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INTERIOR REGULARITY OF SOLUTIONS TO SYSTEMS
OF VARIATIONAL INEQUALITIES

MiLAN KUCERA and JINDRICH NECAS, Praha
(Received December 4, 1975)

Let Q be a domain in an N-dimensional Euclidean space RM with a Lipschitzian
boundary. We shall denote by W,f(Q) the well-known Sobolev space with the norm

e = ([ 2o o)

Further, let m be a positive integer. Denote by [W3(2)]™ the Cartesian product
of W5(2) (m times) with the usual norm, which we shall denote by |- |, x,q-

The elements of [W5(2)]™ will be denoted by u = [uy, ..., u,] (u;€ W5(Q),
i=1,...,m).

Let I be a given subset of the boundary of Q. Denote V = [W3(Q)]", V; =
={veV; v=0on I'}. (We write v =0 if v; = 0 in the sense of traces for i =
=1,...,m)

Let afé,, ..., &) (t = 1, ..., x) be real functions of x variables. Suppose that these
functions have measurable bounded derivatives da,[0¢ (f,s = 1,..., ). Further,
let N, (t = 1,..., %) be differential operators defined on [W3(2)]™ by the formulas

m N
Nw) =3 T,
i=1j=1 " 0&;
where ¢;j (i =1,...,m,j=1,..,N, t = 1,..., x) are constants. We shall suppose
that the following conditions are fulfilled (with C > 0):

(1) i —“th (méL=C i &2 for each &, neR*;
t,s=1 s ¥ t=1
) J. i(Nr(U))z dx 2 CHU”%,LQ for each ve V.
ot=1

The condition (1) is the usual ellipticity, the condition (2) is an inequality of Korn’s
type (cf. [2]).
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Define an operator 4 : ¥ — V* *) by

x

@) © o CAu o) = Y a(Nu) N(0) dx .

Consider given elements ug, Y €V, ug = ¥ on Q. (We write u = y on Qif u; = ¢,
almost everywhere on Q,i =1, ..., m) Denote

K={veV,v—u,eVr, vy on Q}.
For a given element f = [fy, ..., f,,] € [L2(22)]™ we shall seek an element u such that

(4) ) uek,
5 J; !21at(Nt(u)) Nf(v—u)dx = J.Q élf,(v, —u,)dx for each veK.

The last condition can be writen as

(6) . LAu,v —ud = {f*,v—u) forall veK,
where the functional f* € V* is defined by {f*, v) = [o . fv, dx.
r=1

It is easy to show that the set K is convex and closed in V and that the operator A
is bounded, continuous, strictly monotone on K (i.e. {Au — Av, u —v) >0
for u,v €K, u #+ v) and coercive on K (i.e. lim ((Au,u — vo)[|ul2,1,0) = + 00

e
for a certain v, € K). This follows from the assumptions (1), (2).) Hence, the existence
and unicity of the solution of our problem follows from the general theory of varia-
tional inequalities which is developed for example in the book [3]- Here we shall
deal with the interior regularity of the solution. Namely, we shall prove the following
result:

Theorem. Suppose ¥ € [W3(Q)]™. Let u be a solution of the problem (4), (5),
let Q' be a subdomain of Q such that &' = Q. Then u e [W3(Q)]™

This result was proved by J. FREHSE in [1] for a special class of operators N,
and for u, = 0. We shall present here another proof, which is based on penalty
method and applies to the general case. )

Let us consider a continuous, bounded and monotone operator f:V— V*
such that f(v) = 0 if and only if v € K, i.e. the so called penalty operator correspond-

*) We denote by V'* the dual space to V; the duality between ¥ and V'* is denoted by {.,.).
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ing to the set K. Then for each positive ¢ and f € V* there exists a unique solution
u® € V of the equation*)

(M w4 put = f
€

and, moreover, u° — u (if ¢ - 0+), where u is a solution of the problem (4), (6)
(= denotes the weak convergence). Especially, u® are bounded in the norm of V
and (1/¢) pu® are bounded in the norm of V*. This holds for a general Banach space ¥,
a convex closed set K = V and a bounded, continuous, strictly monotone and coer-
cive (on K) operator 4 : V — V* (see [3]).

In our special case, it is not convenient to introduce the penalty operator with
respect to K directly in the space V. Butif we set Ko = {v € Vr; v + uo € K} and write
W = u — u,, then the conditions (4), (6) are equivalent to

(8) wek,,
9) (A(uo + w),v —w) = {f,v —w) foreach vekK,.

