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Non-perfect rings and a theorem of Eklof and Shelah

JAN TRLIFAJ

Abstract. We prove a stronger form, AT, of a consistency result, A, due to Eklof and
Shelah. AT concerns extension properties of modules over non-left perfect rings. We also
show (in ZFC) that A does not hold for left perfect rings.
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Classification: 16A50, 16A51

Recently, a significant extension of the theory of Whitehead modules from do-
mains to arbitrary non-left perfect rings has been performed by Paul C. Eklof and
Sharon Shelah ([3]). In [3, Theorem 2.1 and Corollary 2.2], they proved that the
assertion

A: “for any non-left perfect ring R and any uncountable cardinal x such that
cf (k) = Ng and x > card (R) there is a non-projective x-free module M such that
card (M) = T and Extg (M, N) = 0 whenever N is a module with card (N) < x”

is consistent with ZFC + GCH. Their proof consists of two parts: the set theoretic
one showing consistency of the existence of certain w-trees and the algebraic one
inferring A from the existence of the trees.

Independently, using consistency of a uniformization principle due to Shelah, we
proved a weaker form of A is consistent in the particular case of von Neumann
regular rings ([5, Lemma 2.4]). In the present paper, we show our approach can be
modified to obtain a simple proof of the consistency of A. Moreover, we show that
a stronger form of A, denoted by AT, is consistent, namely the expression “sT-free”
can be replaced by “strongly x*-free” (see Corollary 1.6 below). The point here is
that we use the definition of Ext via Hom-groups rather than via exact sequences.
We also work directly with the defining relations of modules rather than with the
tree-module structures.

The result of Eklof and Shelah is the best possible: we show in ZFC that for any
left perfect ring R there is a proper class C consisting of pairwise non-isomorphic
modules such that Extg (M, N) # 0 for all N € C and all non-projective modules M
(Theorem 1.10).

Let M be a module. Then gen (M) denotes the minimum of cardinalities of
R-generating subsets of M. Further, M is said to be k-free provided for each
submodule N C M with gen (N) < & there is a free module P C M such that N C P
and gen (P) < k. Moreover, M is strongly k-free provided foe each submodule N C
M with gen (N) < k there is a free module P C M such that N C P,gen (P) < &
and M/P is k-free. A sequence (Mg | a < k) is said to be a s-filtration of M, if for
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all @ < k, Mg is a submodule of M1 such that gen (Ma) < K, Mo = Ug<q Mp
for all limit o < , and M = J,,. Ma-
Let R be a ring. Then R is said to be completely reducible provided R is a ring
direct sum of a finite number of full matrix rings over skew fields.
Homomorphisms of (left R-)modules are written as acting on the right. Further
concepts and notation can be found e.g. in [1] and [2].

Definition 1.1. Let R be a non-left perfect ring. By [1, Theorem 28.4], there exist
elements a; € R,7 < Rg, such that (ag...a; R | i < Np) is a strictly decreasing chain
of principal right ideals of R. Let x be an infinite cardinal and E be a subset of £
such that E C {a < kT | c¢f (o) = Ng}. Let (n, | v € E) be a ladder system, i.e.
for each v € E, let (n,(i) | i < Yp) be a strictly increasing sequence of non-limit
ordinals less that v such that sup; .y, nv (i) = v.

Let (Ra | @ < k) be a system of free modules defined as follows: R, = R
provided o € kT \ E, and Ry, = R®0) provided o € E. For a € k+ \ E, denote by
1 the canonical generator of R, and for o € E let {1,; | i < Rg} be the canonical
basis of R,. Note that by [1, Lemmas 28.1 and 28.2], for every v € E, the module

Sy = Z R(—1,;+a;-1,,441)
i<Ng

is a free submodule of R, such that R, /S, is not projective. Put P = & Za<n+ Ra
and Q =}, cp Qa, Where Qo = 3, o, Rai and gai = (1, (5)—Llaitaila,it1) €
P, for all & € E and ¢ < Ng. Finally, put M = P/Q € R-mod.

