces
induced by the metric.



204 M. MODUGNO AND R. VITOLO

The metric yields the injective map j: T* Peon — T*P |p
tity j = ¢ o 70 gheon-
We have the mutually dual orthogonal splittings
TP |p=TPeon ® T Peon, T'P|p.,=T Peon & TiPcon,

con con

through the iden-

con

with projections
. TP lp...
m: T*P |p

— T Peon
- TLPcon .

i TPconv 7TJ_: TP |Pcou
— T*Peon , 7, :T*P |p

con con

As the projection 7 has a very simple expression, it is convenient to compute
the other projections 7l, 7+, 7, via the following identities: nll = gfeon o 70 ¢°
and 7, = gt? o w0 g¥. Then, for each X € TP lp.., and w € T*P |p
obtain the equalities

Jw) = gep g wad®,  T(X) = X" gip g2% 00 = (X + X" grb 9%%) Oa
WL(X) = Xr(ar — 9rb g(l:)gn 8a) ) WL(W) = (WT — Wq gggn gbr) d.

Of course, the above formulas simplify considerably if the adapted chart is
orthogonal, i.e. if g,4|p.., = 0.

con

we

con con?

Kinematics. We define the intrinsic phase space as the 1st jet space of maps
T - PCOH
JiPeon i=T x (T @ TP.op).

The induced chart of Jy Peoy is (29, y2, yd).

A constrained motion is defined to be a map Scon: T — Pcon C P. Clearly, a
constrained motion can be naturally regarded as a motion of the pattern space,
via the inclusion icon. Indeed, a motion s: T' — P is constrained if and only if
s"=0.

The 1st differential, the 2nd differential and the velocity of a constrained motion
Scon, computed in the environment space, turn out to be valued in the correspond-
ing constrained subspaces

dScon: T — T_l X TPcon s dQSCOHI T — T_l X T(T_l () TPcon) ,
jlscon: T — lecon .
We have the coordinate expressions
(%, 58) © dscon = (5% Bos®), (¥, 9%, Y&, ii&y) © d2scon = (s, ps®, Dys®, D2s%)
(xovyavyg) Ojlscon = (xO’ Sa, 308“) .

Hence, as far as the above objects are considered, the intrinsic and the extrinsic
approaches coincide, up to the natural inclusion of the constrained spaces into the
corresponding environmental spaces.

Conversely, the intrinsic and extrinsic approaches of the acceleration of the
constrained motion Scon do not coincide. The intrinsic viewpoint is suitable for
the intrinsic expression of the law of motion and the extrinsic viewpoint provides
the constraint reaction force.
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We define the intrinsic acceleration of a constrained motion S¢on as the map
vcondscon: T - T72 ® TPCOH b)

with coordinate expression Veondscon = (885“4— (Teon £.) ©Scon Ops? 8056) (0a0Scon)-
Analogously to the free case, the intrinsic co-acceleration is given by the La-
grange’s formula m geon’ (Veonds) = (D(&JCCOH 0dScon) — 0aKcon Odscon) (d*0Scon)-
On the other hand, by regarding the constrained motion s.o, as a motion of
the environmental space, we define the extrinsic acceleration as the map

Vdseon: T - T 2QTP,

with coordinate expression Vdscon = (888i + (T%.) © Scon Ops? 8056) (0; © Scon)-
Then, according to the Gauss’ Theorem [7], we have the splitting

Vdseon = 1l (Vdseon) + 7 (Vdscon) ,
with 7l (Vdscon) = Veondscon and m4 0 Vdscon = N 0 dscon, where
N:TP|p, — T Peon

con

is a quadratic map, called 2nd fundamental form, whose coordinate expression
is N =17, 79 (0r — grp gé’gn&l). The map N measures how the submanifold
P, deviates, at 1st order, from being an affine subspace of P. The quickest
way to compute the 2nd fundamental form is the following: compute the covariant
expressions of the extrinsic and intrinsic accelerations via the Lagrange’s formulas;
then pass to the contravariant expressions and take the difference.

Dynamics. Let us consider a force F: JIP — (T2 ® L2 ® M) @ T*P in the
environment space P. As we are dealing with constrained mechanics, we are
involved only with its restriction

F:=F|;p. : J1Pen— (T20L>@M) @ T*P|p
According to the splitting of T*P|p

con con *

we can write F' = F.o, + Feon 1, Where

Fcon =" F: lecon - (T_Q ®]L2 ®M) ®T*Pcon-

We call Feo, the intrinsic force.

Let us assume that constraint confines the motion on the configuration space
Py, via Newton’s law of motion, by means of a suitable additional ‘reaction
force’ defined on the constrained space

R: J1Peon — (TT2@L2@ M) ® T*P|p

con

According to the splitting of T*P|p,_ , we can write R = Reon + Reon 1, Where

Rcon =i"R: J1Pcon — (T_Q & ]LQ & M) ® T*Pcon .

We call Ro, the intrinsic reaction force.
A constrained motion Scon: T — Peop 18 said to fulfill the constrained Newton’s
law of motion if the following equation holds

mgb 0 (Vdseon) = (F + R) 0 j1Scon -
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2.1. Theorem. A constrained motion s: T — Py, fulfills the constrained New-
ton’s law of motion if and only if

mggc)n o (vcondscon) = (Fcon + Rcon) © jl Scon
mgb ° (N © dscon) = (Fcon 1+ Rcon J_) Ojlscon .

Actually, for each choice of initial data in Jy Pcon, the 1st equation has (locally)
a unique solution and the 2nd equation is fulfilled if and only if

(22) RconL:mgboN_FconL-
According with the above result, we make the “minimal assumption” (virtual

works principle, i.e., smooth constraint) Reon = 0. Then, the explicit coordinate
expression of R is

I+1<r<3
R= Z (m (Farb — Gre gsgn 1—‘con adb) Z)a Z)b
1<a,b,c<l
(23) - F+ gggn F, gbr) O lcon (dr © Z‘con) .

In classical literature (see, for instance, [13]) the computation of reaction force
is presented implicitly as the solution of a linear system associated with Lagrange
multipliers. Instead, the above formula (which involves an adapted chart) provides
an explicit expression of the reaction force in terms of the Christoffel symbols, or
of the metric. In the particular case when the adapted chart is orthogonal, this
formula becomes very easy.

Thus, the dynamics of a constrained particle can be interpreted as the dynamics
of a ‘free’ particle moving on the Riemannian configuration space Pgo,. Then,
all main notions and results holding in the free case by using the Riemannian
structure of P can be easily rephrased in the constrained case. This is a remarkable
conceptual and practical advantage of the present approach.

3. MECHANICS OF A SYSTEM OF n PARTICLES

In this section we generalise the previous concepts and results to systems of
many particles. Our guideline will be the interpretation of the multi-particle
system as a one—particle moving in a higher dimensional space. In this way, all
we have learned for one-particle can be applied directly to multi—particle systems.
On the other hand, we have additional concepts, e.g. the center of mass splitting,
which follow from the projections on the factor spaces of the different particles.

3.1. Free particles.
We shall systematically use the prefix “multi” to indicate objects of the n—system
analogous to objects of one-particle.