Define an operator f: V. — Vi by

(W), v) = — (uo,r + W, — ¥,)" v, dx for wu,veVr.
or=1

It is easy to verify that B has all the properties declared above (for V. instead of V
and K, instead of K). .

We can write an operator A,, : Vr — Vi* (defined by 4,(v) = A(u, + v)) instead
of A in (9). Hence we obtain from the above that for each ¢ > 0 there exists w* e V.
such that

' 1
A(uo + w) + ;ﬁ(w‘) =f.
This means (by setting u® = u, + w*) that there exists u* € ¥ such that

(10 Aw) + - plu = we) = f

in the space Ve, ie.

(11) j ila,(N,(u‘)) N(v)dx — i.[mil(u: —¥,) v dx = - i‘f,v, dx

ot= ar=1

for each v € Vr. Moreover, u® are bounded in ¥, (1/¢) B(u* — u,) are bounded in V*
(but need not be bounded in V*!).

*) The so called equation with the penalty corresponding to the problem (4), (6).
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In the sequel we shall use the following notation: Let e be a vector in the direction
of the i-th coordinate axis in R", e“ gy = 1; if v is a real or vector function, h + 0
a real number, theh v, denotes the function defined by v,(x) = v(x — he). Moreover,
we set

4)(v) =

Proof of Theorem. Let u® be a solution of the equation (10). Consider an
arbitrary element v € ¥ such that supp v = Q' (i.e. v lies in the closure of [2(Q")]"
in V). Then we have ve ¥V, and for h sufficiently small also v_, € V. Hence (11)
holds for v as well as for v_,, instead of v. Thus

(12) J' z (N{u) Ni(v_y — v) dx — * z(u U (00 — 0,) dx =

Qr=1
Zfrvr h—vr)dx
Qr=1

The same equality holds for v — v, (instead of v_, — v) and by a translation of h

(13) J;) tgla,(N,(u‘_,,)) Nfv_, — v)dx —

Z(uf -h = '//r,—-h)— (U,’_h - U,.) dx =

€ Jaor=1
Zf, ~i(r,—n — ) dx.
qr=1

By adding the two equalities we obtain

(14) f ) T [0V 0) — aN )] - Vo — 1) dx —

Z(“r = Vron)” — (U —¥) " (0p,—h — v)dx =

ﬂrg:(fr h"'fr)(v —h — U)dx.

Further, we shall consider a domain Q* such that Q' < Q*, O* < Q. There exists
a real function @ € 9(Q*) such that ® = 1 on Q'. We shall set v = ®*. «* in (14).
Now, we obtain from (14)

(t9) CAs) ~ AW, (@) — PPus
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. Q'Z [fn = Vo)™ — (s —¥)7]- (P*u)_), — P*uf) dx =

% (r-s = £ (@%8)- — #%u) dx.

or=1

We shall show that there exist constants Cy, C,, C3 such that C; > 0 and

(16) Clnd—h(ue) <D||§ 1,2 = Cznd-h(“z) ‘pnz 1,0 + Cs.

It will be clear from here that the norms ” (U qs” 2,1,q are bounded, especially, the
norms ”A (7 )“ 2,1,0- are bounded (independently of ¢, h). We have 4 _(u* ) - A -W(u)

in V for each fixed positive h and therefore the norms |4 -h(“)”z.l,n' (h > 0)
are bounded, too. That means that there exists a weakly convergent sequence

4, (u) (h, — 0). Simultaneously, 4_,(u) — (3u/0x (lf h - 0) in [L,(2)]™, because
ue [WZ(Q)]"‘ This implies 4_,, (u) — dufdx; in [W3(Q")]". In particular, 6u/6x €
e[Wy(Q)]", ie. ue [W3(2')]™ (because the index i was arbitrary). Hence it is suf-
ficient for the proof of Theorem to show that (16) holds.