Lemma 1.2. (i) gen (M) = ™.
(ii) If E is a stationary subset of k*, then M is not projective.
(iii) If E is non-reflecting (i.e. E N o is not stationary in o for all limit ordinals
o < k™), then M is strongly k™ -free.

PROOF: (i) This follows easily from the fact that {1o+Q | @ € KT\ E}U{la,;+Q |
a € E,i < Ng}is an R-generating subset of M.

(ii) Put My = 0 and, for each 0 < a < k¥, My = (X 5., Rz +Q)/Q. Then
(My | a < £7T) is a kT -filtration of M.

Assume M is projective. By [1, Corollary 26.2] there exist modules (P, | o < k™)
such that gen (P,) < N for all @ < k* and M = D gept Pa- Put Ng =0 and,
for each 0 < a < KT, N, = B geq Pp- Cleatly, (No | a < kT)is a k-
filtration of M. Since the set C = {a < kT | My = Ny} is closed and cofinal
in kT, there exists v € ENC. Of course, D = CN{a < kT | v < a} is also
closed and cofinal in 1, whence there is some g € END. Then X = N,/N,
is a projective module. On the other hand, put ¥ = & Zy<a<u Rq. Then X =
M, /M, = My41/M, + (Y + M,)/M,. By 1.1, (Y + M,) N M, 41 C M,, whence
My,41/M, ~ R, /S, is a non-projective direct summand of X, a contradiction.

(iii) First, we prove by induction on v < k™ that for any ) # A C E such
that sup (A) = v there is a sequence (p, | a € A) such that p, < Yo for all
a € A, and {{nq(i) | pa < 7 < No} | a € A} is a set of disjoint subsets of v
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(cp. with [3, p. 15]). For v = min(E), put p, = 0. If v > min (F), there is
a closed and cofinal subset C' C v such that CNENv = @ and 0 € C. Let f
be a strictly increasing function f : card(v) — C. For each a < card(v), put
By ={8| fla) < B < fla+1)}. If AN By # 0, then by induction there are
(go | @ € AN By) such that {{nq(i) | g« < ¢ < Vo} | @ € AN By} is a set of
disjoint subsets of f(a+1). For a € AN By, put s = min {i < Xg | f(a) < ng(i)}.
Since A is a disjoint union of the sets A N By, < card(v), it suffices to put
Pa = max (¢a, Sa), for all a € AN By and « < card (v). To complete the proof, we
show that for all @ < £, the module M, = (@ > p<a Bp+Q)/Q is free, and for

all @ < # < kT, the module Mg/Mqy41 is free. Put A = ENa. By 1.1 and the
construction of (pg | a € A), we see that {1,;+Q |a € A&p, <i <No}U{1p+Q |
b<akb¢ A& non-(Fa € AT i < Ny :pg < i&b = ng(i))} is a free R-basis of
the module M. Finally, put A = E N B. For each a € A such that a > «, let
re < Wo be such that p, < rq and a < ng(i) for all rq < ¢ < Rg. Then by 1.1,
{logi+Maoy1 | a€ Aka > akrg <i <RopU{lp+Moq1 | a<b< &b ¢
A& non-(3ae AFi < Ng:a>akrg, <i&b=ng(i))} is a free R-basis of the
module Mg/Mq1. O

Lemma 1.3. Let k be a cardinal such that cf (k) = Rg. Consider the following
assertion

UPy: “there exist a non-reflecting stationary subset E of k™ satisfying E C {a <
kT | cf (@) = N} and a ladder system (n, | v € E) such that for each cardinal
A < k and each sequence (h, | v € E) of mappings from X to A there is a mapping
firT = AsuchthatVveE I <NV j<i<No:f(n(i))=h(i)"

Then the assertion “UP, holds for every uncountable cardinal k such that
cf (k) = Vg ” is consistent with ZFC + GCH.