We assume n > 1, and consider n masses my,..., m, € M. We define the
total mass as mo =) . m; € M and the i-th weight as p; = m;/mg. Clearly,
we have >, u; = 1. For each ¢ = 1,...,n. with reference to the i-th particle, it
is convenient to consider a copy of the following pattern objects: P; = P and
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3.1.1. Geometry of the multi—configuration space.
The multi—configuration space is defined to be the product space

Py =Py x---xP,.

Clearly, Py, is an affine space associated with the vector space Sy := S1 X
oo X Sn
A product chart (z?,;) of Pmu induced by charts (z3), ..., (z}) of the single

components is said to be without interference of the particles. Conversely, a chart
(2 ) of P which cannot be written as a product as above is said to be with
interference of the particles. A typical notation for the elements of P, will be
Prmul = (P1,- -+, Pn) € Pmul, and analogously for Sy, and ST, ;.

We define the multi—geometrical metric and the multi—weighted metric as

(34) Jmul * Pmul - LQ ® (T*Pmul ® T*Pmul): (umuh Umul) = Z g(uu Ui) 5
(35) Gmu1: Pmul - L2 & (T*Pmul & T*Pmul): (umulavmul) g ZMZ g(ul’ vi) .

The contravariant tensors of gnu and Gy are denoted, respectively, by Gmul
and Gu. Of course, if n > 2, then the two metrics are distinct.

For a system of n particles, we will rephrase the dynamics of a system of one
particle, by replacing the pattern metric g with the weighted metric G,y and the
mass m with the total mass mg. This procedure yields the correct Newton’s law
of motion, in full analogy with the one particle case.

According to this scheme, we define the multi—kinetic energy and the multi—
kinetic momentum by

K:mul: Til ® TPmul - (T72 ®L2 ® M) ® R LU %mo C;(mu](’U,’U)7
Proul : T_l QT Pyl — (T_l ®L2 ® M) & T*Pmul: U =My Gbmul(v) )

and recover the standard formulas Kp,,(v) = Zi%mig(vi,vi) and Ppu(v) =
(mi g(vi)).

The linear connection Vi, induced on the multi-configuration space P,y by
the affine structure (see the Preliminaries) coincides with the Riemannian connec-
tion induced by both metrics gy and G- This is true although the two metrics
need not to be proportional.

The multi—configuration space has two distinguished splittings.
Multi—splitting. We have the obvious affine multi-splitting P, = P1X...XP,,.
The corresponding affine projections m;: Pny — P; and the further induced
projections can be used to extract information on the single particles from the
kinematical and dynamical multi-objects of the multi-system.

The subspaces S1,...,S5, C Smu are mutually orthogonal with respect to both
metrics gmu and Gyl

Diagonal splitting. We have the following further diagonal splitting of Py,
which has no analogous in the one-particle scheme.
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We define the diagonal affine subspace, the diagonal vector subspace and the
relative vector subspace, respectively, as

Pdia ::{pmulepmul |p1::pn} C-l:)mula
Sdia = {Umul S Smul | V1 == Un} C Smul7

Srel = {Umul S Smul | Z,Ui Vi = 0} C Smul .
i

b2

In the following, the subscripts “qi.” and “y¢” will denote the objects associated

with the above spaces.

3.1. Theorem. We have the affine splitting of the multi—configuration space and
the linear splittings of the associated vector and covector multi—spaces

(3.6) P = Pgia @ Srel: Pmul = (Pos - --,p0) + (P1 — Po, .-+, Pn — Do)

(3.7)  Swmul = Sdia ® Srel : Umut = (vo,...,v0) + (v1 — Vo, ..., Up — Vo),
mul = Sdia © Ster t @mul = (U1 Q0, -+, fn Q)

(3.8) + (a1 —p1ag, -y Qo — fin Q)

where, for each pmul € Pmul, po € P is the unique point such that
Sl ) =0

and where, for each vy € Smul and amul € S, Vo 1= Y, fi Vs and ag ==Y, .
The above splittings are orthogonal with respect to the weighted metric Gy .-

Proof. Let us prove the splitting Syu = Sqia @ Srel. For each vy € S, we have
> wivo = 0 if and only if vg = 0. Hence, Sqgia N Srer = 0. Moreover, for each
Umul € Smul, we have (v1,...,v,) = (vo,...,v0) + (v1 — v, ..., Uy —Vg), with any
vg € S. Clearly, (vo,...,v0) € Sqia and (v1 —vg ..., Uy — vg) € Shtel, if and only
if vyg =), piv;. Hence, Sqia + Srel = Smul and the expression of the splitting is
expressed by the 2nd formula of the statement.

The splitting Py = Pdia @ Srel may be proved in a similar way.

The splitting Smul = Sdia ® Srel implies the splitting S},,) = Sin @ Sre- More-
over, for each apy € Sh- we have (a1, ..., ) = (B1,-.., )+ (@1 =01, ..., an—
Br). with any 3; € S7. On the other hand, for each vy, € Smu, we ob-
tain (0, . .. ,ﬂn)(vl, oo Un) = (a1, 00)(vo, ..., v0) if and only if Y. 6 (v;) =
Dok (O o) (vs), ie., if and only if 61 = U (Z a;). In virtue of the equality
Do ( — b (Z J)) (vl) = >, a;(v; — vg), we obtain

(ozl—,ul (Zaj),...,ozn—,un(z:ozj))(vl,...,vn)

j
= (a1,...,apn) (V1 —v0,...,0n — Vp). 0
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We denote the projection associated with the above splittings by

Tdia * Pmul - Pdiaa Trel Pmul - Srel ’
Tdia* Smul - Sdia7 Trel : Smul - Srel ’
—%x * * —*x * *

Tdia - Smul - Sdia ’ UESE Smul - Srel :

Clearly, the above splittings depend on the choice of the multi-mass and are not
orthogonal with respect to the geometrical metric (unless all masses are equal).

We stress that, while we have the natural inclusion Pg;n < Pyu, we do not
have a natural inclusion Sye; — Prul-

We have a natural splitting of the weighted multi—-metric of the type Guyu =

Gaia ® Grel. Moreover, the affine structures of Pg;, and Sy yield the flat connec-
tions Vgia and Ve, which turn out to be the Riemannian connections induced by
Gia and Gy, respectively.
Center of mass splitting. We can describe the diagonal splitting in another way,
via the center of mass. According to the above Theorem, we define the center of
mass of pmul € Prul to be the unique point py € P, such that ). p; (p; —po) = 0.
By considering any o € P, we can write pg = o+ >, p; (p; — 0). With reference
to the center of mass, it is convenient to consider a copy of the following pattern
objects: Peon = P, Scen = S and S}, = S*. Thus, we have the center of mass
affine projection

Tlcen - Pmul i Pcen: Pmul — Po ‘= O+ZM7§ (pl _O)v for any o € P.
i
The linear projections associated with the affine projection meen: Pyl — Pleen
turn out to be, respectively, the weighted sum and the sum

Tcen Smul i Scen: VUmul = Vg = § Mg Vg
7
. * * . Ly—
Scen: Stul — Seen Cmul — Qp = E «; .
1

Clearly, we have the natural affine isomorphism and linear isomorphisms

Pcen — Pdia: Do — (pO;---;pO)a
Scen - Sdia Vg (UOa“'avO)v

‘S:en_>‘stzkiia:ﬁO’_> (/1160; ;MnﬁO)-

3.2. Corollary. We have the center of mass splittings

Pmul ~ Pcen X Srel:pmul =~ (PO, (pl—PO, ~~~7pn_p0))a
Smul ~ Scen X Srel CUmul ('U(), (Ul — V0, -+, Un _UO))a

* * *
mul = Scen ><‘S'rel:05mh11 = (Oé(), (al_'ula()’ M Oén—/.tn()é())).
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According to our scheme, we define the center of mass kinetic energy and the
center of mass kinetic momentum as

’Ccen: T71 ® TPcen - (T72 & L2 & M) & R * Ucen % mo gcen(vcen; Ucen) )
,Pcen: T_l ® TPcen - (T_l ® LQ ® M) ® T*Pcen: Vcen F> Mo gcen(vcen) .
Moreover, we obtain the equality

K:mul(vmul) = K:cen (UO) + K:mul(vrel) 5

3.1.2. Kinematics.

We define the multi—phase space as J1 Py := T X (T7! @ TP ).

