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GENERALIZED HARDY’S INEQUALITY

PETR GURKA, Praha

(Reéceived September 1, 1983)

0. INTRODUCTION

In the present paper we deal with the inequality

(0.1) ( j :Iu(x)l“ s(x) dx)“qg cl/a (j:lu’(x)lp r(x) dx)”p .

where 0 <a < 4+, 1<p=qg<+4mw; r(x)>0, s(x) 20 are measurable
functions on ]0, a[. We find necessary and sufficient conditions on r, s for the ine-
quality (0.1) to hold for every absolutely continuous function u(x) on J0, a[ such
that u(0) = 0, with a constant C > 0 independent of u(x).

Some necessary and sufficient conditions have been given in literature. In papers
by Bradley [2], Kokilagvili [3] and Maz’ja [6] we find the condition

(0.2) sup J'as(t) dt [Jxr“"(t) dt]q/p’< + 0.

0<x<a J 0

These papers represent generalizations of a paper by Muckenhoupt [2], where the
inequality (0.1) is studied and the condition (0.2) is derived for p = g. The case
p = q was also studied by other authors and besides (0.2) there exist two other
types of conditions (for p = q) different from (0.2). The approaches are different as
well. Beesack in [1] or Tomaselli in [8] conrect the inequality with a condition of
the type that a certain nonlinear differential equation has a solution with certain
special properties. A paper by Kufner and Triebel [5] contains explicit formulas
expressing r in terms of s or vice versa and a proof that for such functions r, s the
inequality (0.1) holds.

Here we shall give generalizations of the latter two approaches for 1 < p < q <
< +00. In the whole paper we suppose 0 < a £ + o0 and p’ = pl/(p — 1).
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1. GENERALIZED HARDY'’S INEQUALITY AND A DIFFERENTIAL EQUATION

Throughout this section let us suppose that g(x) is a nonnegative measurable func-
tion on ]0, af.

Lemma 1.1. If the differential equation
(1) 2 () + ) ) =0 (2> 0)
X

has a solution y (with a locally absolutely continuous first derivative) such that
(1.2) y(x)>0, y(x)>0 (0<x<a),

then the following inequality

(13 ([utoie ooy ax) ™ ([t )™

holds for every function u(x) such that

(1.4) u(x) is absolutely continuous on 10, a[ ,
' u(0) = limu(t) = 0.
10

Proof. Let u(x) be an absolutely continuous function on ]0, a[ such that u(0) = 0.
The case § |u'(x)|? dx = + oo is trivial. So we can suppose that [§ |u'(x)|? dx < + oo.
Let y(x) be a solution of the problem (1.1)—(1.2); by the Holder inequality we have

JuG)l* o(x) = (J'zlu'(')l df)qg(w =9(x) (Klu'(nl GO ()= d:)" <
<o) ([yoa)” ([war ow )" s
= o) ) [ I ooy )’ -
=~ £ ey ([ o oy a)” -
='( [ 5 @] wop ooy a)”.

0

Hence, using the Minkowski integral inequality we have

{[eairaoad™ <
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IIA

(o oo ="

= J: (JT"* ad; () (Ju@)]? /(1)) =27 pale dx)”"' dr =
- J:lu’(t)l” ()" (.[,_ A (% () dx>”“ . <

< [Jwlr vy G e = o [Tt = o [ ax.

Raising to the 1/p-th power (1/p > 0) we obtain the inequality (1.3).
Let us put

~ p.
1.5 K = —inf su
(1:5) q o<x2af(x) - x

f (1) ()0 dr,

where the infimum is taken over the class of measurable functions such that
(1.6) f(x)>x forall xe]0,qf.

The following lemma gives the relation betwen the number K and the problem

(1.1)—(1.2).

Lemma 1.2. Let 1 be a number from Lemma 1.1 and let K be given by (1.5). Then

(i) if the problem (1.1)—(1.2) has a solution with a locally absolutely continuous
first derivative, then 1 = K;

ii) if K < + w, then the problem (1.1)—(1.2) has a solution for every A > K.
)

Proof. Let y(x) be a solution of (1.1)—(1.2). Let us take w = y/y’. We immediately
see that w is a positive solution of the equation

(1.7) w =2 gw@/P’t 1
qi
On the other hand we have
w(x) = j w'() dt.
0
Hence (1.7) implies
(1.8) w(x) 2 E—J g(t) (w(®))@? 1) de + x.
a4’ Jo
From (1.8) we obtain
(1.9) wx)>x (0<x<a),
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(1.10) PR A J‘xg(,) (w() @ *D dt .

=qw(x)—x 0

From (1.9), (1.10), (1.5) and (1.6) it follows that A = K and the proof of (i) is com-
plete.