PRrROOF: By [4, §2] or [3, §2]. O

Lemma 1.4. Let s be a cardinal such that cf (k) =Yg and card (R) < k. Assume
UPy, holds. Let M = P/Q be the module corresponding to the F and (n, (i) | v € E)
from UP,, by 1.1. Then Extgp (M,N) = 0 for all N € R-mod such that card (N)
< K.

PROOF: Since P is a free module, we have Extr (M, N) = Hompg (Q,N)/7T o
Homp (P, N), 7 being the inclusion of @ into P. Hence, we are to prove that
every € Homp (Q, N) is a restriction of some y € Hompg (P, N), i.e. = 7y. Take
x € Homp (Q,N). Let b: N — X be a bijection of N onto A = card (V). Using the
notation of 1.1, for each v € E, we define h, : X9 — A by h, (i) = b(gy;x) for all
i < Ng. By UPy, there exists f : k7 — A such that Vv € E3 j, <Rg V j, <i <
Ng : hy(i) = f(ny(i)). Define y € Hompg (P, N) as follows: Take o < k7.

(I) If o = ny (i) for some v € E and j, < i < Rg, put 1oy = b~ L f(a);

(IT) If a does not satisfy (I) and o ¢ FE, put 1oy = 0;

(IIT) If o € E, put 14,y = 0 provided i > jo. For 0 < i < jg,, define 1, ;y by
induction on i (downwards): If there exist v € E and k > j, such that ny(i) =
nw(k), put 1oy = b~ f(na(i) — gaiz + a; - la,it1y. If there are no v € E and
k > j, such that ne (i) = ny(k), put 1oy = —gai® + a; - 1o it1.-
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It remains to prove that go;x = gay for all @ € E and i < Rg. Put 8 = ng(i).
Of course, gy = 1gy — 1oy + a; - 1441y. We distinguish the following three
cases:

; . _ 1 _ 3—1 S\ . sy — . _
(1) i > ja. Then lgy = b f(B) = b7 ha(i) = gair and 1oy = laiv1y = 0,
whence gaiy = gait;
(2) i@ < ja, but there exist v € E and k > j, such that 8 = n, (k). Then 1gy =
b=1f(B) and 1oy = b1 f(B) — gait + a; - 1a,i41Y, Whence go;y = gai;
(3) i < jo and there are no v € E and k > j, such that 3 = ny (k). Then 1gy = 0
and 1o ;Y = —GaiT + a; - 1o 541y Whence gy = goiZ, q.e.d. O

Theorem 1.5. Let x be a cardinal such that cf (k) = Rg and UP, holds. Let
R be a non-left perfect ring with card (R) < k. Then there is a non-projective
strongly kT -free module M such that card (M) = k* and Extp (M, N) = 0 for all
N € R-mod with card (N) < k.

Proor: By 1.2 and 1.4. O

Corollary 1.6. Consider the following assertion

AT: “for any non-left perfect ring R and any uncountable cardinal x such that
cf (k) = Vg and k > card (R) there is a non-projective strongly x™-free module
M such that card (M) = T and Extg (M,N) = 0 for all N € R-mod with
card (N) < k7.

Then AT is consistent with ZFC + GCH.

ProoOF: By 1.3 and 1.5. g

The following proposition shows (in ZFC) that the extension properties of “small”
non-projective modules may depend strongly on the particular structure of the non-
left perfect ring R.

Proposition 1.7. (i) Let R = kly, D] be the ring of all differential polynomials in
one indeterminate y over a universal differential field k with the differentiation D.
Then R is not left perfect, but Extp (M, N) # 0 for all non-injective modules N
and all finitely generated non-projective modules M.

(ii) Let R be a simple countable non-completely reducible von Neumann regular
ring. Then R is not left perfect, but Ext (M, N) # 0 for all non-projective modules
M such that gen (M) < Ny and all non-zero modules N such that gen (N) < Ng.
However, there exist a simple non-projective module S and a non-injective module N
such that Extg (S,N) = 0.