A multi-motion is defined to be a map Syu: T — Pmpu. Of course, the
multi-motion can be regarded as the family of motions of the system: sy, =
(s1, .-, 8p). This holds also for the derived quantities, like the multi-velocity
dsyl: T — T~ ! @ TPy and the multi-acceleration Vpmdsmu: T — T2 ®
TP . We can relate the multi-motion to the splitting of center of mass (Corol-
lary 3.2) by the equalities

Smul = Sdia + Srel =~ (Scen P Srel) P dsmul = dsdia + dsrel = (dscen 5 dsrel) .
vmuldsmul - vdia dsdia + vrel dsrel =~ (vcen dscen B vrel dsrel) .

3.1.3. Dynamics.
In analogy with the case of one—particle, we define a multi—force to be a map

quI: lemul - (T_Q ®]L2 ®M) ®T*Pmul-

Again, the multi—force can be regarded as the family of forces acting on each
particle Fi,y = (F1, ..., F},). In general, each of the components is defined on the
whole phase space. In the particular case when each component F; of the multi—
force depends only the i-th phase space, the multi—force is said to be without
interaction.

We say that a multi—force F,, fulfills the Newton’s 3rd principle if, for each
1<1<n,

Fi= % Fy,  Fyip) =Xgllp —pilly) 905 = i)y Xij = N,
1<i#j<n
where F;: P; x P; — (T?@L2@M) @ T*P; and \;;: L? ® R — T? @ M, for
each1 <i#j<n.

The total force of the system is defined to be the component of the multi—force
with respect to the center of mass

Fcen = Sceno mulZZFi: JIPmul_’ (T72®L2®M)®T*Pcen~

The multi—force is said to be conservative if it can be derived from a multi—
potential Upi: Pru — (T2 @ L2 @ M) ® IR as Fiuu = dUya. In this case, we
define the multi-Lagrangian to be the map

Lmul = ICmul + Z/lmul: TPmul — (T_Q & ]LQ & M) ®IR.
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We say that a multi-motion sy, fulfills the Newton’s law of motion if
(39) mo G?nul o (vmul dsmul) = qul o ,jlsmul .

We can split the Newton’s law with respect to the multi-splitting and to the
splitting of the center of mass. In the former case, we simply obtain the system of
coupled equations m; gb ods; = F; o j1s. In the latter case, we have the following
Theorem.

3.3. Theorem. The Newton’s equation is equivalent to the system

(3 10) mo ggen o (vcen dscen) = Fcen o jlsmul 5
mo G?a o (vrel dsrel) - Frel o jlsmul .

If Feen factors through J;y Peen, then the 1st equation can be integrated inde-
pendently of the 2nd one and can be interpreted as the equation of motion of
the center of mass. As in the one-particle case, the coordinate expression of the
Newton’s law is, with reference to any chart (z? ;) of Pmul,

D(ailcmul o dsmul) - 8iICmul o dsmul = -Fz o jlsmul P
which, if Fi,, is conservative, is equivalent to the system of Lagrange’s equations
D(aiﬁlnlll o dSmul) - 81'1Cmul o dSmul =0 ;

3.2. Constrained particles.

According to our programme, the analysis of the geometry of the constrained
space for a system of n particles can be carried out by analogy with the case of
one-particle.

We assume the multi—configuration space of a constrained system of n particles
to be an embedded submanifold Pyl con € Pmul-

In general, it is not possible to write Prulcon = Pcon1 X - .. X Peonn, wWith
P.on; C P;. for each i =1,...,n. In the particular case when this holds, we say
that the constraint is without interference between particles.

Moreover, in general, it is not possible to write Pyl con = Peen con X Stel cons
with Peen con € Peen and Syel con C Srel- In the particular case when this holds, we
say that the constraint is without interference between center of mass and relative
positions. In this case, the intrinsic metric Gy, splits into the sum of the metrics
Gen con and Ghrel con (according to Corollary 3.2), with interesting consequences in
dynamics.

We leave to the reader the task to formulate the kinematics and dynamics of a
constrained system of n particles according to our scheme.

4. RIGID SYSTEMS

Now, we specialise the theory of constrained systems of n particles to the case
of a rigid constraint.

We devote emphasis to the geometric structure of the rigid configuration space.
In particular, we show that this is the true source of the classical formulas of the
velocity of rigid systems.

Throughout the section, we suppose that n > 2.
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4.1. Geometry of the configuration space.
Let us define the scaled functions, for 1 <i,5 <n

Tijt Py = L R: pul = (p1,---,0n) — |IDi — Djllg-
A rigid configuration space is defined to be a subset of the type
irig Prig = {Pmul € Pmul | 75 (Pmut) = lij, 1 <@ < j <n} C Py,
where [;; € L fulfill
lij = Lji 1<i,j<n, i#j,
Liw < lij + Lk, 1<i,j,k<n, i#j,j#kk#i.

Note that we have excluded the case in which the positions of different particles
coincide.

From now on, let us consider a given rigid configuration space P,;g.

We define the rotational space to be the subset

irot: Srot = {Urel S Srel | ||U7,' - Uj” = lz] ’ 1 < v <] < TL} C Srel .

A typical notation for the elements of S,ot Will be 0t = (71, .., 70) € Srot C Srel-

Due to the equality ||p; — pjll = [|7ret(Pmut)i — Trel(Pmu1)j]| = lij, the rigid
constraint does not involve the center of mass but only relative positions. Then,
the restrictions of the projections 7een: Pmul — Peen and el Pyl — Stel to
the subset Pz C Py yield the bijection

(chna Wrot): Prig - Pcen X Srot .

Next, we classify the rigid constraints.
For each v, € S}, we define the vector subspace

(Vrel) :=span{v; —v; |1 <4,57<n} CS.

If rrot € Stot, then we call (ryot) the characteristic space of (ryot). It can be
proved [5, p. 257] that the dimension of the characteristic spaces does not depend
on elements in S,o, but only on S,o;. More precisely, for each 704, Tt € Srot
there exists an isometry ¢: S — S sigh that ¢(r;) =7, fori=1, ..., n.

We define the characteristic of Prig to be the integer number Cp,;, 1= dim (1),
where ryot € Syot- Obviously, we have 1 < C' P <3, and we can classify the rigid
configuration space in terms of Cp,, . We say Piig to be

— strongly non degenerate if Cp,,, = 3,

— weakly non degenerate if Cp,,, = 2,

— degenerate if Cp,;, = 1.