To establish (ii) let us fix 2 > K. By the definition of K there exists a measurable
function f(x) such that

(1.11) f(x)- > %jxg(t) ()P D dr + x .
44 Jo

Let us define a sequence w,(x) by setting
(1.12) wo(x) =/(x),

Woy1(X) = LJ' g(t) (w/(1)@”"*Vdt + x, (n=0,1,...).
a4t Jo
Then (1.11) becomes wo(x) = wy(x); moreover,

ars() = ) = 2 o) e ) = i =),

0

hence the sequence w,(x) is decreasing. Since w,(x) = 0, the sequence (1.12) con-
verges. We denote its limit by w(x):

(1.13) w(x) = lim w,(x) .

n— oo

By the Levi monotone convergence theorem it follows that w is a nonnegative solu-
tion of the integral equation

(1.14) w(x) = LJ. g(t) (w(t))(q/p’+1') dt + x.
g4 Jo
Hence, w is absolutely continuous and satisfies the differential equation
(115) w,(x) = % g(x) (w(x))(q/P"*' 1) + 1 .
q .

At this point it is easy to see that the function

(1.16) y(x) = exp (J.xw_l(t) dt) (c fixed in ]0, af)
satisfies the problem (1.1)—(1.2).

Theorem 1.1. Let C be the smallest constant such that the inequality
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(117) ( f Tt o2 dx)”" < o ( j ol dx)”"

holds for every function u(x) which satisfies (1.4). Then C < K, where K is given
by (1.5).

Remark 1.1. It is easy to see that

(1.18) ~supj. g(x)(f L(t)dt) 5,

where the supremum is taken over over the class of measurable functions v(x) such
that

(1.19) | v(x)=0, jav”(x) dx = 1.

Proof of Theorem 1.1. The assertion is an easy consequence of Lemmas 1.1 and
1.2. If € > K, then there exists 4, > 0 such that C > 1, > K; moreover K < + o0,
so by Lemma 1.2 — (ii) the problem (1.1)—(1.2) with 2, has a solution. By Lemma
1.1 we have the inequality (1.3) with the constant 1, for every function u(x) which
satisfies the condition (1.4). This implies that C is not the smallest constant in the
inequality (1.17). This contradiction proves the theorem.

Notation 1.1. Let r(x) > 0, s(x) 2 0 be two measurable functions defined on
10, a[. We shall suppose that

¢

(1.20) I r' P(x)dx < +o forall ¢é€]0,af.
0

Let C be the smallest constant such that the inequality

02y ([Tl an) s e [ecor e ax)”

holds for every function u(x) satisfying (1.4). As in Remark 1.1 it is easy to see that

(1.22) C = sup J :s(x) ( f :v(t) dt)q dx,

where the supremum 1s taken over the class of all measurable functions v(x) such that
(1:23) v(x) =0, [ vP(x) r(x)dx = 1.
]
Theorem 1.2. Let C be given by (1.22)—(1.23) and let

(1.24) K= —q—mf sup —)J‘ s(t) [f(t) + J.o =P (y) dy](q/p'ﬂ)dt,

0<x<a (x
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where the infimum is taken over the class of all measurable functions f(x) satisfying
the condition

(1.25) f(x)>0 forall xe]0,aqf.
Then C < K.

Proof. Let us define the function z(x) by the formula
(1.26) z(x) =-[ rt=P(y)dy;
o

this function is strictly increasing and absolutely continuous and maps the interval
10, a[ onto the interval ]0, A[, where

x—a

(1.27) --hmj. rtP(y)dy.

After the change of variables x — z in the integrals, the inequality (1.21) assumes the
form (1.17) (there is A instead of a, z instead of x and the function U instead of the
function u), the condition (1.4) for a function u(x) transforms to the same condition
for U(z). The function g from (1.17) is given by the formula

(1.28) 9(z) = r"71(x) s(x) .

The change of variables x — z in (1.22)—(1.23) and (1.24) enables us to see that C, K
transform to € and K, respectively. Theorem 1.2 is an easy consequence of Theorem
1.1.

Corollary 1.1. By Theorem 1.2 and the definition of K we obtain the estimate

(a/p’+1)
.29 —sup — | s rt-e de,
(12) cx? : o<,‘l.,f(x) S0 [f(t) + L o) dy] '

where f(x) is a positive measurable function.

Corollary 1.2. Let B be defined by

a x q/p"
(1.30) B = sup I s(t) dtl:f rt=?(y) dt] .
N O<x<a ). 0

Then
(1.31) B<C<K<p(p)B,
(1.32) K £ p(p)"" C.

Remark 1.2. The estimate B < C < p(p’)?" B can be found also in [2], [3], [6]-
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Proof of Corollary 1.2. The inequality (1.32) is an easy consequence of (1.31).
We shall prove (1.31). Consider the function

¢ -1p
[J. r“"(y)dy:l rtP(x) if 0<x<¢,
0

0 if ¢x<a,

o(x) =

where ¢ is fixed in the interval ]0, a[. This function satisfies (1.23); hence

( 'f zrl 0 dt)q/P’ J :s(t) dar.

Consequently we have B < C. Putting

f(x) = p'B* (Es(z) dt)—p’/q - f:rl-f"(y) dy.

in (1.24) we complete the proof of the inequality K < p(p')¥?" B. The inequality
C = K follows from Theorem 1.2.