First, we shall estimate the left hand side in (15). By using the identity 4_,(®*u®) =
= &% A_,(w) + u", 4_,(®?) we obtain

(17) h—lz<A(u*.,,) A, (@) — Puy =
- [ [ v + v -
— N(u))) do N(4_y(u9)) N[A_(@*u)] dx = I, + I,

where

e ” C S 2N, w). (@ A de s,

0 t:s= laés

- da, ) N
L. = LJ-W 22 —EN(A-4(u)) N (u>s 4-,(@%)) do d

(We do not write the arguments of the functions 6a,/6§, depending on g; it is the same
as in (17).) By using the formulas

(18)  N{®A_,(u) = B N{® A_(u)) + .-; ,gjf 92 g A_,,(u')
(19 MA@ = M@ 4w - 5, T j{ 44u)
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we obtain

(20) I, = J QL S %9 N(& A_,(u) N(@ 4_,(u)) do dx —

t,s= 166,

Jv L rsilggiN'((p 44w ))[il .N ci.j A-i(u) g]ae dx +

i=1 /=1 ;
" da noXy o 0D
J — N(4_,(u%)) Z Z ci,j A-p(u}) — [ dedx.
QJo t,s= 1 aés = = ax j
By the assumptions (1), (2) the first integral is not less than c,||® 4_,(u))|3,1,0. Let
us estimate the second integral. The functions da,[0¢,, d®[0x; are bounded. Hence,
we obtain by virtue of the Hélder inequality and the inequality 2ab £ 6a? + 6~ 1b?

(holding for arbitrary real a, b and 6 > 0) that the second integral is not greater in
the absolute value than

¢2| @ 4_,(u)2.1.0 | 4-s(1))] 2.0 =
= 3] A w310 + 67 4-iw)]Z.00) »

where we denote by |+ |,,q the norm in the space [L,(2)]™. Let us estimate the last
integral in (20). This integral can be rewritten as

1 2 m N . - . a¢
J J' b ga, N(® 4_4(w%) [Z Z ch,j A-4(u) ——] dedx —
QJo t,s=1 af, i=1j=1 a

J XJ

1 x® m N
_“‘ 2 aa,[z c,,A_,,(u)—][z _zc;,,.A_,,(ug)i?]dgdx.
oJo t:s= 165, i,j=1 i=1j=1 X

J

The first expression can be estimated in the same way as the second integral in (20),
the second is not greater than c;|4_4(t)]3,0+ Hence we obtain

1) 2 |0 4 — cad]® A -

—cs(67t + 1)" A_,(w)]3 .0 -

Now we shall estimate the integral I,. It is easy to see that
4_(9%) = 4-(2) (2 + D),
NJ[A_y(w)(® + 2-4)] =

= N,[4_4u)] (@ + D_;) +i§1 jglci,, A_y(u?) aixj (@ + D),
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NJuty 4_,(@%)] = Nut,) 4 h<¢2>+z Zc,, ._,.a%u_m

By an easy calculation we obtain from here

@ n=[[ 5 S 2Nt 4-(9)] do 0% -
J.Qjo t : 1 ZZN [A_,,(u ) (¢ + (D_h)]
[i ic Ui, = ——(A h(¢))]dgdx -

x m N
Rz s sLi=li= J

s ere]:
< Li Jic;,,u;_,, a%(A_,,(di))] do dx +
o[ [ L S| § Do 2 (40 aoas.

The functions da,[0&,, 4_,(®P) are bounded. Hence we can use the same argument to
estimate the first integral in (22) as in the case of the second integral in (20). Moreover,
if we use the identity A_,(u®)(® + ®_,) = 24_,(u°) ® + (uZ,— u°) A_,(P), we
obtain that the first integral is not greater (in the absolute value) than
07"4‘—::(““) (‘b + ¢—h)"z,1,m |“B—h"z,1,m =
é c%ﬁ”d_,,(u') (45 + ¢'~h)”§.1,ﬂ + C%(S.—l“ul_h“g’l,gc

cd[[4-4(u?) @[2,1.0 + ced™* |0, 1.0

IA

The second integral can be estimated in the same way. The third integral is not greater
than

¢l 4-4(1)] 2.0

the fourth integral is not greater than

c1ol|4 ()] 2,00 + C1o||u°ﬂ§,n-
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In the case of the last integral, we come back to an expression without any derivatives
of the functions a,. We have

(23) L o by ZZN(A_,,(u 9 [é J_ic:,,.u;_,,%(a_h(qsz)] dodx =

[ Zreant - a@un [ 5 3 s 2 (o] o =

i=1j=1

- 3| St E, 3 el E (@iod) - i T (o] ax.

h Qt=1 J

Further,

24 ﬁguxmwwdgm4wh

= (4% — u _,,)_x_ (A_y(®7) + u, hos [A_,,(dﬁ,. - 9%)].