Of course, if n = 2, then P, is degenerate; if n = 3, then P,;; can be degenerate
or weakly non degenerate.

Thus, by considering all particles as assuming positions in the same space P, the
above cases correspond respectively to the case when the minimal affine subspace
containing all particles is a line, or a plane, or the whole P. As a consequence
of the above result, the case occurring for a given rigid system does not change
during the motion.
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Let us denote by O(S, g) the group of orthogonal transformations of S with
respect to g. We want to study the topological subspace S;ot C Spel through the
natural action of the Lie group O(S,g) on S,.. More precisely, we can easily
prove that the map

O(8S,9) X Srot = Srot: (¢ 7r0t) — (A(r1), ..., ¢(rn))

is well-defined and yields a continuous action of O(S, g) on Sye. Such an action
of O(S, g) on S,et is transitive because of the above discussion. Let us denote the
isotropy group at ryo by H(rvwot) C O(S, g). Then:

— in the strongly non degenerate case the isotropy subgroup H [rye] is the trivial
subgroup {1};

— in the weakly non degenerate case the isotropy subgroup H [ryot] is the discrete
subgroup of reflections with respect to (ryot) ;

— in the degenerate case the isotropy subgroup H|ryot] is the 1 dimensional
subgroup of rotations whose axis is (ryot); we stress that this subgroup is not
normal.

4.1. Proposition. The following facts hold:

— Shot 18 strongly non degenerate if and only if the action of O(S,g) on S, is
free; in this case Syot is an affine space associated with the group O(S,g);

— Syot is weakly non degenerate if and only if the action of O(S,g) on S, is
not free, but the action of the subgroup SO(S,g) C O(S, g) on S,os is free; in this
case Syot 18 an affine space associated with the group SO(S,g);

— Stot is degenerate if and only if the action of SO(S,g) on S, is not free; in
this case Syt is a homogeneous space (i.e. the quotient of a Lie group with respect
to a closed subgroup) with two possible distinguished diffeomorphisms (depending
on a chosen orientation on the straight line of the rigid system) with the unit
sphere S? C L* ® S, with respect to the metric g.

In particular, in all cases S, turns out to be a manifold.

In the non degenerate case, the choice of a configuration ryoy € Syor and of a
scaled orthonormal basis in L* ® S yield the diffeomorphisms (via the action of
O(S, g) on Srot)

Siot =~ O(S,g9) =~ O(3), in the strongly non degenerate case;
Siot =~ SO(S,g) ~ SO(3), in the weakly non degenerate case.
In the degenerate case, the continuous choice of an orientation on the straight

lines (ryot) C S generated by each configuration 704 € Syot and of a scaled or-
thonormal basis in L* ® S yields the diffeomorphisms

Sior ~ SH(L*® S,g) ~ S%(3).

From now on, in the non degenerate case, we shall refer only to one of the two
connected components of S,¢, for the sake of simplicity and for physical reasons
of continuity. Accordingly, we shall just refer to the non degenerate case (without
specification of strongly or weakly non degenerate), or to the degenerate case.
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4.2. Tangent space of rotational space.

The rotational space S0t is embedded into the environmental relative vector space
Stel- Hence, the tangent vectors of S,ot can be regarded as multi-vectors of Sy,
which respect the rigid constraint. Here, we describe in a geometric way the
tangent vectors of Sy, and obtain a geometric interpretation of classical formulas
of the mechanics of rigid systems.

4.2.1. Non degenerate case.

We recall that the Lie algebra so(S, g) of O(S,g) can be identified with the sub-
space so(S,g) C S* ® S, consisting of the tensors which are antisymmetric with
respect to g.

4.2. Proposition. We have the natural parallelising linear isomorphism
(411) Trot + TSrot — Srot X SO(S,g)

and the associated projection prot: T'Srot € Stot X Srel — $0(S,9): (Trot 5 Urot)
— w.

. . . . -1 .
The expression of the inverse isomorphism 7,; is

Tr;tll Stiot X so(S,g) — T'Srot C Srot X Srel: (Trot; W)
— (Troh (w(rl); cee ,W(Tn))) .

Thus, for each (ryot, Vrot) € T'Srot C Stot X Stel, there is a unique w € so(S, g),
such that v; = w(r;), for 1 <1i < n.

Proof. The first statement comes from the fact that S, is an affine space asso-

ciated with the Lie group O(S, g). Next, in order to compute 7, , let us consider

an element w € so(S,g). Then, there exists a map @: IR — SO(S,g) such that
@(0) =id € SO(S,g) and (D®)(0) = w. Hence, for each ryo € Syot C Srel, the
curve ¢: IR — Sier: A= (@(A)(r1),...,@(A)(ry)) is valued in S0t because

[@N)(ri) =Nl = 0N (ri =)l = llrs =5l VA€ R, V1 <i,j<n.

Hence, the tangent map Dc(0) € Sye is valued in 7)., , Stot € Srei. On the other
hand, we have

Dc(0) = (w(r1),...,w(ry)). O

Later, we shall give an explicit expression of the parallelisation 70¢, via the
“inertia isomorphism” (Corollary 4.8). We can read the parallelisation 70 in a
further interesting way, by means of an algebraic re—interpretation of so(S, g). For
this purpose, we recall the cross products X of S and of 8™, defined by

u X vi=x(vAw) = gti(uAv)n) = i(gb(u) A gb(v)) 7, Vu,ve S,
ax fi=x(anf) =g (i(anp)n) =il AgB)n, VYa,feS.
The cross product commutes with the metric isomorphisms, i.e. we have

Fluxv)=g(u) xg"(w) and g ax ) =g"a) x ¢ ().
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For short, we set
U X mul Umul = (U X v1,...,u X ), VueS, Vnu € Smu,
@ Xmul Bmut = (@ X B1,...,a X Br), VaeS*, VBmu € Shy-
Moreover, we introduce the scaled vector space
(4.12) Vg =L7'®8.
The metric isomorphism ¢: *® S - L2 ® §*® 8*: a®@v — a ® g(v,-) and
the Hodge isomorphism *: L2 ® A28* — L™ ' ® §: w +— i(w) 7 yield the linear
isomorphism
(4.13) x09": 50(8,9) = Vang: w — i(gb(w))f].
The following corollary is a straightforward analogue of Proposition 4.2.
4.3. Corollary. We have the natural parallelising isomorphism
(4.14) Tang 1= %O gb 0 Trot 1 T'Srot — Srot X Vang

and the associated projection pang: T'Srot C Srot X Srel = Viang: (Trot, Urot) — .

The expression of the inverse isomorphism T;llg is

T_l : Srot X Vang i TSrot C Srot X Srel: (rrot y Q)

ang *

H(rrot,(QXrl,...,QXTn)).

Thus, for each (7rot, Urot) € T'Srot C Srot X Srel, there is a unique Q € Vg,
such that v; = Q X r;, for 1 <i <n.

Later, we shall give an explicit expression of the parallelisation 7ang, via the
“inertia isomorphism” (Theorem 4.6). The above Corollary 4.3 is just a geomet-
ric formulation of the well-known formula expressing the relative velocity of the
particles of a rigid system through the angular velocity.

4.4. Corollary. The transpose (7,,1)* of the isomorphism T;llg has the expression

ang

(4.15) (T;llg)*; T*S:ot — Srot X V;ng: (Prot, @) — (rrot7 Zgb(”) « Oéi) .