C

(|

Theorem 1.3. Let r(x), s(x) be functions from Notation 1.1. Moreover, let us
suppose that the first derivative r'(x) exists for all x€ [0, a[. Then the equation

(1.39) 2 (76 (Y()7) + 5(3) 377 () = 0

(with a certain 7 > O) has a solution y(x) (with a locally absolutely continuous
first derivative) such that

(1.39) ¥(x)>0, y(x)>0 (0<x<a)

iff there exists a constant C, > O such that the inequality

(1.35) (J \u(x)| s(x) dx) < clm <f:|u,(x)|p ) dx)l/p

holds for every function u(x) satisfying (1.4).

Proof. Sufficiency follows from Lemma 1.1 after performing the change of
variables inverse to (1.26).

We shall prove the necessity. If the inequality (1.35) holds for every function u(x)
satisfying (1.4), then C £ C,, so C < + o (C is a constant from Notation 1.1).
From (1.32) it follows that K < + oo (K is defined by (1.24)). By Lemma 1.2 — (ii),
after the change of variables inverse to (1. 26) we get that there exists a solution of the
problem (1.33)—(1.34) for arbitrary 1 > K.
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Remark 1.4. From (1.31) it follows that the inequality (1.21) holds for all func-
tions u(x) satisfying (1.4) iff

(1.36) B = sup Jms(t)dt U.xr“l"(t)dt]q/p’ < 4w.

0<x<a J, 0

(Cf. Introduction, condition (0.1).)

2. EXPLICIT FORMULAS FOR FUNCTIONS r(x), s(x)
IN GENERALIZED HARDY’S INEQUALITY

In Section 1 we gave some characterizations of generalized Hardy’s inequality
(1.21). The first one, condition (1.36), is useful if we have two functions s(x), r(x)
and want to know whether the inequality (1.21) holds. Another situation occurs
when we have only one of these functions and would like to find the other one. One
method how to solve this problem is suggested by Theorem 1.3, but the differential
equation (1.33), which we have to solve, is in general nonlinear. Another method
given in [5] for | < p = g < + oo will be generalized here to the case 1 < p <
< q < + o by using the results from Section 1.

First let us introduce some notation. Let ¢(x) be a continuously differentiable
function defined on ]0, a[ and such that

(2.1) ¢'(x)>0 if xe]0,af

and

(2.2) lim (x) = + .

For brevity we set ¢(0) = lim ¢(x), where ¢(0) = — oo is admitted. Let us define
x—-0

the functions r(x), s(x) by the formulas

23) ) = P ],

(2'4) S(x) = ¢?(™) (p'(x) [e"’(") — e¢(0)](—q/p’—l) —

_r ([e*™ — e2©@] 97’

Theorem 2.1. Let r(x), s(x) be the functions defined by (2.3), (2.4). For every
function u(x) satisfying (1.4) and such that

J Iu’(x)l" r(x)dx < + o,
0
the following inequality holds:
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(25) ( f :lu(x)l" s(x) dx)uq < L( f :lu’(x)lp r(x) dx)”p ,

where L > 0 does not depend on u(x).

Proof. From (2.1), (2.3), (2.4) we easily see that r(x), s(x) are positive measurable
functions on ]0, a[. From (2.3) we have
PUA=P(x) = @ @g'(x) = (2™,
consequently

(2.6) f PP () dt = ¢#) — 90
0

Hence we can see that the condition (1.20) is satisfied. To complete the proof it is
sufficient to verify the condition (1.36).

Remark 2.1. The identity (2.6) implies
@7 - o(x) = log [c + j rl-v'(t)dt].
(o]

Hence, if r(x) is a given function and ¢ = 0 a given number, then the corresponding
p-function can be determined by (2.7). We can express s(x) in terms of r(x) (and
conversely). From (2.4) and (2.6) we get

p; x , —q/p’\" , fx , (—q/p"— 1)
(2.8) s(x) = — = ([J. rt-» (t)dt] ) =rl-? (x)[ rt=? (1) dt] .
q 0 Jo
From (2.3), (2.4) we get
Jp-1+p/0)

(2.9) r(x) = (q/p’)?~1*P1¥ s7P(x) [:J.as(t) dt

x -

Example 2.1. Let a = + o0, « < p — 1. Put r(x) = x% then

Jrl‘P'(t)dt < 4o forall xe]0, +oof.
0o

After standard calculations we get from (2.8)

/[ p— (-a/p’- 1)
s(x) = (L= 1 T e =14
p—1—u«

This means that there exists a constant C, > 0 such that the inequality

+ o 1/q +x 1/p
<J. ,u(x)lq x(—a/p’=1+aa/p) dx) <G, <J. lu'(x)lp x* dx)
0 0

holds for every absolutely continuous function u(x) on ]0, + oo[ such that u(0) = 0.

202



If we put p = g, we get the classical Hardy’s inequality

J+w|u(x)lp x*"Pdx < C(l,/"J,+w|u’(x)|” x*dx .

0 0

(Cf. [4], Theorem 330.)
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