J

It is easy to see that the functions (9/0x;) (A-,,((IJ,f)) and (1/h) A_, (i — ®?) are
bounded. Moreover, we have ]a,(é)[ =< c“é” RN (for EeRY, denotes the usual
Euclidean norm). This follows from the assymption that the derivatives da,/d¢,
are bounded. Hence we obtain from (23) and (24) that the last integral in (22) is not
greater in absolute value than

Cu”“’”z,x,n(”A—h(ue)nz,m + ”“5”2,9) =
< e[wznae + 4430 + [u20) -
This together with the previous yields
(25) lIzl é Ci3 5“A_,,(ue) ¢”§,1,n + c14(”u’”§'1,9 + ”A_h(ua)”ig.) 5

where ¢;; > 0 and ¢;, depends on the choice of &.
Let us remind that the norms “u “2 1,0 are bounded. It follows from here that the
norms “A (v )” 2,0+ are bounded, too. Hence, if the number ¢ is sufficiently small,

then we obtain from (21), (25)

(26) %-(A(u'_h) — Aw), (D) — Q*u) =1, +1, 2
2 C1”¢ A-—h(us)”%,I,Q -Gy,

where C; > 0. (The constants Cy, C, depend on the choice of J.)
Now we shall estimate the member given by the penalty operator in the equation

(15). We have

(27) Z[(“r -h = Vr-)” = (e = W) 7] X

er=1
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x [(upd?)- — u;®*] dx =
- L[ Ea by -
eh or=1

X (uf,p = Yp,-n — up + ¥,) P2 dx +
] 1 - € - & -
+ 2 [(ur.-h - l/’r,—h) - (u, - \br) ] X
Eh nr—‘—l

x [—(ui®?)-y + uf,4®* — Y, _,®* + Y, 9] dx .

It is clear that the first expression on the right hand side is nonnegative. (This follows
from the monotonicity of the negative part.) The second expression can be written as

LSt 0) [—ui0® + uiof — w02 + 4,07 +
Eh or=1
+ (U, — U84 ®% + ¥, 0% — ¥, 8] dx =
= —}113 CB(u® = ug), uty(@2, — D) + u(Pp — ?) +
&
+ (W—h— ‘/’) ®* + (‘ph - !ﬂ) o) =
= < = woh u (B2, = 8 = (@ — @] + (4 — ) (9 - B}) +
+ (U = ¥) (Br, =22 + (Y — 20 + Y_y) D2 =

. D2, —20% + @F . P — D) (P, — P
<ﬁ(u“—uo),u_,, h P b4 (u-h—u‘)( hzll’(. h )+

+u£~h—uc‘p—'¢h2(p+('ﬁh" !//)(‘pf“¢2)+('/’h—2¢+'ﬁ—h)¢z>_
h h h h h?

!
&

7

This expression in the absolute value is not greater than
(28) cis([wz.0 + [4-4w7) ]2.1.0 + [448)] 2,100 +

+ ;15 ”lﬁh -2 + '//—h“2,1,m )

because the functionals (1/e) B(u® — uo) are bounded in the norm of V;* (independently
of ¢) and the functions (1/h%) (@2, — 20% + &), (1/h?)(® — ®,)* (1/h) (P — ®})
are bounded. We know that |uf],,; o are bounded. Moreover, it follows from the
assumption ¥ € [W3()]™ that the norms 40| 2,1,00 (1R?) W4 — 20 — ¥ 4] 2,1,00
are bounded (if h — 0). Hence the expression from (28) is not less than

—clénd-h(ua) ‘pnz,x,n — Cy7.
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The right hand side in (15) can be rewritten by means of the identity
(29) (P%u%) -y — P%u® = 2, (u’y — u) + (P2, — B u® =

= (92, — &%) (u%y — u) + P*(us) — u*) + (2, — D) u".
The functions 4_,($?), &, ®* are bounded independently of h. Moreover, it is easy
to see that for f € [L,(2)]™ we have 4_,(f) = 9f/0x; in the dual space ([ W3(2*)]")*.
Especially, 4_,(f) are bounded in this space.

It follows from here and from (29) that the absolute value of the right hand side
in (15) is not greater than

017("4—;:(“8) ¢I|2,1,9 + ”usllz,l,o)hz = 018”4—;1("5) ‘p”z,u)hz .

Now all the estimates proved yield together the inequality (16). The proof of the
theorem is complete. '
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