Proof. The expression of 7, and cyclic permutations yield

ng

(T;]lg)*(rrot, @) () 1= a(Tang (1101, Q) = @ (Q Xyl Trot) = Zai (Q x 1)
= Zg (g% (i), (A X 1)) = Zg (ri, (9%(ai) x Q))
= Zg (Q, (ri x i) =D (¢ (ri) X o) (). O

i

The cross product X is equivariant with respect to the action of SO(S, g).

Hence, the isomorphism 7., turns out to be equivariant with respect to this
group.
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4.2.2. Degenerate case.

Let us consider the quotient vector bundle [S,o X s0(S, g)] over S, of the trivial
vector bundle Syt X s0(S, g), with respect to the vector subbundle h[S:.] con-
sisting, for each 7ot € Syot, of the isotropy Lie subalgebra hlryot] C so(S,g) of
(rrot) C S (see, for instance, [25]).

We can rephrase in the degenerate case the results concerning the non degen-
erate case by a quotient procedure.

For each ryot € S0, the isotropy Lie subalgebra associated with r.. consists
of antisymmetric endomorphisms ¢ € S* ® S which preserve the 1-dimensional
vector subspace (ryot) C S generated by 70t. We have the natural linear fibred
isomorphism [Tyo1]: T'Srot — [Srot X s0(S, g)].

Let us consider the quotient vector bundle [Syot X Vang] over Sy of the vector
bundle Syot X Vang with respect to the vector subbundle a[S,q] consisting, for
each 7ot € Siot, by the 1-dimensional vector subspace (ror) C Vang generated
by 7rrot-

4.5. Proposition. We have the linear fibred isomorphism

[Tang]: TSrot - [Srot X Vang] .

sai 3 e ig iq —17 :q
The expression of the inverse isomorphism [7,,.] is

[Tang]_l : [Srot X Vang] - Tsrot C Srot X Smul : (Trot ) [Trota Q])
= (ot (XX 1,0, QX 1)),
where the cross products € X 7; turn out to be independent of the choice of
representative for the class [ryo, Q). Thus, for each (rot, Vrot) € T'Srot C Srot X

Stel, there is a unique [rrot, Q] € [Siot X Vang] such that v; = Q X r;, for
1 <7< n.

Trot ?

It follows that a continuous choice of an orientation of the straight lines (rot)
C S generated by the configurations 7.t € S0t yields the linear isomorphism

TS,or ~ TS*(L*® 8, g).

4.3. Rigid system metrics.
The multi-dynamical metric of Sy,,;1 induces a metric on S}, which can be re-
garded also in another useful way through the isomorphism T.ng, and will be
interpreted as the inertia tensor. Moreover, the standard pattern metric of Vg
induces a further metric on S;o;.

We will consider only the non degenerate case. We leave to the reader the task
to consider the degenerate case.

The inclusion 4yig: Prig — Pmu yields the geometrical and weighted scaled
Riemannian metrics

e g% e g%
Orig *= Zrig 9mul CTvrig = Zrig Gmul .

The splitting Pyig = Pgia @ Srot is orthogonal with respect to the metric Giig.
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The inclusion iyot: Syot < Srel yields the geometrical and weighted scaled
Riemannian metrics

grot = %yt Grel » Grot = ot Grel .

For each (2 Xpul Trot) s (€ Xmual Trot) € Ty, Srot € Srel, in virtue of standard

Trot

properties of the cross product, we obtain

Grot (Trot) (Q X mul Trot Qo X mul rrot) = Z (9(7‘1‘, ri) (Q Ql)_ g(Ti, Q) g(n‘, Q/)) >
Grot (Trot) (Q X mul Trot » Q X mul rrot Z Mz Tza Tz Q 94 ) (Tiv Q) g(n‘, Q/))

We can regard the metrics groy and Groy in another interesting way, via 7Tang ;
we have the two scaled metrics

(416) o ::( ang) Grot - Srot — L2 (V:ng ® V:ng)
(417) DI ( anlg)* Grot : Srot — LQ (V;ng ® V:ng)

with expressions

o (rrot) (2, Q') = Z (9(ri,rs) g(, Q") = g(ri, Q) g(rs, ) ,
(110t ) (2 ZM (risri) g(Q, ) — g(r:, Q) g(ri, ) .

We have a further natural metric of S,o;. For this purpose, let us consider the
metric g € V. ® V. of Vg naturally induced by the pattern metric g of
S. We can make the natural identification O(V ang, g) =~ O(S,g). We obtain the
unscaled Riemannian metric

Yang ‘= T;ngg : Srot - T*Srot ® T*Srot .

For each (rvot, € Xmul Trot)s (Trot s 2 Xmul Trot) € T'Srot C Srot X Srel, we have
the expression gang(Trot) (€ Xmul Trot » €' Xmul Trot) = g(£2, Q).

All metrics of S, considered above are invariant with respect to the left action
of O(S, g).

The choice of a configuration ryo € Sior and of an orthonormal basis in Vapg,
respectively, yields the following diffeomorphisms (via the action of SO(V ang, 9)
on Srot)

Srot SO(Vangvg) = SO(B)a

which turn out to be isometries with respect to the Riemannian metrics gang,
—% kang and —% k3, of Siot, Vang and SO(3), where kang and ks are the Killing
forms. In fact, the above diffeomorphisms yield the linear fibred isomorphisms
TroiSrot =~ 50(Vang,9) =~ so(3). The first isomorphism is metric because it
comes from the natural isomorphism so(Vang, 9) — Vang, induced by ¢ and *,
which is metric. Moreover, the metric g of V,,s turns out to coincide with the
metric —3% kang 0f 50(Vang, 9). In fact, we have g(w,w’) = —3 tr ((2x)o ('x)).

It is easy to realise that the isomorphism so(Vang, g) =~ so(3) is metric.
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The unscaled metric g of V a,, allows us to regard the metrics o and X as scaled
symmetric fibred automorphisms

6- = gﬁ o Ub : Srot — L2 (V:ng ® Vang) )
Ni=g' o St 2 L2 ® (Vi ® Ving) -
We have the expressions

Trot Zrz Q X Tz = Z (g(riari)ﬂ_g(rivﬂ) Ti)
Trot Zﬂz r; X Q X Tz Zﬂz 7"@,7"@ Q 9(7% Q) Ti) .

We have
671 :Uﬁogb and Bt :Eﬁogb,
(&*1)* :gboarj and (f)’l)* :gboEﬁ.

The automorphisms ¢ and by yield the following explicit expressions of the map
Tang-
4.6. Theorem. The isomorphism Tang has the expression

7-ang : Tsrot - Srot X Srel — Srot X Vang : (Trot ) Urot) = (Trot ) Q)v

where

(4.18) Q= 6*1(rrot)(2ri X Ui) = 271(7}045)(2/14 ri X vi) .