(iii) Let R be a self-injective non-left perfect ring (e.g. let R be the maximal left
quotient ring of a non-completely reducible von Neumann regular ring). Then there
exists a non-projective module M such that gen (M) = Rg and Extp (M,N) = 0
for all finitely generated modules N.

PRrROOF: (i) By [6, Theorem 9.3].

(ii) By [6, Theorem 10.4].

(iii) Let a;,7 < g be as in 1.1. Let 1;,4 < Ny be the canonical basis of F = R®0)
and let G = >,y R(l; —a;-1i41) € F. Put M = F/G. By [1, Lemmas 28.1
and 28.2], F' and G are free modules , M is not projective, and gen (M) = Ng. If
gen (N) < Rg, we have N ~ R(") /X for some n < Ry and a submodule X C R("),
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As the sequence 0 — G — F — M — 0 is exact, we get 0 = Extp (G, X) —
Ext% (M, X) — Ext% (F,X) = 0, whence Ext% (M, X) = 0. Since the sequence
0 - X — RM — N — 0is exact and R is left self-injective, we have 0 =
Extg (M, R™) — Extg (M, N) — Ext% (M, X) = 0, whence Extp (M, N) = 0. .

Theorem 1.8. Let R be a left perfect ring.

(i) For any non-projective module M there is a simple module S)y; such that
EXtR(M, SM) # 0.

(ii) There exists a module N such that Extr (M, N) # 0 for all non-projective
modules M.

PROOF: (i) Since R is left perfect, there exists a projective cover of M, i.e. a projec-
tive module P and a non-zero superfluous submodule K C P such that M ~ P/K.
By [1, Theorem 28.4], there exists a maximal submodule L of K. Put Sy; = K/L.
Let z € Homp (K, Sys) be the projection of K onto K/L. Assume there exists
y € Hompg (P, Sps) such that 7y = z, 7 being the inclusion of K into P. Then
Ker (y) is a maximal submodule of P and by [1, Proposition 9.13], K C Rad (P) C
Ker (y) C P. Thus 7y = 0, a contradiction.
Hence Hompg (K, Spr)/m o Homp (P, Syy) = Extr (M, Spr) # 0.

(ii) Denote by V a representative set of the class of all simple modules. Put N =
®> gey S. Then Extp (M,N) ~ Extg (M,Sy) + X, for an abelian group X.
Thus, by (i), Extg (M, N) # 0. O

Definition 1.9. Let R be a ring. Define W = {N € R-mod | Extg (M, N)
# 0 for all non-projective M € R-mod }.

Theorem 1.10. Let R be a ring. Consider the following assertions:
(i) R is left perfect;
(i) W 0;
(iii) There exists a proper class C' such that C C W and no two distinct elements
of C' are isomorphic.
Then (i) implies (ii), and (ii) is equivalent to (iii). The implication (iii) = (i) is
independent of ZFC + GCH.

PROOF: (i) implies (i) by 1.8 (ii). If N € W, then also {N®) | x > card (N)} C W
and N(¥) 2 N for all cardinals x # A > card (N). Hence (i) is equivalent to (iii).
By 1.6, the implication (iii) = (i) is consistent with ZFC + GCH. On the other
hand, by [6, Theorem 10.8 (ii)], (non-(i) & (ii)) is consistent with ZFC + GCH.

|

Remark 1.11. Let R be a left perfect ring. Denote by I the class of all injective
modules. Clearly, always W C R-mod \I. Despite 1.10 (iii), almost never W =
R-mod \I. Indeed, if R is left non-singular, then W = R-mod \I, if and only if
either R=Sor R=T or R=SHT, where S is a completely reducible ring and
there exists a skew field K such that T is Morita equivalent to the upper triangular
matrix ring of degree two over K (see [6, Theorems 3.4 and 8.1]).
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