Proof. Let 7ot € Srots, Urot = (V1,...,0,) € Ty, Srot C Srel and set Q :=

pang(rrota Urot) € Vang~
The definitions of o and of g,ot yield, respectively, the following equalities, for

each Q' € Vg,
grot (Trot) (Urot 79/ X mul Trot) = (Trot) (Q Q )

grot(rrot) (Urot aQ/ ><mul rrot) = Zg Uzv Q X Tz = (Q/ Zrz X Uz)
= g(zm X v;, )
[

Then, by comparison of the above equalities, we obtain ¢ o (1ot ) () = ¢ ( DT
X UZ) hence & (7ro1)(2) 1= (g% o Jbrot)(rrot)(ﬂ) = >, 7 X v;, which yields Q =
6~ (rrot)(z r; X UZ)

We can prove the 2nd expression of ) in analogous way, by replacing g,ot with
Grot- O

In the classical literature, 2 is computed by means of the Poisson’s formulas, in
terms of a basis. The above Theorem provides an intrinsic expression of §2, which
plays an essential role in next sections.
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4.7. Note. The map Tang is a geometric object, which has nothing to do with
masses and weights, because the rigid constraint does not involve the masses.
Accordingly, the 1st formula in the above Theorem is natural, while the 2nd one
sounds quite strange. Indeed, the 2nd formula is true for any arbitrary choice
of the weights. We have added the 2nd formula for the sake of completeness.
Actually, in the 2nd formula, the weights appear both in the expressions of the
sum and of ¥ eventually, the contribution of the weights disappear. To realize
that, we remark that it is possible to prove directly that the 1st formula implies
the 2nd one. O

4.8. Corollary. In the non degenerate case, the isomorphism 7, has the equiv-
alent expression

Trot * TSrot - Srot X Srel — Srot X (S* ® S) : (Trot ) Urot) = (Trot7 gﬁ (2(9)77)) )

where
Q= 6_1(rrot)(2ri X vi) = 2_1(rrot)(2ui r; X vi) .

The eigenvalues of 3 turn out to be constant with respect to Syor, in virtue of
the invariance of ¥ with respect to SO(S, g).

In the non degenerate case, we have three eigenvalues. Then, three cases may
occur:

A= A1 = A = A3, spherical case,
A=A =X # A3, symmetric case,
A1 F# Ao # A3 # A1, asymmetric case.

In the degenerate case, we have two coinciding eigenvalues
A= )\1 = )\2 = Zuig(ri,ri).
i

Analogous results hold for 6.

We have studied the diagonalisation of ¥ with respect to g. In an analogous
way, we can diagonalise Gy With respect to Gang. Indeed, in this way we obtain
the same eigenvalues and the same classification, because the two diagonalisations
are related by the isomorphism Tang.

The scaled metric mg 2, or the scaled automorphism mq f), are called the inertia
tensor and the scaled eigenvalues I; = mg \;: Syot — (L2 ® M) ® R of the inertia
tensor are called principal inertia momenta.

4.3.1. Continuous interpretation.
We can interpret the above results concerning the parallelisation of Syt also in
terms of continuous transformations. Here, in order to keep the thread of our
reasoning, we adopt a purely geometric approach which does not involve time, but
this section can be easily rephrased in a true kinematical way, by replacing IR with
T, or T ® IR, as appropriate.

We define a continuous transformation as a map

C:Rx(RxP)— P,
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such that, for each 7,7',t € IR, p € P,
C(0,t,p)=0p and C(r',t+7,C(r,t,p)) =C(r+7',t,p).
A continuous transformation is said to be rigid if, for each 7,t € R, p,q € P,

1C(7,t,q) = C(7, t,p)l| = llg = pll -

We can prove that a continuous transformation C' is rigid if and only if its
expression is of the type

C(T7t7p):C(t)+(I)(T,t) (p_0)7 VT,tEB,pEP,

where 0 € P, c: IR — P and ®: R x R — SO(S, g).

Let us suppose that C be rigid. The partial derivative of ® with respect to time,
at 7 = 0, turns out to be an antisymmetric endomorphism §®: IR — so(S,g) C
S* ® S. Hence, the velocity of the continuous transformation v: T' x P — S is
given by v(t,p) = Dc(t) + 6®(t) (p — 0), for all t € T, p € P. On the other hand,
we obtain the map Q := (x 0 ¢”)(6®) : R — L* ® S, Therefore, we can express the
velocity of the continuous transformation by the classical formula

v(t,p) = Dc(t) + Q(t) X (p— o), VteR,pe P.

4.9. Note. Let P,j; C Py x ... P, be a non degenerate rigid configuration
space and Syig: IR — P,z be a map. Then, there is a unique continuous rigid
transformation such that the particles of the continuous transformation, which
coincide with the particles of the discrete rigid system at a certain time, move
as the particles of the discrete rigid system. In other words, there is a unique
rigid continuous transformation C': IR x (IR x P) — P such that, for each p =
(P15, Pn) € Prig, C(7,t,p;) = s;(t + 7) for all 7,¢ € IR. Then, for each p =
(p1;.--,Pn) € Prig and t € IR, we have

V(t,pi) = ds;(t) = dscen(t) + Q(t) X 7;.

Indeed, the rotational components of the velocity of the continuous and discrete
rigid maps coincide. O

4.4. Splitting of the tangent and cotangent multi—space.

We exhibit a natural orthogonal splitting of the environmental tangent and cotan-
gent spaces into three components: the component of the center of mass, the an-
gular component and the component orthogonal to the rigid configuration space.
This splitting will have a fundamental role in mechanics of rigid systems.

4.4.1. Splitting of the tangent multi—space.
Let us consider the space T'Prui|p,,, = Prig X Srel.

rig

4.10. Theorem. We have the orthogonal splitting, with respect to Gl
TPmul|P = TPrig o) TlPrig = (TPcen X Tsrot) D TlPriga
Prig Pri

g

rig

where TlPrig is the orthogonal complement of T Pyig i T Pryu|p

rig *
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The subspace TJ-Prig is characterised by the following equality
TLPrig = {(priga Umul) € Prig X Smul | Zﬂzvz =0, Zﬂzrz X vy = 0}
i i

C TPmul | P

Moreover, the expressions of the projections associated with the splitting are

rig *

(4.19) T7cen : TPmul Py, — TPeen : (Prig s Ymul) = (Peen » Veen) 5
(4.20) Trrot : TPrul|py, — TSrot & (Prig s Vmul) = (Trot » © Xl Trot) 5
(4.21) WrJ;g : TPul|p.y, — TF Prig : (Prig s Vmul)

 (Prig s Vmul — Vdia — £ Xmul Trot) 5
where

DPcen = O + Z i (p1 - O) ’ Pdia = (pcen; o ;pcen) 5 Trot = Prig — Pdia »
[

Ucen = § Hi Vi, Udia = ('Ucena ce 7Ucen) s Urot = Umul — Udia ,
3
. yv—1
Q=X (rrot)( E i Ty X 'Ui) .
[

Proof. The expression of the 1st projection is obvious.

Let us prove the expression of the 2nd projection. For each 7.0t € Stot, Urel €
Srel and ' € Vg, in virtue of the definitions of ¥ and of Gyel, and by a cyclic
permutation, we obtain the equalities

Grel (Urel ) Q/ X mul Trot) - Grel (T’frrot (Trota Urel) 5 QI X mul rrot)
= Grel (Q X mul Trot Q/ X mul Trot) = E(711"0‘5) (Qa Q/) )

Grel (Urel ,Q/ X mul Trot) = Z Hi g(Ui P Q/ X Ti)
3

:g(ﬂ’, Z,uﬂi X’Ui) :g<z,u¢m X V5, Q’).

A comparison of the above equalities yields £°(ryot) () = ¢° (32, pimi ¥ Vi),
hence

Q= (Z*(rrot) Ogb)(ZMﬁi X Ui) = 271(%0(2%% X 'Ui) .

Then, the characterization of T+ P, is easily obtained by considering the mul-
tivectors whose previous projections vanish and by recalling that 7., and 3 are
isomorphisms.

Eventually, the 3rd projection is obtained by subtracting the previous projec-
tions. O

We observe that the expression of T'm,t is similar to the 2nd formula of Propo-
sition 4.6. However, we stress that the multivector vy, in the above Theorem
needs not to be tangent to S, and its projection on S, involves the weights. In
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the particular case when the multivector vy, is tangent to S,.¢, the expression of
Tmo reduces to the 2nd formula of Proposition 4.6.

4.4.2. Splitting of the cotangent space.

Let us consider the space T*Pul|p,,, ‘= Prig X Srel

rig

4.11. Theorem. We have the orthogonal splitting, with respect to Gl

T’*-l:)mul|Prig = T*Srig &) TIPrig = (T*Pcen X T*Srot) % TIPriga
Prig rig
where T Pyig is the orthogonal complement of T*Pyig in T*Pyul|p,, (i.e., the
space of annihilators of T Piig).
The subspace T P.ig is characterised by the following equality

rig

Tj’:Prig = {(prig7 OZmul) S Prig X Sx*nul | Zai = 0; Zgb(vl) X ap = 0}

C T*Pmul|P

rig °

Moreover, the expressions of the projections associated with the splitting are

(422) T*Trcen: T’*P’mul|Prig - T*Pcen: (prig; amul) = (pceny acen)
(423) T*Trrot: T*Pmul|Pri5 - T*Srot : (prig; amul) = (Trot7 OZrot)
(424) T T*Pmul|Prig - TLPrlg (prlgy amul)
= (rrot y ®mul — Odia — arot) )
where
DPcen = O + Z i (Zh - 0) ) Pdia ‘= (pcen; o 7pcen) 5 Trot = Prig — Pdia »
Qcen = Z (67 Qdia = (Hl Qceny -+ -y Un Olcen) )

(4.25) Qrot = ((271)*(”0‘5)(2 gb(ri) X O‘i)) X mul G?nul(TTOt) .
Proof. The commutative diagram

LQ ®TPmul|P HLQ ®TSrot

rig

Gblnull/ lcbrot

T Trot
T*Pmu1|p. —>T*S,0t

rig
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Theorem 4.10 and the definition of ¥ give

T™ Trot (prig ) CVmul) = (Grot 0 Tyt © Gmul)(prig ) CVmul)
= (Grot © TTrTOt)(prig ) M_ll gu(a1)7 SRR HLn gﬁ(an))
= Grot (Trot ) 2Aj_l(rl"o‘ﬁ) ( Z Ty X g)i (al)) X mul rrot)
1

= (o« (7 (o0 (3 6 () X 00)) Xt G () ) -
l O

The projection T™*m.o can be expressed in terms of Vane. In this way, we
recover the classical formula of the “total momentum” of a multi—form. Here, this
formula arises naturally from our geometric interpretation of T%Sqt.

4.12. Corollary. We have the projection
Sang :_( ang) OT*T(rot T* Pmu1|P

rig

(426) - Srot X Vang (pr1g7 Olmul = Trot7 Zgb (Tl) X 051') ’

where 7ot 1= Trot (prig)-

Proof. By recalling the expressions of T*mo , (271)*, (r;1)* and 3, we obtain

ang

Sang(prig7 OZmul) = ((Tz;lg) oT* 7Trot)(prig7 OZmul)
= (Tang)" (rrot ((2*1>*<mt><§jgb<m X 1)) Xomut G (o))
Zg () % (27" (rean) 3 9 (r3) X ) X g’ (1))

(
= (Trota Z <9b(7"i) X Gmul(E rrot)(z rj X gﬁ(aj)) X TFOt)i))
(

= (rmt, Zgb(m) X ozi) . O

K3
4.5. Kinetic energy and momentum of the rigid system.
According to our scheme, we define the rigid kinetic energy, the rigid kinetic
momentum, the rotational kinetic energy and the rotational kinetic momentum as

]Crig = i:iglcmul : T_1® TPrig — (T_2® L2® M)® IR: Urig — % mo Grig (Uriga Urig) ’
Prig =1 rlgpmul T ® TPrlg — (Til ® L2® M) ® T*Prig: Urig — 1Mo G?ig(’urig) y

ICrot = i:otlcmul : Ti ® Tsrot - T72® ]L2® M) ® R: Urot % mo Grot (Uroh Urot) )

(
Prot = 7;:otlpmul: T71® Tsrot - (T71 ® ]L2® M) ® T*Srot * Urot— o Giot (Urot) .
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Then, by taking into account the angular parallelisation Tang: T'Siot — Srot X
V ang, We obtain the angular kinetic energy and the angular kinetic momentum

]Cang = T;ng ]Crot: Til ® Tsrot — (T72 ® L2 & M) & R: (Trota Urot)
2 m0 D(rrot) (2, Q) = $mo Y i (9(rimi) 9(2,Q) — g(ri, Q) g(r;, Q)

Pang ::T;ng Prot: Til 2y Tsrot - (Til & ]L2 & M) & Vzng: (Trot; Urot)
— 1o X7 (Trot ) () = mo ZM (9(ri,m) ¢°(Q) — g(ri, Q) g"(r2)) ,

where Q := pang(Vrot)-
According to the splittings T Prig = T Pecen X T'S1or and TPy = T Peey X
(Stot X Vang), we have, respectively, the splittings

ICrig = K:cen + ’Crot ) prig = (Pcen; Prot) )
ICrig = K:cen + ’Cang ) prig = (Pcen; Pang) .

4.6. Connections induced on the rigid system.
First of all, in the non degenerate case, the generalised affine structure of P,ig
induces a flat connection V,g (see the Preliminaries).

Moreover, according to the Gauss’ Theorem (see, for instance, [7]), the geo-
metric metric gy, and the weighted metric Gyiz induce two distinct connections
V:ig and VRjg, respectively, on P,i. Actually, we shall be mainly concerned with
VRig, Which is the most important of the two, because of its role in dynamics.

4.13. Proposition. The connection Vgjg splits into the cartesian product of the
connections Veen and Vigp of Peen and Shot.

4.7. Kinematics of rigid systems.

In this section, we apply the splitting of T Py,ul|p,;, to the velocity and the acceler-
ation of a rigid system. Namely, the velocity splits into the two components of the
center of mass and the velocity relative to the center of mass. On the other hand,
the acceleration splits into the three components of the center of mass, relative to
the center of mass and the term given by the 2nd fundamental form of the rigid
configuration space.

Let us consider a rigid motion syig: T — Phyig.

4.14. Proposition. According to Corollary 4.3 and Theorem 4.6, we obtain the
splittings

Srig = (Scena srot) T — Pcen X Srot
dSrig = (dscen’ (SrOt’Q)) T — (T71 ® TPcen) X (Srot X (T71 & Vang)) ,
where

R R -1 2
Scen +=— Tcen © Srig; Srot += Trot © Srig7 Q =X ( Hi (Srot)i X d(srot)i) .
i
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The map Q 1= pang ©T'Tang 0 dsrig : T — T* ® Vang is called the angular velocity
of the rigid motion.

4.15. Theorem. The acceleration splits into the three components as
vmuldSrig = vcendscen + v1rotd3rot +No dsrot ’

where N: TPjg — TJ-Prig is the 2nd fundamental form of the connection Vi,
with respect to the metric Gya. We have the expressions

(4.27) Pang(Viotdsror) = dQ + X7 (s100) (2 X B(810t)())
N(Srig)(Q) =Q X mul (Q X mul Srot)
(428) - 271(51"0‘5)(9 X fz(Srot)(ﬂ)) ><mul Srot -

Proof. The proof is analogous to that for the case of one constrained particle.
In virtue of Theorem 4.6, Corollary 4.3 and the Leibnitz identity for the cross
product, we obtain

pang(vrotdsrot) - (pang o Tﬂ'rot)(vmuldsrot)
-1 (Srot) ( Z Hi(srot)i X Vd(srot)i)

™M

- 1<smt>(§ijm<smt>i X V(2 X (s100):) )
= £ (vt (Zuz Seot)i X (A2 X (5100)s) )

Lot (Smo(zui(smt)i X (2 X (2 X (5000)1)) )
= 57 (5101 (Zuz Srot)i X (d2 X (smt)i))

45 (smo(;um X ((s10)i X (2 X (s101):) )

= dQ+ 27 (8100) (2 X E(5101) () -
Moreover, we have
N(dsrot) = Vmuldsrot — ViotdSrot
= d Xt Srot + € Xmut (€ Xmut Srot) = d€ Xyl Srot
— i_l(srot)(Q X i](smt)(Q)) X mul Srot

= Q X (Q ><mul Srot) - 2 (Srot)(Q X E(Srot)(Q)) ><mul Srot - D

4.16. Note. The map df2 is the covariant derivative of ) with respect to the
natural connection Vg of 8o induced by Tang. Hence, the map Eil(srot)(Q X

f)(srot)(ﬂ)) expresses the Christoffel symbol of the connection V.ot with respect
to the parallelisation Tang. O
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4.8. Dynamics of rigid systems.
In this section we study the equation of motion for a rigid system.

According to the results of the previous section, we show that the equation of
motion in the environmental space splits into three components: the equation of
motion for the center of mass (related to the linear momentum), the equation of
motion for the relative motion (related to the angular momentum) and equation for
the reaction force (related to the 2nd fundamental form of the rigid configuration
space).

4.8.1. Splitting of multi—forces.
According to the scheme discussed for a constrained system, we assume a multi—
force Fiu and consider its restriction to the phase space of the rigid system

F = Fuuls, Py, : JiPrig = (T2 QL2 @M) @ T* Pryu -
4.17. Proposition. According to the splitting of T*Pmul|Prig7 we can write
F = Fig + Fig 1,
where Fiig = i, F' 1 J1Prig — (']T*2 eLl?® M) @ T*P. Moreover, according to the

rig
splitting of T P.;; (see Theorem 4.11), we can write

Frig - (Fcen7Frot) = (Fcen7Fang)7

where Fien and F,ng turn out to be, respectively, the total force and the total
momentum of the force. We have the following expressions

Fcen:T*TrcenoFrig:ZFi7 Fang:SangOFrig:ZfiXFi7
7 [

Fiot = ((271)*(Fang)) X mul Trig 5 Faia = (,ul Feeny -y pin Fcen) ;
FL :qul_Fdia_Froty

where we have set rrig : Siot C Srel — L2 ® Sk, & Trot Gir’nul(rmt).

4.18. Note. If the multi-force Fp,, fulfills the 3rd Newton’s principle then its
component tangent to the constraint Fj; vanishes.

Moreover, we assume a reaction force
R5J1Prig _>T_2®]L2®M®T*Pmuly

which splits analogously to the force. The above Note holds also for the reaction.
So, we assume R,z =0,ie. R=R,.

4.8.2. Splitting of the equation of motion.
Eventually, we are ready to split the equation of motion into three components.
We follow the scheme developed for one constrained particle with the additional
results arising from the present framework.

The following statement is a consequence of Theorem 4.15.
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4.19. Corollary. The rigid motion s,z : T — P, and the reaction force R fulfill
the Newton’s law of motion
mo Gi;nul(vmuldsrig) = (Frig + R) 0 j15vig
if and only if
(429) ™o Gzen (vcendscen) = Fcen o lerig )

mo 2A:(Tang(vrotdsrot)) = Fang o lerig 5
(4.30) mo G (N 0 dsor) = (FL + R1) © ji5ig

where pang(Viotdsrot) = dQ + 37 (801) (2 X E(8101)(2)).

The angular component of the above equation of motion is referred to as Euler’s
equation.

4.20. Note. Contrary to the general constrained case, here the equation on the
constrained space can be split into the center of mass and rotational components,
due to the fact that the rigid constraint is without interference between particles
and the center of mass.

On the other hand, as in the case of a system of free particles, we cannot solve
the first two equations independently, unless the total force factors through the
projection Teen on Pleep. O

4.21. Corollary. The reaction R is given by

(431) RL = Q X (Q X frig) - Z_l*(srot)((g X Zb(Srot)(Q)) X mul frig)
— Pmul + (Nl Fcena ceey Un Fcen) + ((271)*(Fang)) X mul Trig -
where we set Q 1= ¢°(Q).

Proof. The reaction R, is determined by on solutions of the equations of motion
by the following equalities

RJ— = Gir)nul(N o dsrot) - FJ_ Ojlsrig
= G?nul(N o dsrot) - (qul - Fdia - Frot) o jlsrig
= G?nlll (Srig7 Q Xl (Q X mul Srot) - i_l(srot)(Q X 2(5rot)(9)) X mul Srot)
— Fnut © J1Srig + (111 Foens - - -5 fn Feen) © J15rig
+ (gb (Eﬁ (Fang))) © jlsrig X mul Srig
= (srigs X (2 Xt $1ig) = 9" © TP (5r06)(Q X 3 (5706) (2)) Xt Srig)
— qu] Ojlsrig + (//41 Fcen, ey /Jn Fcen) Ojlsrig

+ (gb (En(Fang))) Ojlsrig X mul Srig - O

Now, we express the Newton’s law in Lagrangian form, in our special case of
rigid systems. To this aim, we introduce an appropriate chart on P,i;. We refer
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to a chart (%) on Pee, and to a chart (for instance, the Euler’s angles) (o) on
Stot- Then, the induced chart on T'Q is (2, o, 3%, &7).

Suppose that Fig: Pig — (T2@L*@M)®T* P,is be a conservative positional

force, with potential Usig: Pyig — (T2 @ L? ® M) @ IR, and that R,z = 0. Then,
the induced Lagrangian function turns out to be the map

Liig = Kiig —Usig: TPyig — (T2 L0 M) @ R.

4.22. Corollary. Let s;,: T — P,z be a motion. Then, s;;; and the reaction
force R fulfill the Newton’s law of motion if and only if the following equations
hold

D (65‘;714g o dSrig> _ 8Lrirg o dsrig = 07 D <% e} dSrig) —_ % o dsrig — 0,

Ox? dat
GEnul(N © dSrig) = (Fl + RL) © jlsrig .

oot
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